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Millennium bridge

Video of London Millennium bridge from youtube

[11] S. H. Strogatz et al., Nature, 2005
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http://www.youtube.com/watch?v=gQK21572oSU
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Classical Kuramoto model

de;(r) = (a)i-l-;isin(@j(t)—ei(t))) dt+o0dé(r), i=1,....N
j=1

J
@ o, taken from distribution g(®) over [1 —y,1+7] ho()
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Classical Kuramoto model
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d@,‘ = i —
(1) (a) + N

y sin(6;(z) —9,-(t))> dt+o0dé(r), i=1,....N
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Classical Kuramoto model

K
dG,- = i —
(1) (a) + N

y sin(6;(z) —9,-(t))> dt+o0dé(r), i=1,....N
j=1
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Movies of incoherence and synchrony solution
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Problem statement

@ Dynamics of i oscillator A9(w)
d6; = (w;+u;(1))dt +od&, i=1,...,N, t>0 3
L ul(t) — control 1Y 1 1+ >w

P. G. Mehta (UIUC) GERAD Apr. 20, 2010 7/75



Problem statement

@ Dynamics of i oscillator A9(w)
d6; = (w;+u;(1))dt +od&, i=1,...,N, t>0 3
L ul(t) — control 1Y 1 1+ >w

o i oscillator seeks to minimize

1T
Ni(usu_)=lim — [ E[ ¢(656_;) + XRuf ]ds
cost of anarchy  cost of control

° 0.i=(6)x
@ R — control penalty
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Problem statement

@ Dynamics of i oscillator A9(w)
d6; = (w;+u;(1))dt +od&, i=1,...,N, t>0 3
L Ml(t) — control 1Y 1 1+ >w

th oscillator seeks to minimize

1 T
Ni(uisu—;) = hm E[ c(6:560-) + %Ru,2 |ds
T—e T Jo —_—— ——
cost of anarchy  cost of control
© 0_i=(6)) I
@ R — control penalty
@ ¢(-) — cost function
c(6:6.;) Zc 6,6), >0 —F————5

J#l
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a Motivation
@ Why a game?



Motivation Why a game?

In the video you just watched, why were the
individuals walking strangely?
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Motivation Why a game?

In the video you just watched, why were the
individuals walking strangely?

A. To show respect to the Queen.
B. Anarchists in the crowd were trying to destabilize the bridge.

C. They were stepping to the beat of the soundtrack "Walk Like an
Egyptian."

P. G. Mehta (UIUC) GERAD Apr. 20, 2010 9/75



Motivation Why a game?

In the video you just watched, why were the
individuals walking strangely?

A. To show respect to the Queen.
B. Anarchists in the crowd were trying to destabilize the bridge.

C. They were stepping to the beat of the soundtrack "Walk Like an
Egyptian."

D. The individuals were trying to maintain their balance.

P. G. Mehta (UIUC) GERAD Apr. 20, 2010
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Motivation Why a game?

“Rational irrationality”

“—behavior that, on the individual level, is perfectly reasonable but
that, when aggregated in the marketplace, produces calamity.”

John Cassidy, “Rational Irrationality: The real reason that capitalism is so crash-prone,” The New Yorker, 2009
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http://www.newyorker.com/reporting/2009/10/05/091005fa_fact_cassidy

Motivation Why a game?

“Rational irrationality”

“—behavior that, on the individual level, is perfectly reasonable but
that, when aggregated in the marketplace, produces calamity.”

@ Examples

o Millennium bridge
e Financial market

John Cassidy, “Rational Irrationality: The real reason that capitalism is so crash-prone,” The New Yorker, 2009
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http://www.newyorker.com/reporting/2009/10/05/091005fa_fact_cassidy

° Motivation

@ Why Oscillators?



Motivation Why Oscillators?

Hodgkin-Huxley type Neuron model

Neural spike train

Voltage

100

-100

-150

2000 2200 2400 2600 2800 3000 3200 3400 3600 3800 4000
— time

[4] J. Guckenheimer, J. Math. Biol., 1975; [2] J. Moehlis et al., Neural Computation, 2004
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Motivation Why Oscillators?

Hodgkin-Huxley type Neuron model

% =—gr mi(V) -h (V_ ET) Voltage ‘ Ne‘ura‘l sp‘ike‘trai‘n
—8h r-(V—Eh)— ...... ‘::

dh  he(V)—h :

At n(V) -

dr  re(V)—r 50

[4] J. Guckenheimer, J. Math. Biol., 1975; [2] J. Moehlis et al., Neural Computation, 2004
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Motivation Why Oscillators?

Hodgkin-Huxley type Neuron model

Cdv . 2

Neural spike train

dr Voltage
100
—&h r-(V—Eh)— ...... .
dh heo(V)—h g
= -50
dt Th ( V) -100
dr  re(V)—r 150
= - 2000 2200 2400 2600 2800 3000 3200 3400 3600 3800 4000
dr 7.(V) —> time

[4] J. Guckenheimer, J. Math. Biol., 1975; [2] J. Moehlis et al., Neural Computation, 2004
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Motivation Why Oscillators?

