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11.5 Estimating a value function

Control Techniques for Complex Networks 516

11.5 Estimating a value function

Value functions have appeared in a surprising range of contexts in this book.

(1) The usual home for value functions is within the field of optimization. In the set-
ting of this book, this means MDPs. Chapter 9 provides many examples, following
the introduction for the single server queue presented in Chapter 3.

(1) The stability theory for Markov chains and networks in this book is centered
around Condition (V3). This is closely related to Poisson’s inequality, which is
itself a generalization of the average-cost value function.

(ii1)) Theorem 8.4.1 contains general conditions ensuring that the h-MaxWeight policy
is stabilizing. The essence of the proof is that the function / is an approximation
to Poisson’s equation under the assumptions of the theorem.

(iv) We have just seen how approximate solutions to Poisson’s equation can be used to
dramatically accelerate simulation.



TD Learning

Notation: h value function

hY approximation

Y? its gradient: % (z) := Vyh' (z)
Lo error:

E(9) = |Ih — b3 := Ex[|R(X(0)) — h?(X(0))/"] (11.61)

Goal: Find 6 minimizing this error



TD Learning

Notation: A value function
hY approximation
Y? its gradient: % (z) := Vyh' (z)
Lo error:
E(0) = ||h — h¥||Z := Ex[|h(X(0)) — h¥(X(0))]?] (11.61)

Goal: Find & minimizing this error

Gradient:
Vol [h" — h||Z = 2E.[(h®(X) — h(X))y’ (X)]

Solution for linear parameterization:
0" = Milb@b, where My, = E[¢)(X)y(X)']
by = E[A(X)(X)]



TD Learning for Discounted Cost

Notation: A value function

h =Ryc Zl+fy Y
t=0

Solution for linear parameterization:
0" = ]\41;1%7 where M, = E[¢)(X)y(X)']
by = E[A(X) (X))



TD Learning for Discounted Cost
Notation: A value function

h =R,c Zl+’y Y
t=0

Hilbert space notation:

Solution for linear parameterization:
0" = ]\41;1%7 where M, = E[¢)(X)y(X)']
by = E[A(X) (X))



TD Learning for Discounted Cost

Notation: A value function

t=0

Hilbert space notation: by = E[R(X)(X))
. . — <Rfyc 7¢>7T
Adjoint representation: by = (¢, R )

Solution for linear parameterization:
0" = ]\41;1%7 where M, = E[¢)(X)y(X)']
by = E[A(X) (X))



TD Learning for Discounted Cost

Notation: A value function

h=Ryc Ry=) (1+y) " 'PF
=0

~

Hilbert space notation: by E[h(X)w(X)]

Adjoint representation: by = (c RJ; ne

Adjoint: Resolvent for time-reversed process:

Rlg(e) = > (147 Elg(X () | X(0) =a], =z €X
t=0
Solution for linear parameterization:
0" = ]\41;1%7 where M, = E[¢)(X)y(X)']

by = E[R(X)(X)]



TD Learning for Discounted Cost

Algorithm:
k
Elligibility vectors: => L+ (X(k-1t)
t=0

Law of Large Number approximations:

by, = %ng(k)c(){ k
k=1
3wk’

k=1

(0.0}

S
|

Rig(z) =) (1+7) " 'Elg(X(-t) X(0)=2z], z€X

Solution for linear parameterization:
0" = ]\41;1%7 where M, = E[¢)(X)y(X)']
7(X)



TD Learning for Discounted Cost

Algorithm:
k
Elligibility vectors: => 1+ (X(k-1t)
t=0

Law of Large Number approximations:

o %i o)X (k) Estimate:
— 0(n) = [M{Z’]_lbz

n
Ml’Z, _ % Z Wb ( k) W ( k) T Inverse recursively computed

O

Rig(z) =) (1+7) " 'Elg(X(-t) X(0)=2z], z€X

Solution for linear parameterization:
0" = ]\41;1%7 where M, = E[¢)(X)y(X)']
7(X)



Approximate Dynamic Programming using
Fluid and Diffusion Approximations

with Applications to Power Management

Speaker: Dayu Huang

Wei Chen, Dayu Huang, Ankur A. Kquarni,Uayakrishnan Unnikrishnan, Quanyan Zhu,
Prashant Mehta, Sean Meyn, and Adam Wierman

Coordinated Science Laboratory, UIUC
Dept. of IESE, UIUC 1
Dept. of CS, California Inst. of Tech.

