How hard is it to solve constrained sc-LTL planning problems?
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Abstract— We study the synthesis of optimal policies for plan-
ning problems on Markov decision processes with both objec-
tives and safety constraints specified in co-safe linear temporal
logic (sc-LTL). Our problems are inherently non-Markovian
due to the complexity of the sc-LTL specification and may
require policy randomization to balance the objective and
constraint. We propose a novel approach that reduces the con-
strained sc-LTL planning problem to a constrained reachability
problem on an extended model. We then show that a class of
switching policies constructed from stationary policies for the
individual sc-LTL specifications is sufficient for optimality for
the constrained reachability problem. Our finding enables a
tractable linear program to compute the optimal policy. A grid
world case study demonstrates that our switching policies can
achieve the optimal trade-off between the objective and the
safety constraint and validates both optimality and tractability.

I. INTRODUCTION

Modern autonomous systems often operate under dynamic
and time-dependent safety constraints while accomplishing
complex logic-based tasks [1]-[3]. A fundamental challenge
lies in balancing task efficiency with formal safety guar-
antees, as these objectives may be contradictory [4]. For
instance, drones must periodically return to their base for
inspections and battery recharging to ensure operational
safety and reliability. However, achieving high efficiency
in complex tasks like surveillance may justify tolerating a
certain level of risk, including the potential loss of drones.
This motivates the need for planning that maximizes task
success subject to formal logic constraints.

We study constrained planning problems in which both
the objective and safety constraints are expressed as co-safe
linear temporal logic (sc-LTL) [5]. sc-LTL specializes stan-
dard linear temporal logic (LTL) [1] to its co-safe fragments,
whose specifications define properties over finite traces and
are well suited for specifying mission goals and safety
constraints. For example, an sc-LTL specification can require
sequential reachability, such as “visit region A, then region
B” or conditional objectives, such as “if region C is visited,
then region D must be visited afterwards”. In a variety
of planning settings, sc-LTL has been employed as task
objective, including in probabilistic systems such as MDPs
and partially observable MDPs [6], [7], robotic planning [8],
and hybrid dynamical systems [9].

Solving the constrained sc-LTL planning problem de-
fined on Markov decision processes (MDPs) is challeng-
ing because the optimal solution can be a stochastic and
non-Markovian policy. Stochastic policies are often required
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to balance conflicting objectives (e.g., task success vs.
safety) [4], which contrasts with unconstrained sc-LTL plan-
ning where a purely deterministic policy can be optimal.
The non-Markovian nature arises from two sources. First,
since both the objective and the constraints are specified
using sc-LTL specifications that involve complex sequential
ordering, the optimal policy must depend on more than just
the current state. Second, even when both the objective and
the constraint reduce to simple reachability tasks, the optimal
policy may still be non-Markovian. This is because satisfying
one sc-LTL specification may depend on a finite prefix that
overlaps or conflicts with the prefix required to satisfy the
other.

Despite the complexity of the optimal policy, we discov-
ered a simple underlying structure. The optimal policy for
constrained sc-LTL planning can be viewed as a switching
policy with three modes: (1) a mixed policy that balances the
objective and safety constraints, (2) a pure optimistic policy
that prioritizes the objective, and (3) a pure pessimistic policy
that prioritizes safety. The mixed policy addresses the inher-
ent trade-off between objective achievement and constraint
satisfaction, while the switching mechanism exploits the fact
that sc-LTL specifications can be satisfied by a finite prefix
of a path. Once one specification is satisfied, the policy can
switch to focusing exclusively on the other.

Building on this insight into the structure of the optimal
policy, we develop a tractable solution pipeline for con-
strained sc-LTL planning. First, in Section IV, we reduce
the problem to a constrained reachability problem on an
extended model of the MDP. This reduction ensures that both
the optimistic and pessimistic policies become stationary
deterministic policies in the extended model, making them
easy to compute. Second, in Section V, we prove that a
switching policy, constructed by switching among the mixed,
optimistic, and pessimistic policies (all stationary in the
extended model), is sufficient for optimality. This result lies
outside the scope of existing constrained MDP theory [4],
whose standard assumptions, such as a discount factor or
an absorbing MDP with a single target set, do not hold in
our case. Finally, in Section VI, we develop an algorithm
based on linear programming (LP) to compute the optimal
switching policy in the extended model, and in Section VII
we validate the approach on a grid world case study. The
policy is then mapped back to the original MDP, yielding
the desired non-Markovian optimal policy.

Related work

Our work addresses constrained sc-LTL planning on gen-
eral MDPs, without assuming the feasibility of the constraint,



any particular dependency between objective and constraint
formulation, or structural assumptions on the dynamics. In
comparison, most existing works on planning with temporal
logic constraints either consider temporal logic only as a
constraint (not as an objective), assume a fixed dependency
between the objective and constraint specifications, or focus
on specific dynamical systems.

Early studies focus on minimizing cost while strictly
satisfying a temporal logic specification. Representative
works include incremental or optimal control for MDPs and
multi-agent systems [6], [10], [11], as well as approximate
or sampling-based dynamic programming methods for scala-
bility [12]-[14]. These approaches typically assume that the
temporal logic specification is feasible and must be satisfied
almost surely.

Other works consider scenarios where the temporal logic
constraint can be relaxed. In this setting, the constraint is
either relaxed or replaced with a cost-based surrogate. For
example, [15] proposes a relaxed product MDP specification
that balances cost, satisfaction probability, and violation
penalty. Similarly, several works [13], [16], [17] incorporate
cost-based constraints when temporal logic specifications
cannot be fully enforced. These works do not consider
multiple temporal logic specifications at the same time, and
thus are less expressive than our formulation.