Hodgkin-Huxley type Neuron model

% =—gr- mi(V) -h (V — ET) Voltage ‘ Ne‘ura‘l spjke ‘trai‘n
—8h r-(V—Eh)— ...... ‘::

dh  he(V)—h :

At n(V) -

dr  re(V)—r 50

'/ \91' (t)
! \
_o Normal form reduction :’ !
\\ 1'
\ /
\\ ///

0 = w;+u; - P(6;)

[4] J. Guckenheimer, J. Math. Biol., 1975; [2] J. Moehlis et al., Neural Computation, 2004
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@ Problem statement



Problems and results Problem statement

Finite oscillator model

@ Dynamics of i oscillator A9(w)
d6; = (w;+u;(1))dt +od&, i=1,...,N, t>0 3
L Ml(t) — control 1Y 1 1+ >w

th oscillator seeks to minimize

1 T
Ni(uiu_;) = hm E[ c(656-;) + AiRu? ]ds
cost of anarchy  cost of control
° 0_i=(6). G
@ R — control penalty
@ ¢(-) — cost function
9—0
c(6;;0_)) Zc (6,6), ¢*>0 0 7 pr

J#t
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e Problems and results

@ Main results



Problems and results EMNCHTIS

1. Synchronization is a solution of game

R-V2 Ag(w)
0.25 Synchrony ] 1
2y
0.2 N w
17 1 1+

otsl R> R.(v)

Incoherence

0 0.1 0.2 7

de; = (0),' + ui) dr+ O'dé,'

1T
Ni(uiu—;) = Tlg?/o E[c(6;;0-;) + %Ruiz] ds
Yin et al., ACC 2010
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Problems and results EMNCHTIS

1. Synchronization is a solution of game

R-V2 K
025 Synchrony 03 Synchrony
0.25
0.2 02
0.15 R > RC('Y) 0.15 k< HC(’Y)
A5 Incoherence Incoherence
0 0.1 0.2 7 01, 0.1 0.2 f)/

— . . . N
d6; = (@i +ui)dr + 0 dg; 46, = (a)i+;2sin(9j—9,-)> dr+ o dé
1T =1
Ni(uisu—;i) = Tlg?/o E[c(6;6-i) + %Ruiz] ds

Yin et al., ACC 2010 Strogatz et al., J. Stat. Phy., 1992
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Problems and results EMNCHTIS

amoto control is approximately optimal

k =0.01; R = 1000

06 Population >
04 Density
Control laws
o=1
Kuramoto .
% 50 100 150 200 250 300
t
(6 —6;(1)) Learning algorithm:
i —_
dr

Yin et.al. CDC 2010
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e Derivation of model
@ Overview



Derivation of model Overview

Overview of model derivation

Influence @), (t)

do;, = ((Dl'-i-bti(l))dt—i- Gdéi 78 VA =N
1 T L Mass
Ni(uu_;) = Th_r}rc}of A E[c(6;,1) + 5Ru;]ds

@ Mean-field approximation
o Assumption:

—00

c(6;;0-;( Zc 6;,6) —>c(9 )
J#t

@ Optimal control of single oscillator
e Decentralized control structure

[5] M. Huang, P. Caines, and R. Malhame, IEEE TAC, 2007 [HCM]
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e Derivation of model

@ Derivation steps



Derivation of model Derivation steps

Single oscillator with given cost

@ Dynamics of the oscillator
d6; = (@ +u;(t))dt+0d&;, 1 >0
@ The cost function is assumed known
T

T],'(Lt,';(j’) = }E}rc}ol 0 E[ C(ei; 6_1') + %RM%(S)] ds

c(6;(s),s
@ HJB equation: (6(s).5)

1 B , o’
Ohi + widph; = ﬁ(aehi)z —c(0,t)+n — jaezehi

1

@ Optimal control law: u; (1) = @:i(0,1) = —%&)hi(e,t)

[1] D. P. Bertsekas (1995); [9] S. P. Meyn, IEEE TAC, 1997
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Derivation of model Derivation steps

Single oscillator with optimal control

@ Dynamics of the oscillator
00 = (0 L9ah(0.0)) ar+005 (0
@ Fokker-Planck equation for pdf p(0,1, @;)
1 c? ,
FPK atp—i- a),-aep = Eag[p(aeh)] +7899P

p(e, t7 (Ui)

[7] A. Lasota and M. C. Mackey, “Chaos, Fractals and Noise,” Springer 1994
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Derivation of model Derivation steps

Mean-field Approximation

@ HJB equation for population

2
O+ @doh = 2 (9ph)? ~2(6,1) + () ~ %-9Ggh [1(6.1,0)

@ Population density

1 o2
o+ wdgp = Eae[P(aeh)]JF?ageP p(0,t,®)

@ Enforce cost consistency

E(O,t):/Q/Omc'(e,ﬁ)p(ﬁ,t,w)g(w)dﬁdw

1 (]
~ NZC (6,9)
JF
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e Derivation of model

@ PDE model



Derivation of model PDE model

Summary

2

HJB: a,h+w89h:%(89h)2— (8,1 +n*—%8§9h = h(8,t,0)
1 2

FPK: dip+ wdgp = 3olp( 3ah )] + - 3Bop = p(6,1,0)

2
Mean-field approx.: ¢(9,1) :// c*(9,0) p(0,1,0) g(w)dodw
e Jo
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Derivation of model PDE model

Summary

2
HIB: 9+ @dgh = — (9ph)? z(e,t)+n*—%ageh ~  w6,1,0)

1

2R
1 c? .,

FPK: 9,p+ wdgp = Eag [p( dgh )]+ 739917 = p(6,t,0)

2
Mean-field approx.: ¢(9,1) :// c*(9,0) p(0,1,0) g(w)dodw
e Jo
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Derivation of model PDE model