National Science Foundation (ECS-0523620 and CCF-0830511),
ITMANET DARPA RK 2006-07284, and Microsoft Research




Introduction

MDP model Control

X(t+1) = X(t) + f(X(?), U(t)»W(tj%clj))

Cost c¢(x,u)

Minimize average cost lim sup,, .. + 37" E[e(X (2), U(t))]



Introduction

MDP model Control

X(t+1) = X(t) + f(X(?), U(t)»W(tj%clj))

Cost c(x,u)

Minimize average cost lim sup,, .. + 37" E[e(X (2), U(t))]

Generator

Duh (z) = E[R(X(t + 1)) — h(X@E)|X () = z,U(t) = 4



Introduction

MDP model Control

X(t+1) = X(t) + f(X(?), U(t)»W(tj%clj))

Cost c(x,u)

Minimize average cost lim sup,, ., = Z?:_()l Ele(X(t),U(t))]
Average Cost Optimality Equation (ACOE)

m&n(c(x, u) + Dyh* (x)) =1’

Generator D, h (x) := E[A(X(t+ 1)) — h(X(2))| X (t) =z, U(t) = u]

h* Relative value function

Solve ACOE and Findh™




TD Learning

min (c(z,u) + Dyh* (z)) = n*

B The “curse of dimensionality”:

Complexity of solving ACOE grows exponentially with
the dimension of the state space.

B Approximate /,* within a finite-dimensional function class
A=) riv
B Criterion: minimize the mean-squre error
Ex[(R(X(0)) — h"(X(0)))?]

solved by stochastic approximation algorithms



TD Learning

min (c(z,u) + Dyh* (z)) = n*

B The “curse of dimensionality”:

Complexity of solving ACOE grows exponentially with
the dimension of the state space.

B Approximate /,* within a finite-dimensional function class
A=) rith
B Criterion: minimize the mean-squre error
Ex[(R(X(0)) — h"(X(0)))?]

solved by stochastic approximation algorithms

Problem: How to select the basis functions 1%, 1 < ¢ < d} ?

key to the success of TD learning



Approach Based on Fluid and Diffusion Models

Total cost for

. . %k
Value funCthn Of the ﬂUId mOdel J an associated deterministic model
is a tight approximationto
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Related Work

Multiclass queueing network
h™ ()

@

optimal control
simulation

network scheduling
and routing

Taylor series approximation

Meyn 1997, Meyn 1997b

Chen and Meyn 1999
Hendersen et.al. 2003

Veatch 2004
Moallemi, Kumar and Van Roy 2006

Meyn 2007 Control Techniques for
Complex Networks

this work

Coniral Technl e
far Com ples Meriworcs:



Power Management via Speed Scaling

Bansal, Kimbrel and Pruhs 2007
Wierman, Andrew and Tang 2009

Single processor job arrivals
Qt+1)=Q(t) —U(t) + At + 1)

processing rate U ()
determined by the current power

Control the processing speed to balance delay and energy costs
c(x,u) =z + FP(u)

i . ; 0 Kaxiras and Martonosi 2008
Processor design: polynomial cost P (u) o< u et oo ol Tana 2009

We also consider P(u) o< ™
for wireless communication applications



Fluid Model

Fluid model:

Total Cost

u

J*(2) = inf /O e(a(t), u(t))dt, z(0) = z.

Total Cost Optimality Equation (TCOE) for the fluid model:

mgn(c(x, u)+ VJ* () - f(z,u)) =0



Why Fluid Model? MDP X (¢ + 1) = X (£) + f(X (£), U(8), W(t + 1))

First order Taylor series approximation
Dy J* () & Egu [V (X(0))(X (1) — X(0))]

=VJ* (z)f(x,u)



Why Fluid Model? MDP X (¢ + 1) = X (£) + f(X (£), U(8), W(t + 1))

First order Taylor series approximation
Dy J* () & Egu [V (X(0))(X (1) — X(0))]

=VJ* (z)f(x,u)

TCOE m&n(c(az, u) + VJ* (x) - f(x,u)) =0
~ c(x,u) + D,J" ()

ACOE min,, (c(z, w) + D,h* (z)) = n*

J ™ almost solves the ACOE Simple bl{t
powerful ideal!