More general specifications consider planning problems
where both the objective and the constraint are specified by
temporal logic specifications. However, their satisfaction out-
comes are not independent but often semantically coupled,
and thus cannot represent cases where the objective and con-
straint are logically independent. [18] studied model-based
reinforcement learning for mean-payoff optimization under
w-regular constraints, which contains LTL specifications.
[19] proposed a model-free reinforcement learning frame-
work that maximizes a weighted sum of satisfaction prob-
abilities over multiple LTL objectives. [20] considered lex-
icographic preferences among temporal logic specifications,
where safety is prioritized over task completion and reward
collection.

Other related efforts explore signal temporal logic plan-
ning in continuous systems. However, these approaches
typically assume deterministic dynamics and thus can not be
generalized to general MDPs. Examples include safe control
under signal temporal logic constraints [21] and recurrent-set
based synthesis [22].

II. PRELIMINARIES

This section introduces preliminaries on labeled Markov
decision processes and co-safe linear temporal logic.

A. Labeled Markov decision processes

We use labeled Markov decision processes (LMDPs) to
model planning problems where each decision has a po-
tentially probabilistic outcome. LMDPs augment standard
Markov decision processes [1] with state labels, enabling as-
signing properties, such as safety and liveness, to a sequence
of states.

Definition 1: A labeled Markov decision process is a tuple
M= (S,A,T,B,A, L) where
e S is a finite set of states,
o A is a finite set of actions where A(s) denotes the set
of allowed actions in state s € S,
e T :SxAxS — [0,1] is the transition probability
function such that for all s € .S,

Z T(s,0,5') = {1, a € A(s) 7
o 0, a¢ A(s)
e (€ A(S) is the initial distribution, here we denote the
set of probability distributions on S by A(S),

o A is a finite set of atomic propositions,

e L:S — 2" is a labeling function.

The semantic structure A and the function L of the model
M enable high-level symbolic descriptions of objectives
and constraints that can reflect the context of the planning
tasks. Specifically, given the control policies 7, we can
sample (subject to environmental stochasticity) the resulting
individual path ¢ ~ M,. A path of the LMDP M is an
infinite state sequence o = s$pS1S2--- such that for all
i > 0, there exists a; € A(s) and s;,s8;,41 € S with
P(s;,a;, 8;+1) > 0. The semantic path corresponding to o is
given by L(o) = L(s9)L(s1) - -, derived using the labeling
function L(s). Given a path o, the ith state is denoted by
oli] = s;. We denote the prefix by o[:i] = sgs1---s; and
suffix by ofi+1:] = s;418i42 .

We consider multiple classes of policies in this work. A
policy is a function that maps a prefix (or a fragment of
it) and the current time step to a distribution over actions.
When the input is restricted to the current state o[i] only,
we say the policy is stationary. When the input is restricted
to the current state o[i] and the current time step i, we
say the policy is Markovian. Otherwise, we say the policy
is non-Markovian. Moreover, if the output distribution is
always concentrated on a single action, the policy is said to
be deterministic. Otherwise, we say the policy is stochastic.

B. Co-safe linear temporal logic and deterministic finite
automata

In an LMDP M, whether a given semantic path L(o)
satisfies a property such as avoiding unsafe states can be
expressed using linear temporal logic. LTL can specify the
change of labels along the path by connecting Boolean
variables over the labels with two propositional operators,
negation (—) and conjunction (A), two temporal operators,
next () and until (U).

Definition 2: The LTL specification is defined by the
syntax

pu=true|aler Apa Do | OplerUpa,ae Ao (1)

Satisfaction of an LTL specification ¢ on a path o of an
MDP (denoted by o |= ¢) is defined as, a € A is satisfied
on o if a € L(o[1]), Oy is satisfied on o if ¢ is satisfied
on o[l:], ¢1 Uy is satisfied on o if there exists ¢ such that

oli:] | @2 and for all j < i, o[j:] E 1.



Other propositional and temporal operators can be derived
from previous operators, e.g., (or) 1V a2 = (-1 A—a),
(eventually) Q¢ := true U ¢, and (always) Oy = O,

In this work, we focus on the co-safe fragment of the
LTL specification, which can be verified via finite prefixes.
We say the LTL specification ¢ is co-safe [23] if all the
infinite sequences o = ¢ satisfy: there exists a truncated
finite sequence o<j = boby - - - by, k € N such that o< -0’ =
 for any infinite sequence o’.

We use deterministic finite automata (DFAs) as a graph
representation of an sc-LTL objective, thus simplifying the
complex rule-based objective into reachability. Given an
sc-LTL objective ¢, we can construct a DFA A, (with labels
¥ = 2%) such that a path o |= ¢ if and only if o is accepted
by the DFA A, which has a reachability objective.

Definition 3: A deterministic finite automaton is a tuple
A =(Q,%, 0, Gmit, Z) where

e ( is a finite set of automaton states,

e X is a finite set of alphabets,

o 0:Q x ¥ — 29 is a (partial) transition function,

Qinit € @ is the initial automaton state,

e Z C (@ is a set of final automaton states.

The DFA verifies the path ¢ by its semantic path L(o).
Each label on the path moves the automation states through
transition J. A path o is accepted by A, if and only if
there exists k € N such that the prefix o<; moves the initial
automaton state gj,;¢ to a final state ¢ € Z.

We use P, (o |= ¢) to denote the probability of an MDP
path ¢ under policy 7 satisfies ¢. For a state s, we introduce
the shorthand Py (s = ¢) := Pr(0 = ¢|o[0] = s).

III. PROBLEM FORMULATION

We consider planning problems where both the objective
and the safety constraint are specified using co-safe LTL
specifications over system paths. Formally, the problem is
defined as

Objective: max P.(cE¢) foro~M, (2)
PrloEv) =, 3)

where II is the set of all admissible polices.