Summary

2
HIB: 9+ @dgh = — (9ph)? a(e,t)+n*—%ageh ~  w6,1,0)

1

2R
1 o’ .,

FPK: a,p+waep:§ang(a —i-?&eep = p(6,t,0)

2
Mean-field approx.: ¢(9,1) :// c*(9%,0) p(6,t,0) g(w)dod
e Jo
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Derivation of model PDE model

Summary

2

HJB: 8,h+w89h:%(89h)2— (8,1 +n*—%8§9h = h(8,t,0)
1 2

FPK: dip+ wdgp = 3olp( 3ah )] + - 3Bop = p(6,1,0)

2
Mean-field approx.: ¢(9,1) :/Q/ c*(9,0) p(0,1,0) g(w)dodw
0

@ Bellman’s optimality principle (H,J,B)

@ Propagation of chaos (F,PK, Mckean, Vlasov,...)

© Mean-field approximation (Boltzmann, Kac,...)

© Connection to Nash game (Weintraub, HCM, Altman,...)
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Derivation of model PDE model

1. Solution of PDE gives e-Nash equilibrium

@ Optimal control law
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Derivation of model PDE model

1. Solution of PDE gives e-Nash equilibrium

@ Optimal control law

1
uf = =2 doh(8(1),1,0)],_,,

@ ¢-Nash property (as N — )

1
ni(uf;u?;) < ni(”i§uii)+0(ﬁ)’ i=1,...,N.
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Derivation of model PDE model

1. Solution of PDE gives e-Nash equilibrium

@ Optimal control law

1
uf = =2 doh(8(1),1,0)],_,,

@ ¢-Nash property (as N — )

1
ni(uf;u?;) < ni(”i§uii)+0(ﬁ)’ i=1,...,N.

’ So, we look for solutions of PDEs. ‘

P. G. Mehta (UIUC) GERAD Apr. 20, 2010 26/75



Derivation of model PDE model

2. Incoherence solution (PDE)

@ Incoherence solution
h(0,t,0) =ho(0):=0 p(0,1,0) =po(0):=—

2
h(6,t,0)=0|= %—FwM:%(M)Z—E(G,t)—kn*—%aggh
1 o’ _,
Ip + 0Iop = 4 Jo[p(doh)] + —-Iger

E(G,t):/Q/Omc'(e,ﬁ)p(ﬁ,t,&))g(&))dﬁdw

P. G. Mehta (UIUC) GERAD Apr. 20, 2010 27175



Derivation of model PDE model

2. Incoherence solution (PDE)

@ Incoherence solution
h(e,t,(l)) = hO(e) =0 p(e,t,(l)) :po(e) =5z

1 2
h(O,1,0) =0=  Jh+0deh= 5 (Igh)* ~2(6,1)+n" - %839}1

1 o?
p(6,1,0) = 52 |=  dip+®dep = Eae[p(aeh)]+7839p

E(B,t):/Qfoznc’(e,ﬁ)p(ﬁ,t,a))g(a))dﬂdw
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Derivation of model PDE model

2. Incoherence solution (PDE)

@ Assume ¢*(¥,0) =c* (0 — 0) = Zsmz(ﬁge>

@ Incoherence solution
h(6,t,0) =ho(0):=0 p(0,t,0)=po(0) := —

. 1
@ Optimal control u = —Eagh =0
@ Average cost

o o= [ [t

® n'(w)=2(6,1) =

n(w)

(7>1()d19dw "

=:moforallwe Q

incoherence soln.

D=

m~ 2.

] No cost of control \
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Derivation of model PDE model

2. Incoherence solution (Finite population)

@ Closed-loop dynamics d6; = (w; + u; )dr+od&(t
p dynami ( \u/) o d&(t)

=0
@ Average cost
e® e
o ®
¢ ®
e 6
° o
o
Q'*oo"
@ ¢-Nash property
ni(uf;u®;) < ni(ui;u’,) —i—O(\/lﬁ)7 i=1,...,N.
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Derivation of model PDE model

2. Incoherence solution (Finite population)

@ Closed-loop dynamics d6; = (w; + u; )dr+od&(t
p dynami ( \u/) o d&(t)

=0
@ Average cost
n':rhnlf/ Ele(6::0-) %i’j Jd ,amom
¥ @
Iy 1 6;(1) — 6;(1)
:Thg:eﬁj;?/ E[%sm2< ) ! )]dt :
Ly (7" 6i(n—v\, 1 N-1_ @
=5y, Elzsin’ I35 40 o
N#l./ ( 2 ) 2 N Q'*oo
@ ¢-Nash property
1
T](Lt u71)<nl(ul’ ,,)‘i‘O(ﬁ% izl,...,N.
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Derivation of model PDE model

3. Synchronization is a solution of game

-1/2
R n(w)
025 Synchrony 025 n(w) = no
0.2 = 0.2
R> Re
R > Rc(’y) 0.15
018]...or - Incoherence . _12
o 01 0.2’)/ 0.1 0.15 R
do; = ((Dj + u,-) dr+ Gdgi
o1 T .
Ni(uiu_;) = Thﬂn:° T/() E[c(6;;60-;) + %Ru,z] ds n (0)) = 1’111411’1 T)i(u,-; I/to,i)
1

t-824

Synchrony solution of 2(f,t,w)
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Derivation of model PDE model

3. Synchronization is a solution of game

-1/2
R n(w)
025 Synchrony 025 n(w) =
0.2
0.2
R> Re
s R > Rc (,y) 0.15
BN Incoherence o1
h 03 02 Y 0.1 0.15

do; = ((Dj +u,-)dt+ Gdgi

1T
n,-(u,-;u,,-):Tan;T/O E[c(G,-;G,i)Jr%Ru,z]ds

P. G. Mehta (UIUC)

incoherence soln.