Approach Based on Fluid and Diffusion Models

Total cost for

. . *
Value functlon Of the ﬂU|d mOdeI J an associated deterministic model
is a tight approximationto h*
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Policy
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The optimal policy compared to the (¢, J*)-myopic policy
for the quadratic cost function



Value Iteration

250

200
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Initialization: Vjj = ()

Initialization: Vj; = J*

S——

10 15 20 M

The convergence of value iteration for the quadratic cost function

The error ||h,+1 — hy|| converges to zero much faster when
the algorithm is initialized using the fluid value function.

(See also [Chen and Meyn 1999])
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0

muin<c(x, u) + VJ* (z) - f(z,u))
~ c(x,u) + Dy J* (x)

Approximation of the Cost Function

min, (c(z,u) + Dyh* (z)) =n*

Error Analysis E(x,u) = c(x,u) + Dy J" (x)

E(x) = min &(x,u) ~constant?
0<u<zx



0

muin<c(x, u) + VJ* (z) - f(z, u))
~ c(z,u) + Dy J* (z)

Approximation of the Cost Function

min, (c(z,u) + Dyh* (z)) =n*

Error Analysis E(x,u) = c(x,u) + Dy J* (x)

E(x) = min &(x,u) = constant?
0<u<zx

Surrogate cost c®(z,u) = c(z,u) — E(x) +n°

Oggx{c (x,u) —n° +DyJ ()} =0

Boundson &(z)?



mm(c(w w) + VJ* () - fz,u)) =0

Structure Results on the Fluid Solution®

~ c(z,u) + Dy J" (x)

Polynomial cost c(x,u) =

_|_
FExponential cost c(x,u) = x +

Proposition 0.1 For any of the cost functions defined above, the fluid value
function J* is increasing, convez, and its second derivative V2 J* is non-increasing.

Moreover, For polynomial cost the value function and optimal policy are given
by, respectively,

Tha) = ”32991290—1(5(@1—1))%

¢ (x) =




Lower Bound min(c(z, u) + VJ* (z) - f(z,u)) =0
)

~ c(x,u) + Dy J™ (
E(x,u) = c(x,u) + DyJ" (x)

O

Lemma 2 &(z,u) > 0 everywhere, giving ¢ > c® — n°.

) —Q(0))]  Convexity of J*



muin(c(:z:, u) + VJ* (z) - f(z,u)) =0
~ c(x,u) + Dy J* (x)
E(x,u) = c(x,u) + Dy J™ (x)

Lower Bound

O

Lemma 2 &(z,u) > 0 everywhere, giving ¢ > c® — n°.

) —Q(0))]  Convexity of J*



Upper Bound min(c(e, u) + VJ* () - T, 0) = 0

Lemma 3 For the polynomial cost with o =

2, B
E(x) =O(/x), and hence c(xz,u) < c°(z,u) + O(y/x).

EzulJ7(Q(1)) — J7(Q(0))]
— V() (~u+a)
+3E[VAI (@) - (—u+ AD)?] s —w+41) < Q<=
<VJ* (33) ' (_U + 04) second derivative V2 J* is non-increasing.

+LE [V2J* (2 — u) - (—u+ A(1))?]



Upper Bound min(c(e, u) + VJ* () - T, 0) = 0

Lemma 3 For the polynomial cost with o = 2,

5
E(x) =O(/x), and hence c(xz,u) < c°(z,u) + O(y/x).

Dy J* (x) :== Ep o[ J(Q(1)) — J*(Q(0))]
= VJ(z) (-u+ )
+ %E [V2J* (Q) (_U+A(1))2} r—u+A(l) <Q <«x
<VJ*(z)  (—u+ ) second derivative V2J* is non-increasing.
+1E[VPT (. —u) - (—u+ A(1))?]
E(x) < E(x, 0" (2))
< SE (V2T (x = ¢ (2)) - (=™ (z) + A(1))?] .

c(x,u) = c(x,u) + E(x) —n° < *(x,u) + O(V/r)



Upper Bound min(c(, u) + V.J* (2) - F(w,u)) = 0

Lemma 3 For the polynomial cost with o =

2, B
E(x) =O(/x), and hence c(x,u) < c°(z,u) + O(y/x).