This problem is challenging because the optimal pol-
icy may be both non-Markovian and stochastic. Existing
methods, such as dynamic programming and reinforcement
learning, which search over the space of Markovian policies,
are fundamentally incapable of synthesizing such policies.

We next present a minimal example that demonstrates
how, even in simple settings, the optimal policy may require
history dependence and randomization, highlighting the need
to consider non-Markovian and stochastic policies in the
general case.

Example 1: Consider an MDP with five states and initial
distribution B(sinit,1) = B(Sinit,2) = 0.5. The transition
dynamics are shown in Fig 1. From siyjt,1, action « leads de-
terministically to s4 (which self-loops), and action 3 reaches
54,1 With probability 0.1 and returns back to siniz,1 with
probability 0.9. From s, 1, the agent returns deterministically

Constraint:

tO Sinit,1- From sini¢,2, action o leads to sg, and action
leads to s, 2 (which self-loops).

We consider a constrained sc-LTL planning problem where
both the objective ¢ and constraint 1) are reachability prop-
erties: ¢ = O0Zy and ¢ = OZ, with Z, = {s,} and
Zy = {841,542} The constraint threshold is 7 = 0.9. The
resulting problem takes the form:

max Pr(o = 0Zy)
st. ProE=0Zy) > 4)

We construct a stochastic, non-Markovian policy 7, as
follows. 1) At sinit,1, the policy selects /3 until the path visits
54,1, and choose « thereafter. 2) At siyj¢ 2, take action o with
probability 0.2 and 3 with probability 0.8.

Such a policy can satisfy the constraint while achieving
the highest possible objective function

Pr(0 = 0Z4) = 0.5Py, (0 = 0Z41010] = sini)
+ 0.5P;, (0 = 0Zy|o]0] = Sinit,2)
=05x1+0.5%x0.2=0.6,

Pr(0 = 0Z4) = 0.5P5, (0 = 0Zy o [0] = siin1)
+0.5P;, (0 = 0Zy|o[0] = Sinit,2)
=05x1+0.5%x08=0.9. (®)]

In contrast, any Markovian policy from s;,;; 1 must commit
to 3 a fixed number of times, thus cannot ensure reachability
to both Z4 and Z,. Similarly, any deterministic policy at
Sinit,2 must choose either « or 3 exclusively. To satisfy the
constraint, 5 must be selected, which contributes nothing to
the objective.

B (prob. 0.9)

B (prob. 0.1)

Fig. 1. An MDP with five states and two initial states: sini,1 and
Sinit,2. €ach selected with probability 0.5. From sjyjt,1, action o leads
deterministically to sg (which self-loops), while action B reaches sy 1
with probability 0.1 and loops back to sinit,1 With probability 0.9. From
Sy,1, the process returns deterministically to sinit,1. A separate branch
begins at sip;t, 2, With « leading to s and 3 leading to self-looping sy 2.
We consider the sc-LTL objective max, Pr (0o = 0{s4}), subject to the
constraint Py (o |= Oy, Sy, }) > 0.9. As discussed in Equation (5), any
Markovian or deterministic policy performs worse than the non-Markovian,
stochastic policy we construct for this example.



IV. ELIMINATING NON-MARKOVIANITY VIA DOUBLE
ProbpUCT MDP CONSTRUCTION

This section enables the application of solving tech-
niques designed for Markovian policies to the constrained
sc-LTL problem by eliminating the planning problem’s non-
Markovianity. Specifically, we show that by transforming the
original problem into an equivalent constrained reachability
problem on an extended model of the LMDP, a stationary
policy becomes sufficient for optimality. This construction
enables us to leverage existing methods, such as linear
programming, which are applicable to stationary policies, to
solve the transformed problem and subsequently recover the
optimal policy for the original sc-LTL planning.

The main challenge lies in the fact that, in the original
LMDP, even when both the objective and the constraint are
expressed as reachability, the optimal policy is not neces-
sarily Markovian, as illustrated earlier in Fig. 1. However,
we show that a similar constrained reachability formulation
admits a stationary policy to be the optimal policy on a
specially constructed product MDP.

A. Double product MDP construction

We adopt the construction of an extended model for the
unconstrained LTL planning problem [1] to our constrained
problem. Given the constrained sc-LTL problem with speci-
fications ¢ and 1), we construct a double product MDP that
encodes the satisfaction status of both specifications. This
construction transforms both ¢ and v into two reachability
objectives $0Z, and ($Z,. The double product MDP is
defined as follows:

Definition 4: A double product MDP M>* = (S~
AX,TX,ﬂx,Zg,ZJ) of an LMDP M = (S5, A,T,3,A, L
and a DFA A¢ = (Q¢, E¢7 (5¢, Qinit, ¢ Z¢) and a DFA .A¢ =
(Qus Xops Op, Ginit o, Zyp) 18 defined by

o the set of states S* := 5 X Qg X Qy,

o the set of actions A* = A,

« one target set Z = {(s,q4,qp) € S*|qs € Zp},

« another target set Z = {(s,q4,qs) € S*|qy € Zy},

« the initial distribution 5> ({bo, ¢init,é, Ginit,¢)) = B(S),

« the transition probability function

T*(s*,a,s*) =

T(s,a,s)

~—~ o

§% = <57 4o, qw%

s = (5',05(as, L(5)): 8y (au L(5))),
0 else.

This construction captures the transitions of the LMDP, and

two parallel DFAs are actuated by the labeling on the LMDP.

As a result, every LMDP path o corresponds uniquely to a

double product MDP path o*.