R—1/2

t-824

Synchrony solution of 2(f,t,w)

n (@) = minn; (u;;u?,;)

Apr. 20, 2010

30/75



Derivation of model PDE model

3. Synchronization is a solution of game

-1/2
R n(w)
025 Synchrony 025 n(w) = no
02 ) 0.2
’ R> R |_»synchrony soln.
R> Rc(’Y) 015
O15Fooo: Incoherence
0.1 R—1/2
o 01 o2 Y 0.1 0.15 0.2 025 0.3 035
do; = ((Dj + u,-) dr+ Gdgi
o1 T .
Ni(uiu_;) = Thﬂn:° T/() E[c(6;;60-;) + %Ru,z] ds n (0)) = 1’111411’1 T)i(u,-; I/to,i)
1

P. G. Mehta (UIUC)

t-824

Synchrony solution of 2(f,t,w)

GERAD Apr. 20, 2010 30/75



@ Analysis of phase transition
@ Incoherence solution



Analysis of phase transition Incoherence solution

Overview of the steps

2
HJB: 8th+a)89h:§(89h)2— &(8,1) +n*—%8§9h =  h(8,t,0)
1 2
FPK: dp+ wdop = 3olp( 3ah )] + =-33op = p(6,1,0)

&(d,1) :/Q/Oznc'(ﬁ,e) p(6,1,0) 2(©)d0dw

(0 0)

v—-0
@ Assume c*(9,0) =c* (¥ —6) = Lsin <2>

@ Incoherence solution N

h(6.1,0)=ho(6) =0 p(6.1,0) =po(6) =7
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e Analysis of phase transition

@ Bifurcation analysis



Analysis of phase transition Bifurcation analysis

Linearization and spectra

@ Linearized PDE (about incoherence solution)

—0dgh—¢— % Zyh

=2Z(0,t,m) = . =: ZR7(0,t,0
ot ( ) (—waeer e 0agh+ ";ageﬁ> 2 )
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Analysis of phase transition Bifurcation analysis

Linearization and spectra

@ Linearized PDE (about incoherence solution)

d
Ez(eatv U)) = (

—wagﬁ c 6232 i

) = XRZ(G,Z‘, (0)

@ Spectrum of the linear operator
@ Continuous spectrum {S®}~

S®) .=

2
{l €eC|a= i%kz—kwi forall w € Q}

P. G. Mehta (UIUC)

GERAD

Apr. 20, 2010
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Analysis of phase transition Bifurcation analysis

Linearization and spectra

@ Linearized PDE (about incoherence solution)

3 —0dgh—¢— % Zyh
—7(0,t,w) =
ar ) ( WP+ 7oz 829h+f’899p

) = XRZ(G,Z‘, (0)

@ Spectrum of the linear operator

@ Continuous spectrum {S®}~
S®) .=

2
{l €eC|a= i%kz—kwi forall w € Q}
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Analysis of phase transition Bifurcation analysis

Linearization and spectra

@ Linearized PDE (about incoherence solution)

~ —wagﬁ c 6232 ;
7Z(97t7 U)) =

) = XRZ(G,Z‘, (0)

@ Spectrum of the linear operator

@ Continuous spectrum {S®}~
S®) .=

2
{l €eC|a= i%kz—kwi forall w € Q}

@ Discrete spectrum

g(®)

S do+1=0.
—T‘FCOZ)(A-FT-FO)I)

1
h isti T—
Characteristic egn SR /
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Analysis of phase transition Bifurcation analysis

Bifurcation diagram (Hamiltonian Hopf)

g(w)
~ 2 1+ 0i)(A+Z + i)

do+1=0.

1
Characteristic eqn: —/
8R Jo (/’L

[3] Dellnitz et al., Int. Series Num. Math., 1992
P. G. Mehta (UIUC) GERAD Apr. 20, 2010 35/75



Analysis of phase transition Bifurcation analysis

Bifurcation diagram (Hamiltonian Hopf)

g(o)

1
—/ 5 5 do+1=0.
8R Jo (A — & + wi)(A + % + oi)

Characteristic eqn:

Bifurc;tion point

-0.6
€)
-0.8
120
[ $ SO Cont.spectrum;ind.of R
1.4+ —>  Disc. spectrum; fn. of R
. ]

-02 -0.1 0 0.1 02 real

[3] Dellnitz et al., Int. Series Num. Math., 1992
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Analysis of phase transition Bifurcation analysis

Bifurcation diagram (Hamiltonian Hopf)

. 1 w
Characteristic egn: —/ > 8(®) > do+1=0.
8R Jo (A — & + wi)(A + % + oi)
Bifurcation point
A
50 ==
0.6 R | ™
@ R >Rc(Y)
08 40r Incoherence
§ 350
4 i——»—4v—<—§
- 300
1.2 P
$ 5 Cont.spectrum;ind.of R 20k Synchrony
-1.4 ——  Disc. spectrum; fn. of R N
Y o 0 01 02 ‘real % 0.05 0.1 0.15 02 Y

[3] Dellnitz et al., Int. Series Num. Math., 1992
P. G. Mehta (UIUC) GERAD Apr. 20, 2010 35/75
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Analysis of phase transition Numerics