DyJ"(x) :=Egu[J"(Q(1)) — J7(Q(0))]
— V() (~u+a)
+ %E [V2J* (Q) - (_U+A(1))2} r—u+A(l) <Q <«x
<VJ* (33) ' (_U + 04) second derivative V2 J* is non-increasing.

+LE [V2J* (2 — u) - (—u+ A(1))?]



TD Learning Experiment

Basis functions: ¥1 () = J*(z),

Yo(x) =
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TD Learning with Policy Improvement

(i) Given the policy ¢*, find the approximate solution hE_ to Poisson’s equation
Dyrhf ~ hF — ¢ + ni, where ¢ (x) = c(z, ¢*(2)), and 7y, is the average cost.

(ii) Update the policy via ¢*T1(z) € argmin, {c(z,u) + D, hE_ (2)}.

3 Average cost at stage N 1

0 5 10 15 20 o5 T

Simulation result for TDPIA with the quadratic cost function,and basis {11,199} = {J*, x}.

Nearly optimal after just a few iterations




Conclusions

B Thefluid value function can be used as a part of the basis for TD-learning.

B Motivated by analysis using Taylor series expansion:

The fluid value function almost solves ACOE. In particular,
it solves the ACOE for a slightly different cost function; and
the error term can be estimated.

B TD learning with policy improvement gives a near optimal policy
in a few iterations, as shown by experiments.

B Application in power management for processors.



Q-Learning
and Pontryagin's Minimum Principle
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Outline

Q-learning for nonlinear state space models

. | Example: Local approximation
|

J?:% Example: Decentralized control



Outline

Q-learning for nonlinear state space models



What s Q learning?

Identify optimal policy based on observations:

learn
optimal
policy

Desired behavior

—

Comple ss Y

Measured behavior

Outputs

Watkin's 1992 formulation applied to finite state space MDPs



rn
optimal

What is Q learning?

Watkin's 1992 formulation applied to finite state space MDPs

Watkins and P.Dayan, 1992
Goal: Find the best approximation to dynamic programming
equations over a parameterized class, based on observations
using a non-optimal policy.

Watkin’s algorithm known to be effective only for
Finite state-action space
Complete parametric family



rn
optimal

What is Q learning?

Watkin's 1992 formulation applied to finite state space MDPs

Watkins and P.Dayan, 1992
Goal: Find the best approximation to dynamic programming
equations over a parameterized class, based on observations
using a non-optimal policy.

Watkin’s algorithm known to be effective only for
Finite state-action space
Complete parametric family

Extensions: when cost depends on control, our ress
but dynamics are oblivious ey T M

Yu and Bertsekas, 2007

Approach: Similar to differential dynamic programming

Differential dynamic programming
D.H.Jacobson and D.Q. Mayne
American Elsevier Pub.Co. 1970



What s Q learning?

Watkin's 1992 formulation applied to finite state space MDPs

This lecture:

Deterministic formulation: Nonlinear system on Euclidean space,

Infinite-horizon discounted cost criterion,

J*(z) = inf /OOO e e(x(s), u(s))ds, z(0) = x

with ¢ a non-negative cost function.



What s Q learning?

Differential generator: For any smooth function h,
Dyh(z) := (Vh(z)) f(z,u)




What s Q learning?

Differential generator: For any smooth function h,
Dyh(z) := (Vh(z)) f(z,u)

HJB equation:  min(c(z, u) + D, J* (x)) = vJ*(z)

u




What s Q learning?

Differential generator: For any smooth function h,
Dyh(z) := (Vh(z)) f(z,u)

HJB equation:  min(c(z, u) + D, J* (x)) = vJ*(z)

u

The Q-function of Q-learning is this function of tvvm




Q learning - Steps towards an algorithm

Sequence of five steps:

Step 1:Recognize fixed point equation for the Q-function
Step 2: Find a stabilizing policy that is ergodic

Step 3: Optimality criterion - minimize Bellman error
Step 4: Adjoint operation

Step 5: Interpret and simulate!