B. Sufficiency of stationary policy

The construction of the double product MDP enables us
to formulate the sc-LTL control problem into the following
constrained reachability problem,

max Pr, (o = 0Z7)
st. Pr(0E0Z)) >, (6)

Although it is counterintuitive, given that reachability in
the original MDP may require non-Markovian behavior,
we show that a stationary policy is sufficient to achieve
optimality in the double product MDP:

Theorem 1: The optimal policy among all stationary poli-
cies is the optimal policy for the constrained reachability
problem on the double product MDP. (The proof will be
shown in the Section V-D. )

This result is enabled by the structure of the double
product MDP. Each product state s* = (s, qg,qy) encodes
not only the current LMDP state s, but also the satisfaction
status of both sc-LTL specifications via the DFA states ¢
and gy . The following example shows how the DFA states
modify Example 1.

Example 2: As shown in Fig. 2, after visiting a state in
Z, the path may return to sinj¢,1. But now with an updated
DFA state q{p, the path will return to a new product state
(Sinit,1 9o q:p> that is distinguishable from the original one.
In this way, the necessary history information is implicitly
encoded in the state space, and a stationary policy on
the double product MDP can replicate the behavior of a
non-Markovian policy in the original model.

B (prob. 0.9)

B (prob. 0.1)
B (prob. 0.1)

B (prob. 0.9)

Fig. 2. The augmented logic state g1 encodes the history information that
sy,1 has been visited.

C. Recovering the optimal policy on the original LMDP

Furthermore, we show that solving the constrained reach-
ability problem on the double product MDP yields a solution
to the original constrained sc-LTL planning problem.

Lemma I: Optimal non-Markovian policy for the con-
strained sc-LTL problem on the MDP can be recovered from
the optimal policy for the constrained reachability problem
on the double product MDP.

Proof: Given a policy 7, the reachability probability
to either one of the target sets qu, ZJ is equivalent to the
satisfaction probability of either one of the sc-LTL objectives

P1h,
Pr(o = ¢) = Pr(0™ = 0Z7)
Pr(o =) = Pa(o™ |= 02)). (7)
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With this theoretical foundation, we can apply LP-based
techniques or solve the Lagrangian Bellman equation in the
double product MDP, and map the resulting stationary policy
back to a non-Markovian policy in the original MDP.
For simplicity, we henceforth drop the superscript x when
referring to the double product MDP.

V. OPTIMALITY OF STATIONARY POLICIES

In this section, we establish that a stationary policy suffices
to be the solution to the constrained reachability problem
on the double product MDP. At the end of this section, we
formally prove Theorem 1.

Although Example 1 shows that stationary policies are not
sufficient to achieve optimality for the constrained reacha-
bility problem on a general MDP, we identify a class of
non-Markovian policies that can. This class, denoted 74,
switches between different stationary sub-policies depending
on which target set (if any) has been reached, thereby resolv-
ing the temporal dependency between the two reachability
objectives. The switching condition is naturally encoded in
the DFA states of the double product MDP, rendering 75—, s
stationary in that space.

Remark 1: Classical constrained MDP theory does not
cover our case. In the constrained MDP literature (e.g., [4]),
similar results typically rely on the fact that the occupancy
measure of any arbitrary policy can be matched by that of
a stationary policy. Since both the objective and constraint
are linear in the occupancy measure, this matching implies
optimality of stationary policies. However, this matching in
occupancy measure typically requires either (i) a discount
factor or (ii) structural assumptions on the MDP, such as
being an absorbing MDP and having a single target set. Nei-
ther assumption holds in our case: we consider undiscounted
reachability with two interacting target sets, where behavior
after reaching one set still influences the other.

A. A switching policy 7s_, s for the general MDP

As illustrated in Fig. 1, the optimal policy to the con-
strained reachability problem may still be non-Markovian
due to inherent temporal dependency between the two reach-
ability objectives.

We propose a class of policies that switch between dif-
ferent stationary policies based on which target has been
visited:

e Tmix 1S a stationary policy applied before any states in
Zg or Zy are visited. We also refer to it as the pre-
switching policy.

e my is a stationary policy applied once a states in Z is
visited, the policy encourages to hit Z,

e Ty is a stationary policy applied once a states in Zy, is
visited, the policy encourages to hit Zy,

That is, a path on the double product MDP, if the initial
state is not in Zy or Zy, the path will begin with 7, and
switches to either w4 or m, depending on which target is
visited first as shown in Fig. 3. We denote this switching
policy by ms_,. It is not necessary to specify the policy

after both target sets have been visited, since at that point
both ¢ and ) can be seen as satisfied.

Zy —> T

T
)

Fig. 3. Tllustration of the switching policy ms— s. The pre-switching policy
Tmix i followed until a target set is reached. Hitting Z triggers a switch
to my,, while hitting Z, triggers a switch to 7.

Importantly, this switching policy is realizable as a sta-
tionary policy on the double product MDP. Because the
DFA state tracks which (if any) target set has been visited.
Specifically, for all states (s, g, qy), The switching policy
Ts_ss 18 defined as:

7TS—>S(<57q¢7qw>) =
Tmix ((5, 46> 40)),
7y (8,49, qy)),
76 ((8, 4gs Q)

if ) §é Z¢ and v ¢ Z,p
ifgy € Zyand qp ¢ Zy, . (8)
if 44 ¢ Z¢ and g € Zw

To formally express the performance of this switching
policy, we introduce the concept of the dominating class of
policies.

Definition 5: A class of policies U is said to be a domi-
nating class of policies for the constrained planning problem
for a given initial distribution S, if for any policy 7 there
exists a policy 7 € U such that

Pr(o = ¢) = Pr(o |= )
Pr(o E 1) = Pr(o E ). ©))

Theorem 2: The class of our proposed switching policy
Ts—s 1S a dominating class of policies for the constrained
reachability problem on the LMDP.