Numerical solution of PDEs

PO, 1,w) incoherence

Incoherence; R =60

incoherence

/
/
!
h
i
'
\

\
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Analysis of phase transition Numerics

umerical solution of PDEs

PO, 1,w) incoherence

Incoherence; R =60

synchrony

Synchrony; R=10 ‘

\ synchrony /
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Analysis of phase transition Numerics

Bifurcation diagram

R-V2 n(w) [ w=095
w=1
0.25 Synchrony . 0.25 e - we105
0.2
0.2
015 R> R
) R > R.(7) n(w) =no
045 .
----- Incoherence 0.1 R™Y/2
v 0.1 0.15 0.2 025 0.3 035
0 0.1 02

do;, = (C()i + u,-) dr+ Gdé,‘
LT 1p 2
Ni(usu_;) = %I_IEOT | Elc(6;;6-;) + 3Ru;]ds
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Analysis of phase transition Numerics

Bifurcation diagram

R7YZ2 n@) [ incoherence soln.
0.5 Synchrony 0.25 Z R < R,
’ o 1(w) <o
0.2 $
02
R>R,
2 0.15
R > Rc(’}/) n(w) =mno
0150....- - Incoherence 0.1 R-V2
v 0.1 015 02 025 03 035
0 0.1 0.2

do;, = (C()i + u,-) dr+ Gdé,‘
LT 1p 2
Ni(usu_;) = %I_IEOT | Elc(6;;6-;) + 3Ru;]ds
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Analysis of phase transition Numerics

Bifurcation diagram

RV2 )
0.25 Synchrony 0.25 e
0.2
0.2
R>R.
- 0.15
R > Rc (’Y) n(w) =10
0150....- Incoherence 0.1
0.1 0.15
0 0.1 0.2 ry

P. G. Mehta (UIUC) GERAD

do;, = (C()i + u,-) dr+ Gdé,‘
LT 1p 2
Ni(usu_;) = %I_IEOT | Elc(6;;6-;) + 3Ru;]ds
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Analysis of phase transition Numerics

Bifurcation diagram with another cost

c*(6,9) =0.25(1—cos(6 — 1))

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
R—I/Z
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Analysis of phase transition Numerics

Bifurcation diagram with another cost

c*(6,9) =0.25(1—cos(6 — 1))

R = 23.8359

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
R—I/Z
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Analysis of phase transition Numerics

Bifurcation diagram with another cost

c*(0,9)=0.25(1—cos(6—0)) ¢*(0,0)=1—cos(0—10)—cos3(0—1)

0.3 0.35 0.4 0.45 0 0.5 1 15
R172 R12

0.1 0.15 0.2 0.25
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Analysis of phase transition Numerics

Bifurcation diagram with another cost

c*(0,9)=0.25(1—cos(6—0)) ¢*(0,0)=1—cos(0—10)—cos3(0—1)

of
0.35 0.4 0.45 0 1 2 3 4 5 6

03
R-112 6

0.1 0.15 0.2 0.25
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Learning Q-function approximation

Comparison to Kuramoto law

1
Control law u = ¢(6,t,0) = —Eagh(e,t,a))

06y ", Population

" Densit
0.4 Y
Control laws
------ ©=095
o=1
r== 9 =1.05

Equivalent control law in Kuramoto oscillator

N—oo
Kur Zsm 6;) ~ kKpsin(%y+1—6;)
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Learning Q-function approximation

Comparison to Kuramoto law

1
Control law u = ¢(6,t,0) = —Eagh(e,t,a))

061

. Population
" Density
0.4r -
Control laws

------ ®=0.95
ow=1

== ©=1.05
Kuramoto

Equivalent control law in Kuramoto oscillator

N—oo
Kur Zsm 6;) ~ kKpsin(%y+1—6;)
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e Optimality equation min{c(0;6_(1)) + 3Ru; + Z,hi(6,0)} =0

=: H,-(e,ui;efi(t))

P. G. Mehta (UIUC) GERAD Apr. 20, 2010 43/75



e Optimality equation min{c(0;6_(1)) + 3Ru; + Z,hi(6,0)} =0

=: H,-(e,ui;efi(t))

@ Optimal control law Kuramoto law
1
u; = —EBth(G,t) Kur ;sm (6; —6;(r

P. G. Mehta (UIUC) GERAD Apr. 20, 2010 43/75



@ Optimality equation min{c(8;6_;(t)) + JRuf + Z,,hi(0,1)} = 1}
u;

::H,-(O,u,-;e,i(t))
@ Optimal control law Kuramoto law
1
u; = —EBth(G,t) Kur ;sm (6; —6;(r

@ Parameterization:
HA(0,u;0_1(1)) = c(0:0_:(1)) + LR + (@ — 1 +u) A4S 4 2 5 O g
where

NACK Zsm@ 6—¢), C?(0,6.) Zcose 6 —9)
]7’51 1751
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@ Optimality equation min{c(8;6_;(t)) + JRuf + Z,,hi(0,1)} = 1}
u;

=: H,-(e,ui;efi(t))

@ Optimal control law Kuramoto law
1
u; = —EBth(G,t) Kur ;sm (6; —6;(r

@ Parameterization:
HA(0,u;0_1(1)) = c(0:0_:(1)) + LR + (@ — 1 +u) A4S 4 2 5 O g
where