Q learning - Steps towards an algorithm

Sequence of five steps:

Step 1:Recognize fixed point equation for the Q-function
Step 2: Find a stabilizing policy that is ergodic

Step 3: Optimality criterion - minimize Bellman error
Step 4: Adjoint operation

Step 5: Interpret and simulate!

Goal - seek the best approximation,
within a parameterized class

HY (z,u) = 0™ (z, u), ) € R?




Q learning - Steps towards an algorithm

Step 1:Recognize fixed point equation for the Q—functidn
Q-function: HYx,u) = c(x,u) + DyJ* ()

lts minimum: H*(z):= miB H*(xz,u) =~J"(x)
uec

Fixed point equation:

DuH" (z) = —(c(z,u) = H (2, u))

Step 1: Recognize fixed point equation for the Q-function
Step 2: Find a stabilizing policy that is ergodic

Step 3: Optimality criterion - minimize Bellman error
Step 4: Adjoint operation

Step 5: Interpret and simulate!



Q learning - Steps towards an algorithm

Step 1:Recognize fixed point equation for the Q—functién
Q-function: HYx,u) = c(x,u) + DyJ* ()

Its minimum: H* () := miB H*(x,u) =~vJ" ()
uec

Fixed point equation:

DuH" (z) = —(c(z,u) = H (2, u))

Key observation for learning: For any input-output pair,

* d *
D H* () = L H* (x(t))
x=x(t)
u=u(t)
Step 1: Recognize fixed point equation for the Q-function
Step 2: Find a stabilizing policy that is ergodic
Step 3: Optimality criterion - minimize Bellman error
Step 4: Adjoint operation
Step 5: Interpret and simulate!



........ Optimal policy |

Q learning - LOR example

Linear model and quadratic cost,
Cost: c(z,u) = 22'Qx + su'Ru

Q'funCtion: H* (Qj‘) — C(CU, U) + (ACC + BU) TP*ZU

L Solves Riccatti eqn

Step 1: Recognize fixed point equation for the Q-function
Step 2: Find a stabilizing policy that is ergodic

Step 3: Optimality criterion - minimize Bellman error
Step 4: Adjoint operation

Step 5: Interpret and simulate!



........ Optimal policy |
— )

Q learning - LOR example

Linear model and quadratic cost,
Cost: c(z,u) = 22'Qx + su'Ru

Q'funCtion: H* (Qj‘) — C(CU, U) + (ACC + BU) TP*CU
L Solves Riccatti eqn

Q-function approx:
dy

3
H(z,u) = c(z,u) + 1 Z Ul DR Z 9§xTFiu

i=1 j=1
Minimum:

H(z) = 12" (Q . FQTR_lFQ) z

Minimizer:
w(z) = ¢?(z) = —R'F%

Step 1: Recognize fixed point equation for the Q-function
Step 2: Find a stabilizing policy that is ergodic

Step 3: Optimality criterion - minimize Bellman error
Step 4: Adjoint operation

Step 5: Interpret and simulate!



D eeenen Optimal policy |
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Q learning - Steps towards an algorithm

Step 2: Stationary policy that is ergodic?

Assume the LLN holds for continuous functions

F:REx R 5 R
As T — o0,

%/0 F(x(t),u(t))dt—> F(x,u)w(dw,du)

XxU

Step 1: Recognize fixed point equation for the Q-function
Step 2: Find a stabilizing policy that is ergodic

Step 3: Optimality criterion - minimize Bellman error
Step 4: Adjoint operation

Step 5: Interpret and simulate!



D eeenen Optimal policy |
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Q learning - Steps towards an algorithm

Step 2: Stationary policy that is ergodic?

Suppose for example the input is scalar,and the system is stable
[Bounded-input/Bounded-state]

Can try a linear

combination
of sinusouids

Step 1: Recognize fixed point equation for the Q-function
Step 2: Find a stabilizing policy that is ergodic

Step 3: Optimality criterion - minimize Bellman error
Step 4: Adjoint operation

Step 5: Interpret and simulate!



D eeenen Optimal policy |
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Q learning - Steps towards an algorithm

Step 2: Stationary policy that is ergodic?