(The proof for this theorem will be shown at the end of
Section V-C.)

To prove Theorem 2, we proceed in two steps. Given
an arbitrary non-Markovian policy 7, we first construct a
switching policy 7, that is guaranteed to perform at least
as well as 7, on both the objective and the constraint. The
switching policy 7, is defined as follows:

o Use ), before visiting any state in Zy or Zy,.

o Switch to 7y, = arg, max Py (o |= 0 Z,) after entering
Zg.

o Switch to 7y := arg, max Py (o = 0Zy) after entering
Zy.

We then show that replacing 7 (the pre-switching com-
ponent) with a stationary policy mmix does not degrade
performance on either the objective or the constraint.



B. Monotonic policy improvement via switching

We first show that switching to an optimal stationary
reachability policy after visiting a target cannot degrade
performance, but only increases the performance.

Lemma 2: The class of our proposed switching policy
Th—s 1S a dominating class of policies for the constrained
reachability problem.

The proof proceeds by decoupling the interaction between
the two reachability specifications. We show that the ob-
jective function can be decomposed into two components:
(1) the occupancy measure over paths that have not yet
reached either Zy4 or Z,, and (2) the conditional reachability
probability starting from states within Z,. By replacing the
second term with the maximum unconstrained reachability
probability to Z,;, we strictly increase (or preserve) the
objective function, without affecting the constraint function.
An analogous argument applies when analyzing the con-
straint function with respect to Zy,. The key quantity in this
decomposition is the occupancy measure, which describes
how often each state-action pair is visited before hitting
either target set.

Definition 6: Let 7 be a policy and Z C S be a target set.

For initial state ¢ € S, we define the following: (1) The
probability that a path o starting from ¢ stays within S\ Z
for ¢ steps and visits state j € S\ Z at step ¢ is given by

gﬂ'(l’j7t7z):
P. (o[t =4, oln] € S\Z, 0<n<t—1]|0o[0]=1).

(2) The occupancy measure of state-action pair (j, a) before
reaching either target set is defined as the expected number
of times (7, a) is visited:

Nfr(jv a) =
m(j,a) Y Y B() &Gt Zy U Zy).  (10)
€S t=0

(3) The state occupancy measure before reaching either
target sets is then:

Y

Z NW(jva)'

a€A(j)

Nﬂ(j) =

Proof of Lemma 2: Given an arbitrary policy my, the
reachability probability to the target set Z4 C F' can be
expressed as the weighted sum of all occupancy measures

fr, (1, @).

PTF;L (U ): <>Z¢)

=D B+ D B)Pr (i 0Zy)
i€Z4 ZEZw\Zd,

+ ) B) = 0Zy)
1€S?

=Y B+ Y BO)Pr(iE 0Z)
€24 1€Zy\Zg

+30 >0 D bm(i,a)T (G a, )

i€Sy a€A(i) J€EZo

D> D km(ha)T(

1€S7 a€A(i) j€Zy\Zgy

ia avj)Pﬂ'h(haj ': <>Z¢)a
(12)

where S; = S\Zy\Z, and P, (h,j = 0Z;) denotes
the probability of eventually reaching Z4 when the run has
already produced history consistent with h and is currently
at state j, continuing under 7. If 7, is Markovian, this
reduces to Py, (j = 0Z,). The first equality holds as we
partition the unconstrained reachability to Z4 based on the
initial distribution 5. The second equality holds as we further
decompose ) ;g 3(i)Pr, (i = 0Z) based on whether the
path directly visits Zy or visits Zy, before visiting Z.

For any policy 7, there exists a switching policy 7,
such that

P,

Th—s (

0 = 0Zy) 2 Pr, (0 |= 0Zp).

This inequality holds by the construction of pir,  _(s,a),

Pﬂ-h*)S (U ‘: <>Z¢

13)

=D BE)+ Y B)Pmax(i = 0Zy)
i€Zy 1€Zy\Zy
+30 > D ke (i,a)T (s a, )

1€S? a€A(i) JE€EZgy

YD > Hm(a)T(

1€S87 a€A(1) JEZY\Zy
2 Pr, (0 = 0Zy),

where Pnax(j = 0Z4) denotes the maximum reachability
probability from state 7 to target set Z4. As a known fact,
the maximum reachability probability can be achieved by a
stationary policy.

We can directly apply the same procedure to P, (0 =
0Zy) yield

P,

7Th~>s(

ia auj)Pmax(j ': <>Z¢)

0 = 0Zy) 2 Pr, (0 |= 0Zy).

The above two inequalities for objective and constraint hold
at the same time for one specific mj,—,,. The reason is
does not affect Py, . (0 = 0Z,) and 7, does not affect
Pr, L. (0 = 0Zy).
By definition, we say the class of our proposed switch-
ing policy m,_,s is a dominating class of policies for the
constrained reachability problem. |

(14)



C. Stationary policy realization without performance loss

We have shown replacing 7, after hitting one of the target
sets, such that switching only increases the performance of
the policy.

We now show that the initial non-Markovian component
of 7, in the switching policy 7,_,s can be replaced by a
stationary policy myix Without degrading performance.

The construction of such 7,; is based on the MDP theory.
Given policy 7, the set of transient states contains all states
that only have a finite expected number of visits,

X = {x|fn, (z) < 00} . (15)

The set of recurrent states contains all states that have an
infinite expected number of visits,

X := {]tn, () = 00}

Now we construct m,ix, Which induces a Markov chain,
such that the partition of recurrent and transient states is the
same as the partition done by policy 7. For all transient
state (under m,) x € X, Let mmix be a stationary policy
satisfying

(16)

i (T, @) = M,
fim, (2)

where denominator ., (z) is zero, m4(x, a) is chosen arbi-
trarily. For all recurrent state (under 73,) x € X, let mpix be a
stationary policy such that m,ix(x,a) > 0 for all state-action
pair {(z,a)|tir, (, ) > O}.