NACK Zsm@ 6—¢), C?(0,6.) Zcose 6 —9)
]7’51 1751

@ Approx. optimal control:

" " Ai (o
u® = argmin{H"*)(0,u::0-:(1))} = =51 (6.6.,)

uj
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Learning Steepest descent algorithm

@ Bellman error:
Pointwise: .£“%)(6,1) = min{H*"*} — {49

@ Simple gradient descent algorithm

e(Ai, ¢) = Z\ LU G(0))
dA; — _¢ de(Aza (pz) do; — _¢ dé(Abq)i)

dr d; ' dr do;
Theorem (Convergence)

(%)

Assume population is in synchrony. The i oscillator updates
according to (x). Then
1

@ The pointwise Bellman error . Z“)(6,1) = &(R) cos2(6 — 1)
where €(R) =

16Rc*

P. G. Mehta (UIUC) GERAD Apr. 20, 2010 45/75
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Learning Steepest descent algorithm

Phase transition

Suppose all oscillators use approx. optimal control law:

ui = —%%Zsin(@i— 6,(1))

J#i
then the phase transition boundary is
1 i _
R =47y 0
C - 1 —1 l .
7oy tan <02> if y>0
k =0.01; R = 1000 5
° PDE
55 45 O Learning
“ R> R.(v)
35 Incoherence
[a sy
30
25
Synchrony
20
20 50 100 150 200 250 300 ‘50 0.05 0.1 0.15 0.2
t v
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Learning Steepest descent algorithm

Comparison of control laws

1
From PDE: u; = ¢(0,t,®) = ——0dph(0,1,0)
D=O; R =w;
. A"l .
From learning: u; = —— — ) sin(6; — 6;(t) — ¢)
R N~
J#
06 .. gzz::::ion ) v ng::g}ion Control laws
04 Lo =0.1 02 0% =02 _PPE 095

---0=01
- =105

Learning
®=0.95
»=0.1
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Learning Steepest descent algorithm

Comparison of average cost

0-26 Average Cost 7(w) PDE  Learning
0.24 el o=0.95
—  ®=0.1
0r  iRA&N. e —m ®=1.05
0.2
0-18 '\'lw‘-‘ =~ "‘"F“‘- \ H‘? i “"'F. w‘ |- m’.—.nn -2
A
0.16
0.14 e "
0.12
0.1
0.08 — : w s ‘ . s VR
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
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Thank you!

Website: http://www.mechse.illinois.edu/research/mehtapg

Huibing Yin Sean P Meyn Uday V. Shanbhag

H. Yin, P. G. Mehta, S. P. Meyn and U. V. Shanbhag, “Synchronization of coupled oscillators is a game,” ACC 2010


http://www.mechse.illinois.edu/research/mehtapg
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Appendix Game-theoretic results (e-Nash)

Infinit population limit

@ Recall the PDE model

1 ) , o’

Oh+ ®dgh = ﬁ(agh)z—c(e,z)Jrn —7839}1
1 c? .,

a[p+ a)a@p = E&g [p(agh)] + 7899[)

2
&(d,1) :// *(8,0)p(8,1,0)g(®)d6 do
QJo
o Solution 4(0,1, @)

1
e Control uf(t) := —Eaeh(e,t, )|
e By construction:

O=0;

ni(ui;€) < Mi(uise)
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Appendix Game-theoretic results (e-Nash)

Finite population

@ Finite population cost

Iy .

eM(0,0):=E [Nzc (6:(1):6:(1)[6:(1) = @)]
J#

0%, =(67,...,6,,6{,...,0y) with 67(r) obtained from dynamics

with control u; = u? (¢)

@ Lemmai:foreachi=1,...,N

1 /T
19161[1(?:)2(%] [limsupT | ]Z:(ﬁ,s)—EZ(N)(ﬁ,s)ds] :O(W)

T—oo
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Appendix Game-theoretic results (e-Nash)

e-Nash equilibrium

Theorem

1
The control | {uf (1) = —Eagh(e(t),t, w)|w N . |is an e-Nash

—wJi=1

equilibrium with respect to the finite population cost

1 T
m i) = Jim . [ bR s

i.e., for any adapted control u;,

POP 0 POP
P (wgsu ) < 007 (uisu,) + 0(—=),

%H

P. G. Mehta (UIUC) GERAD Apr. 20, 2010 54 /75



e Appendix

@ Stability



Appendix Stability

Stability proof

dx
Frin —ax+by,a>0 < FPKeqgn

d
?); =cx+ay,bc<0 < HJBeqgn

with boundary conditions x(0) = xp and y(e«) =0

t
x(t) = e“xo +b/ e_“(t_r)y(‘l:) dr,
0

y(t) = —c/oo ¢ Vx(1)dT.
t

@ For xp =0, equilibrium solution x(r) =0, y(r) =0

@ Characteristic equation 62 = a® + be.