Lemma 3: Under the construction of policy mpyix,

1) if fir, (2) < 00 then fir,,. (2, 0) = pir, (¢, a),

2) if pir, (z) = oo then pg,, () = oo.

a7

(The proof for this lemma will be shown in the Appendix.)
Therefore, the occupancy measure before hitting target sets
under policy 7, can be replicated by the stationary policy
Tmix -

Before switching, using the stationary mix to replace
the non-Markovian 7;,_,s does not change the reachability
probability.

Lemma 4: Given an arbitrary 7, and the construction of
the switching policy 7, s from 7, there exists a switching
policy 7s_, s such that

Pr (0 E0Zy) = Pr,_,. (0 |F 0Zy)
P‘ﬂ'sas (U ': <>Zw) = P7Th~>s (U ’: <>Z'¢))

(The proof will be shown at the end of this subsection.)
Proof: By (14), the objective function Py, , (¢ E

0Z,) is determined by finite occupancy measure fi,, < 0.
By Lemma 3, since pir, = fir,,, When p., < oo, we have

(18)

Pr, (0 E0Zy) = Pr,_ (0 F0Zp). (19)

The same result holds for the constrained function
Pﬂ'sas (CT I: <>Z1b) = P7Th~>s (U }: <>Z'4/1) (20)
||

Furthermore, we can show that for any 7, there always
exists a ms_, that is at least as good as 7, in performance.

Proof of Theorem 2: Given an arbitrary non-Markovian
policy 7, by Lemma 2, the switching policy 7, s is always
at least as good as the policy 7;,. By Lemma 4, the switching
policy policy 7,5 is no worse than the policy 7, ¢. Thus,
the switching policy 75—, is a dominating class of policies
for the constrained reachability problem. ]

D. Optimality of stationary policy

Now we finish the proof for our main result, Theorem 1.
Proof of Theorem 1: By Theorem 2, on the general
MDP, the switching policy 7s_,s is dominating. Since such
switching is encoded by the construction of the double
product MDP, the stationary policy 7,5 is dominating on
the double product MDP. |

VI. LINEAR PROGRAMMING FORMULATION FOR
CONSTRAINED SC-LTL PLANNING

In this section, we present a linear programming formula-
tion for solving the constrained sc-LTL planning problem. As
established in Section IV-B, the original constrained sc-LTL
problem can be transformed into an equivalent constrained
reachability problem on the double product MDP, for which
an optimal stationary policy exists. Our LP formulation
computes this optimal stationary policy by combining a
pre-switching policy mmix With two stationary sub-policies:
an optimistic policy my that prioritizes the objective, and
a pessimistic policy m, that prioritizes safety. The overall
procedure, from problem transformation to LP solution and
policy composition, is summarized in Algorithm 1. Here, we
ignore the process of how to obtain 7y and 7y since it is a
well-known result [1].

A. Removing self-loop

This subsection corresponds to Step 10—13 of Algorithm 1,
where we partition the state space to avoid states with infinite
occupancy measures caused by self-loops. The occupancy
measure is defined only for states with finite values, which
are obtained by partitioning the state space into F, S”, and
SO, where

F = ZyU Zy, 2D
%= {s | Prax(s £ 0{ZyU Z,}) =0}, (22)
57 =8\ (FUS’). (23)

The set S° can be found via a backward reachability graph
search; a path starting from these states can never visit states
Zy U Zy under any policies. We exclue u(s,a) with s €
SO U F from the decision variable X.

B. Representing the constrained reachability problem in a
linear form

This subsection corresponds to Step 14-18 of Algorithm 1,
where we solve the LP for the pre-switching policy 7pix-
Solving for 7wy requires introducing a decision variable
X, from which we define two linear functions R4(X) and
Cy(X) representing the objective and constraint satisfaction



probabilities, respectively. This allows us to formulate the
constrained reachability problem in standard LP form:
X
max Ry (X)
st. Cup(X)—7>0

X >0. 24)

Here for all s € S, 7(s) € A(s), under the policy 7, we
use the weighted sum of all p(%, a), to represent the objective
function as

Pr (0= 0Zs)

=2 > > HEa)T(

i€ST a€A(i) JEZy

—|—Z Z Z,u(zaT

i€S? aCA(i) 1€ Zy

) Z PmaX(.j ': <>Z<b)

J€Zy

i,a,5)+ Y B()

J€Zy

(i7a’j)PmaX(j ): <>Z¢)

(25)

Meanwhile, the constraint function is expressed as
Pﬂ's~>s (U ‘: <>Z'¢)>

-Y XY s

i€ST a€A(i) JEZy

DD D IVICL

i€S? a€A(i) JEZy
) Z Prax(j = 0Zp)
J€Zy
> T.

+ ) BG)

J€Zy
T(iya,7)Pmax(j FE 0Zs)

1,a,7)

(26)

Furthermore, as in [24], the occupancy measure must satisfy
the following flow constraint:

G+ Y WiaTGas) =Y w0, @
i€S? ac A7) a€A
————
inflow outflow

C. Composing the switching policy

Finally, once 7y, my, and 74 are computed, we compose
the switching policy 75,5 as in Step 21-26 of Algorithm 1.

VII. CASE STUDY

To demonstrate how our method balances between objec-
tive satisfaction and safety constraint, we construct a con-
strained planning scenario where satisfying both specifica-
tions requires non-trivial trade-off behavior. The experiment
is conducted on a 4 x 5 grid world with stochastic dynamics
and strategically placed barriers.