@ Stable in the sense that
The equilibrium solution is asymptotically stable if for any initial
perturbation xo, the solution x(r) — 0 as r — oo,
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Appendix Numerics

Algorithm for solving PDEs

2
HIB: 9+ @deh = — (3eh)> £ &(6,1) +n*—%8§9h ~  w6,1,0)

1

2R
1 o’ ,

FPK: dpp+ wdep = 1339 [p( deh )]+ 73991? =  p(6,t,0)

&(9,1) :/Q/()Mc'(ﬁ,(-))p(ﬂ,t,w) o(®)d0 do

V(0,t,0) =h(0,T—s,0) Iterative algorithm

BsV = wdpV—£:(0V)? + 26(6,T — 8) + L33,V
| J

S‘

T Backward time 0 e0,T —s)

-1 2
ul0:t) =~z V(0.) \ Op = — wdpp—ylup] + %G Iep

0 Forward time T t
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Appendix Numerics

Algorithm for solving PDEs

2
HJB: 8th+w89h:%(89h)2 2(0.0) +1°~ZRoh = [1(8,1,0)
1 2
FPK:  0p+@dop = 90lp( ol )]+ Z-3p = p(6,1,0)

21
&(d,1) // *(8,0) p(6,1,0) g(®)d0dw

\

V(0,t,0) =h(0,T—s,0) Iterative algorithm

BsV = wdpV—£:(0V)? + 26(6,T — 8) + L33,V
| J

S‘

T Backward time 0 e0,T —s)

-1 2
ul0:t) =~z V(0.) \ Op = — wdpp—ylup] + %G Iep

0 Forward time T t
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Appendix Numerics

Algorithm for solving PDEs

2
HJB: 8th+w89h:%(89h)2 2(0,0) +1°~ L Roh = [1(8,1,0)

1 2
FPK: atp“‘ CO(?WMZ(;GZGP = p(97taa))
2

&(d,1) :/Q/O ¢ (8,0) p(6,1,0) 2(®)d0dw
N

V(0,t,0) =h(0,T—s,0) Iterative algorithm

BsV = wdpV—£:(0V)? + 26(6,T — 8) + L33,V
| J

S‘

T Backward time 0 e0,T —s)

-1 2
ul0:t) =~z V(0.) \ Op = — wdpp—ylup] + %G Iep

0 Forward time T t
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Appendix

Numerical solution of PDEs

Numerics

R >Rc(7)

Incoherence

Incoherence; R =60 *
30
25 : S
2 Synchrony
B 0.05 0.1 0.15 02 Y
p(6,t,m) at given position 6
£ o.14) £ £
a‘ye/ulw [T w0 20 I ) o @ o )
= 0.16)
,

o 105 110 115 120 125 130 135 140 145 150
v

lter = 1

P. G. Mehta (UIUC)

Too 105 110 15 120 125 130 135 140 145 150
¢

lter=4

GERAD

oo 105 110 115 120 125 130 13 140 145 150
v

lter=19

Apr. 20, 2010
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Appendix Numerics

Numerical solution of PDEs

p(0,t,w) synchrony

\Synchrony; R=10 ‘

synchrony

p(6,1, @) at given position 0

7=001; hor =1
1

plote)
plote)
ploto)

AAA
A 02

01 3 E
0 2 a0 w@ 0 120 140 T80 200 0 2 s & 00 120 180 0 200 0 2 40 & 00 120 140 B0 200
t t t

o
o2
01544 _ 5 o9
Z 0] F
01542 = = o
01

oo 105 110 115 120 125 10 1% 140 145 150
t

ploLa)

oo 105 110 115 120 125 130 1% 140 145 150 oo 105 110 115 120 125 130 13 140 145 150
¢ ¢

lter = 1 lter=4 lter=19

P. G. Mehta (UIUC) GERAD Apr. 20, 2010 59/75



e Appendix

@ Linearization/Spectra



Appendix Linearization/Spectra

Linearization

_ I _a_0232 7T
r0rw)= O%hC T
dt —W0pP + 535 950h + % OGP

@ Eigenvector problem AZ = %27
@ Fourier series expansion with respect to 6

H=Y HJ(w)*® P=Y Po)
k=—oc0 k=—oc0

@ Decomposition of the linear operator %3 = @k.,iﬂlgk)
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Appendix Linearization/Spectra

Linearization (cont.)

@ Individual operator

2 .
glgn :: (‘; — i ngér(w)c?aj

1
~27R _C; — 1
air2
glgk):<2k kzsz . ;) >7 k>2

20— g
@ Continuous spectrum {s®1r=

2
sk .— {l eClAr= i%kz—kwi forall m € Q}

@ Discrete spectrum coincides with the discrete spectrum of .Z,gi])

P. G. Mehta (UIUC) GERAD Apr. 20, 2010
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Appendix Modeling

Neuron

. Inside K*
@ -
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Appendix Modeling

Neuron

| Equivalent circuits |

OutS|de

_I__I_TTT

InS|de
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Appendix Modeling

Finite oscillator model

@ Dynamics of " oscillator [10]:

d6; = (w; +u;(t))dt+o0d§;, i=1,....N, t>0 (1)
e 0— phase of the oscillator
o {&} — mutually independent Wiener processes
e ; — constant and chosen independently according to a fixed
distribution with density g
e u;(r) — control
Ag(w)
AT ) Hi t L
’/ i \\ ( ) 2~
\\\ //I )
S 17 1 1+ Y
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Appendix Modeling

Finite oscillator model (cont.)

th oscillator seeks to minimize

POP 1T
ni( © )(u,-;u,,)— hm E[ c(6:;0-;) + %Rui2 ]ds
cost of anarchy  cost of control
° 0= (8)u 0-0)
@ R — control penalty
@ ¢(-) — cost function
-0
c(6;;0_)) Zc (6,6), ¢*>0 0 7 pr
J#t
o {u;}Y, Nash equilibrium if
u; minimizes nl.( OP)(u,, i), fori=1,.
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Appendix Modeling