A. Grid environment and sc-LTL objective

To evaluate how our method balances between objective
satisfaction and safety constraints, As illustrated in Fig. 4,
we design a grid world environment where the two sc-LTL
specifications are intentionally in probabilistic conflict. The
key idea is to place absorbing barrier states in locations
that force any policy pursuing one specification to incur a
non-negligible risk of failing the other. As a result, no policy

Algorithm 1 Solving Constrained sc-LTL Planning
1: Input: LMDP M,
threshold 7
2: Output: Optimal policy ms—s for the constrained sc-LTL
planning problem

3. // Construct double product MDP

4: Construct DFAs Ay, Ay corresponding to ¢, ¥

5: Construct the double product MDP M* = M x Ay x Ay,
6

7

8

sc-LTL specifications ¢, 1, constraint

: Define target sets Z, Z, in the double product MDP

: // Solve unconstrained reachability subproblems
: Compute 7, := arg maxy Pr(0 = 0Z)
9: Compute 7y, := arg maxr Pr(0 = 0Z])

10: // Partition state space

11: Compute F := Z; U Z,

12: Let Sp := {s* € S | Pmax(s*
13: Let S7 := 5%\ (FUSp)

14: // Solve LP for pre-switching policy

15: Define decision variable u(7,a) for i € S,

16: Add flow constraints for all j € S-:

17: Za lu(]a (1) = ﬁ(]) +Zi,a /,L(Z,(I)T(’L,a,])

18: Add constraint satisfaction: Cy(p) > 7

19: Maximize objective: Ry (u)

20: Solve LP to obtain x* and corresponding stationary policy mmix

= 0F) =0}

21: // Compose switching policy

22: Define ms—s((S,qs,qy)) as

23: if gy ¢ Z; and gy ¢ Z; then Tyix(s)
24: else if ¢4 € Z; and gy ¢ Z:; then 7y (s)
25:  elseif gy ¢ Z; and gy € Zy then my(s)
26: return ms_, g

can satisfy both specifications with probability 1. Achieving a
better success rate for one inevitably reduces the probability
of satisfying the other, thereby creating a setting where a
trade-off is necessary.

e Dynamics: A 4 x 5 grid world. Actions A =
{N,S,E, W} attempt a unit move to the adjacent cell
in the nominated direction; if the adjacent cell lies
outside the grid, the agent remains in place. On white
states, all transitions are deterministic (no slip). On gray
states, each action goes to its intended successor with
probability 0.8 and to each orthogonal successor with
probability 0.1. The initial position is (0, 0).

o Objective: ¢ = O(AAODB), requiring the agent to visit
a cell labeled A and subsequently a cell labeled B.

o Safety constraint: ¢y = QC, requiring that the agent
visit a cell labeled C at least once.

o Labels: A at (0,1), B at (3,1), and C at (3, 3).

« Barrier states (black cells): (0,4), (1,0), (1,2), (1,4),
(2,0), (2,2), (2,4), (3,0), (3,2), (3,4). These barriers
are absorbing: once entered, the agent cannot leave, and
both ¢ and v fail.

This spatial arrangement forces the trade-off: reaching C'
reliably requires traversing a risky corridor adjacent to barri-
ers, which can jeopardize the sequence A — B. Conversely,
choosing a safer route to A and B bypasses C.



4x5 Grid World Environment

A

Fig. 4. 4 x 5 grid world environment. White cells have deterministic
transitions. Gray cells have stochastic transitions (vertical moves may slip
left/right into adjacent barriers). Black cells are absorbing barriers. Letters
A, B, and C indicate labeled target cells. The gray corridor is adjacent
to barriers, so any policy that attempts to reach B or C incurs a strictly
positive probability of absorption. Therefore, in the planning problem where
reaching B and reaching C' are specified separately as the objective and the
constraint, respectively, the inherent trade-off must be explicitly accounted
for.

B. Experiment

We evaluate the approach on the conflict-rich 4x5 grid
world introduced above. All experiments were implemented
in Python on a Windows 11 machine equipped with an Intel
19-14900K processor. The Mona package [25] was used to
translate the sc-LTL objectives into DFAs.

The experiment follows the pipeline in Algorithm 1.
Specifically:

e M is the 4 x 5 grid world with barrier states.

e »=0(AAOB), DFA size |A4| = 3.

e ¥ = OC, DFA size |Ay| = 2.

o The constraint threshold 7 € [0,1] is varied to control

the desired safety level.

Following Algorithm 1, we first compute the unconstrained
sub-policies 7y and my by value iteration, and then, for
each threshold 7 € [0,1], solve the linear program to
obtain the mixed (pre-switching) policy 7ix, Which is finally
composed with the sub-policies into the switching policy
Ts—s-

A key structural finding is that m,;x randomizes at a single
state only, namely at state (0, 1), while all other visited states
remain deterministic. Moreover, outside the state (0, 1), the
chosen actions are invariant with respect to 7. Fig. 5(a)—(b)
visualize myix at two representative thresholds (7 = 0.20 and
0.60). The green arrows indicate the two outgoing actions
being mixed, with line width proportional to the mixing
weights. As 7 increases, the mixing probabilities at (0, 1)
smoothly shift to satisfy the constraint more, while the
red arrows elsewhere (deterministic actions) are unchanged.
Fig. 5(c)—(e) show the sub-policies 74 and my; used to
construct ms_,s.