Intuition

@ i oscillator seeks to minimize

POP 1

7P (wiu_;) = lim — E[ c(6:6-) + ARuZ ds
cost of anarchy  cost of control

@ Trade-off between reducing the two costs

e Cost associated with 6; # 6;: ¢(6;;6_;) = Zc (6;—6))
Nz
e Cost associated with control: JRu;

@ Qualitative macro-behavior change when R varies

. 50 (=
A C* (9 —0) R | ™
45 ™,
R > Rc(Y)
40 Incoherence
35 k
30
25
9—0 2 Synchrony
0 ™ 2 S 0.05 0.1 0.15 02 7Y
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Appendix Multiple oscillators

PDE model (as N — )

@ HJB equation = ] obtain optimal control ‘

1 c?
Oih+ wdgh = ﬁ(aeh)2 —2(6,0)+n* — 78§9h (2)
e h(0,1,w)— relative value function
e n*(w)— average optimal cost

1
o Optimal feed-back control law ¢(0,z, ®) := —ﬁagh(e,t, o)
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Appendix Multiple oscillators

PDE model (as N — )

@ HJB equation = ] obtain optimal control ‘

1 c?
Oh+ wdgh = — (9gh)? —¢(0,1) +N* — —Zgh (2)
2R 2
e h(0,1,w)— relative value function
e n*(w)— average optimal cost

o Optimal feed-back control law ¢(0,z, ®) := —%%h(ﬂ,t, o)
@ Fokker-Planck-Kolmogorov (FPK) equation

d9,-(t) = (a)i+u,~(t))dt+ Gdgi, i=1,...,N

2
o
replaced by: dp+dg ((w+ (0] )p) = 7(95919
o p(6,t,w) — probability density function

[10] Strogatz et al., Journal of Statistical Physics, 1991
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Appendix Multiple oscillators

PDE model (as N — )

@ HJB equation = ] obtain optimal control ‘

1 c?
Oh+ wdgh = — (9gh)? —¢(0,1) +N* — —Zgh (2)
2R 2
e h(0,1,w)— relative value function
e n*(w)— average optimal cost

1
o Optimal feed-back control law ¢(0,z, ®) := —ﬁagh(e,t, o)

@ Fokker-Planck-Kolmogorov (FPK) equation

d9,-(t) = (a)i+u,~(t))dt+ ocd§, j/=1,...,N

2
o
replaced by: dp+dg ((w+ (0] p) = 7(95919
o p(6,t,w) — probability density function

[10] Strogatz et al., Journal of Statistical Physics, 1991
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Appendix Multiple oscillators

PDE model (as N — )

@ HJB equation = ] obtain optimal control ‘

1 2
dh+ ©dgh = ﬁ((99;1)2—5(9,t)+n*—%ageh )
@ h(0,t,w)— relative value function
e 1" (w)— average optimal cost

o Optimal feed-back control law ¢(6,7, w) := —%QGh(BJ, o)

@ FPK equation = ’evolution of population phase angles‘

1 2
9+ @dgp = ~ Alp(Beh)] + Z-2yp (3)
R 2
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Appendix Multiple oscillators

PDE model (as N — )

@ HJB equation = ] obtain optimal control ‘

1 2
dh+ ©dgh = ﬁ((99;1)2—5(9,t)+n*—%ageh )
@ h(0,t,w)— relative value function
e 1" (w)— average optimal cost

o Optimal feed-back control law ¢(6,7, w) := —%QGh(BJ, o)

@ FPK equation = ’evolution of population phase angles‘

1 c?
Oip+ wdgp = —dp|p(deh)] + —0aep = (3)
R 2

21
Generate cost:// c*(9,0)p(6,t,0)g(w)dOdw
QJo
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Appendix Multiple oscillators

Consistency

@ Consistency requirement on deterministic mass influence

E(ﬂ,t)—/Q/Oznc’(ﬁ,G)p(e,t,a))g(w)deda)

Recall: ¢(6;6;) Zc 6:,6))
Hét
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Appendix Learning

Q-learning

, d
@ Dynamics of i agent 5 = ai+ b
e " agent seeks to minimize

T

= Jim [ (500) 0 180 b

@ Control u; = —kix; —kiz

2@ 1
28
c Q@
=)
e}
Eg
2B
e B e W
=2
: L
|4
! o 1 2 3 4 5 6 7 8 9 10

[8] P. Mehta and S. Meyn, CDC, 2009
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Appendix Learning

Control comparison

05 PDE  Learning
1] —8— o=0.95
04 ¢ —— ©=0.1
+ — w=1.05

0.3

02
1 + + + + *
05
" ///
Control Amplitude 2 1 Control Phase 52
0 ‘ ‘ ‘ ‘ 4 ‘ ‘ ‘ ‘ ‘
0.1 0.12 0.14 0.16 0.18 0.2 0.1 0.12 0.14 0.16 0.18 0.2
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Appendix The New Yorker excerpt

Rational irrationality

The Prisoner’s Dilemma is the obverse of Adam Smith’s theory of the
invisible hand, in which the free market coérdinates the behavior of
self-seeking individuals to the benefit of all. Each businessman
“intends only his own gain,” Smith wrote in “The Wealth of Nations,”
“and he is in this, as in many other cases, led by an invisible hand to
promote an end which was no part of his intention.” But in a market
environment the individual pursuit of self-interest, however rational,
can give way to collective disaster. The invisible hand becomes a fist.

John Cassidy, “Rational Irrationality: The real reason that capitalism is so crash-prone,” The New Yorker, 2009
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