Fig. 6 shows the trade-off between the objective function
and constraint function obtained by sweeping 7 with step
0.01. The instance is feasible up to 7 = 0.64. When
7 > 0.64 no policy can satisfy the constraint. For small
thresholds (approximately 7 < 0.21), the resulting policy
Ts—s coincides with the unconstrained deterministic policy

Mmix at T=0.20

Mmix at T=0.60

(@) (d)

sub-policy ry (before visiting A) sub-policy ry (after visiting A)

A

(©)

sub-policy my

©

Fig. 5. (a)—(b) Pre-switching policy 7,ix obtained from the linear program
at two constraint tolerances (7 = 0.20 and 0.60). Randomization occurs
only at (0, 1). As 7 increases, the mixing probabilities at (0, 1) adjust, while
actions elsewhere remain deterministic and unchanged. (c) Sub-policy 7
before visiting A (move toward A). (d) Sub-policy 7 after visiting A (move
toward B). (e) Sub-policy 7y, (reach C'). Red arrows denote deterministic
actions; green arrows denote mixed actions with line width proportional
to mixing probabilities. Together these sub-policies realize the switching
policy ms_ s, whose illustration is given in Fig. 3.

ms. As T increases toward the feasibility limit, the solution
reallocates probability mass to improve P(o = 1) at the
expense of P(o |= ¢), producing the expected trade-off.

C. Complexity and runtime

The complexity of Algorithm 1 is polynomial in the
number of decision variables and constraints. We denote this
by poly(m,n). For the double product MDP built from an
LMDP with size (]S|, |.A|) and DFAs of sizes |Qy| and |Q.|,
we have

m = [S|[A[1Qq||Qul, 1= I[5]1Qs||Qul-

Algorithm 1 computes the mixed, optimistic, and pes-
simistic policies. Solving for the mixed policy dominates in
cost because it uses more decision variables. We solve all
LPs with the HIGHS linear optimizer under default settings.
On our machine, one LP solve per 7 takes = 0.002s on
average, and sweeping 7 € [0,0.64] with step 0.01 takes
~ 0.13s.
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Fig. 6. Trade-off between the objective and the constraint as the threshold
7 varies. Curves are computed via Algorithm 1 for 7 € [0, 1] with a step
size of 0.01. The problem is feasible up to 7 = 0.64; beyond this, no policy
can satisfy the constraint. For small thresholds (approximately 7 < 0.21),
the solution coincides with the unconstrained deterministic policy 7. As
T increases, the policy shifts to satisfy ), trading off the performance in
satisfying ¢.

VIII. CONCLUSION

We have addressed the challenging problem of solving
constrain sc-LTL planning problem. Our work establishes
that, despite the non-Markovian nature of the optimal pol-
icy in the original MDP, one can construct an equivalent
optimal stationary policy on a double product MDP. This
structural insight enables us to solve the problem via a
linear program over reachability objectives and constraints.
We demonstrated that switching between different stationary
policies suffices to capture the trade-offs between objectives
and constraints, and this switching is inherently captured
in the double product MDP’s structure. Our results lay the
groundwork for scalable and theoretically sound methods for
constrained temporal logic planning in MDPs.
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APPENDIX

In the Appendix, we formally proof Lemma 3. The proof
is based on the the fact that all recurrent states in the MDP
are contained in end components.
Definition 7: Let M = (S, A, T,3) be an MDP. An end
component of M is a pair (T, Ar) such that:
e T C S is non-empty, and Ap : T — 24 assigns to each
s € T a non-empty set Ar(s) C A(s);

e Each end component is closure. For all s € T" and a €
Arp(s), every successor s’ with T'(s,a,s’) > 0 is also
in T

o Each end component is strong connectivity. In the

directed graph induced by 7" and actions A7, every state



in T is reachable from every other state in 7" via actions

in AT.
We denote by EC(M) the set of all end components of M.
Let EC,, (M) C EC(M) denote the set of end components
that are valid under policy 7. EC,, (M) contains all the
recurrent states under policy .

Proof of Lemma 3: (1) For all transient (under 7j)
states * € X, both ji, . (7,a) and p, (7,a) satisfies the
same flow constraint,

Loy, ( —|—Z Z P,B (Xt=2,4:=a)
t=1 acA(z
= B(x)
+ Z Pﬂ-(Xt 1= y7At 1= a)T(y,a,x)
yEY t=1acA(y
= 5 Z Z Ky, ya y,a,l’)
yeX acA(y
= Z Z 7Tm1x y7 )T(yvawr)' (28)
yEX acA(y
Similarly,
/’LTrmxx

(29)

Since the flow constrain for either p,, or p,. . ., is only
determined by the one-step transition mwix(y, )T (y, a, ).

In matrix form, let ;4 and 8 be row vectors with RIX |,
w =B+ i, PR (30)
K = B+ /“L‘ﬂ'nnxP;x:)iX' 3D

where P%“;"Y is the submatrix of the transition matrix under
E)licy Tmix, Testricted to states in in X. Since all states in
X are transient states induced by 7ix. Thus, the matrix
T mix L 4
(I — Pg™=;) is invertible. .
Therefore, both p,, and p., ., becomes the unique solu-

tion to the same equation,

MK, = ﬂ(l

= Mﬂmix7

Tmix \—1
Pems)

(32)

(2) Now we show that all the recurrent states under policy 7y,
will be recurrent states under policy mmix. The second part
follows from the construction of 7,ix and the properties of
end components.

First, mmix reaches every end component in EC,, (M)
that are reachable under policy 7. This follows from the
fact that the occupancy measure on transient states under
Tmix 18 identical to that under 7y, so every transient path
leading to an end component under 7, is also realized under
Tmix -

Second, by construction of 7,;x, all state-action pairs in
each EC of EC,, (M) are chosen with non-zero probability
and no other actions are taken. Because each EC is strongly

Z Z Horie (W) Tmix (Y, )T (y, a, ).
yeX a€A(y

connected, this ensures that every state-action pair in the EC
is visited infinitely often under m,ix.

Consequently, the recurrent behavior and the occupancy
measure of m,;x coincide with those of y,. | |