Suppose for example the input is scalar,and the system is stable

A [Bounded-input/Bounded-state]
0.08 U
o | w
0.06
Can try a linear
0.05 . o
combination
0.04 . .
of sinusouids
0.03
0.02
0.01 r
>
T

Step 1: Recognize fixed point equation for the Q-function
_ 3 - 3 Step 2: Find a stabilizing policy that is ergodic
u(t) - A(Sln(t) _l_ Sln(ﬂ-t) _I_ Sln(et) ) Step 3: Optimality criterion - minimize Bellman error

Step 4: Adjoint operation
Step 5: Interpret and simulate!



Q learning - Steps towards an algorithm

Step 3: Bellman error
LO(x,u) = DH?(x)+~(c—H’, 0ecR
Based on observations, minimize the mean-square Bellman error:

Epan(0) = /[£9}2w(dm,du) = <£9, LY ) o

First order condition for optimality: (£, Duﬂf — ) =0
with 5 () = 9 (z,6°(x)),

0 d 170 lstsd
D H’ (z) = gz H (x(t))| ,_,,
u=u(t)
D Z“QQ (a;') — ilée (Qj(t)) StepW:Rgcognizeﬁggd pomltequatigmforth‘eQ—function
U1 dt 1 z=x(t) Step 2: Find a stabilizing policy that is ergodic
u=1u (t) Step 3: Optimality criterion - minimize Bellman error

Step 4: Adjoint operation
Step 5: Interpret and simulate!



Q learning - Convex Reformulation

Step 3: Bellman error
L0(z,u) = DyH’(z)+~(c—H®, 0ecR?

Based on observations, minimize the mean-square Bellman error:

Epen(0) = /[EQ}Qw(daz,du) — (EH, LY ) o

L0 (x,u) D.GY (z) 4+ ~v(c— HY), 0 € R

G (z) < HY(z,u), all x, u

Step 1: Recognize fixed point equation for the Q-function
Step 2: Find a stabilizing policy that is ergodic

Step 3: Optimality criterion - minimize Bellman error
Step 4: Adjoint operation

Step 5: Interpret and simulate!



........ Optimal policy |
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Q learning - LOR example

Linear model and quadratic cost,
Cost: c(z,u) = 22'Qx + su'Ru

Q'funCtion: H* (Qj‘) — C(CU, U) + (ACC + BU) TP*CU
L Solves Riccatti eqn

Q-function approx:
dy

dy
H(z,u) = c(z,u) + 1 Z Ul DR Z 9§xTFiu

i=1 j=1
Approximation to minimum

G (z) = 127G
Minimizer:

Step 1: Recognize fixed point equation for the Q-function
Step 2: Find a stabilizing policy that is ergodic

Step 3: Optimality criterion - minimize Bellman error
Step 4: Adjoint operation

Step 5: Interpret and simulate!



Q learning - Steps towards an algorithm

Step 4: Causal smoothing to avoid differentiation

For any function of two variables, g : R x Rf» — R
Resolvent gives a new function,

Rog (a0) = [ e ¥g(at).¢(0)

Skip to examples



Q learning - Steps towards an algorithm D! e o0

Step 4: Causal smoothing to avoid differentiation

For any function of two variables, g : R x Rf» — R
Resolvent gives a new function,

Rog (@) = [ T e Ptg(a(t),€(0)dt . B> 0

controlled using the nominal policy
u(t) = ¢(z(?),£(1)), t=0

stabilizing & ergodic



Q learning - Steps towards an algorithm

Step 4: Causal smoothing to avoid differentiation

For any function of two variables, ¢ : R* x Rf» — R
Resolvent gives a new function,

Rig (2, w) = / T e Pg(a(),€0)dt . B> 0

Resolvent equation:

RQD - ﬁRB — 1



Q learning - Steps towards an algorithm

Step 4: Causal smoothing to avoid differentiation

For any function of two variables, ¢ : R* x Rf» — R
Resolvent gives a new function,

Rig (2, w) = / T e Pg(a(),€0)dt . B> 0

Resolvent equation:

Rﬁp — 6R5 — 1

Smoothed Bellman error:

105

Ry L
BRs — I|H° + yRg(c — H?)



Q learning - Steps towards an algorithm D! e a0

Smoothed Bellman error:

Es(0) = 3L

vgﬁ(e) — <£9767 v9£976>w

= zero atan optimum

Step 4: Causal smoothing to avoid differentiation



Q learning - Steps towards an algorithm D! e a0

Smoothed Bellman error:

Es(0) = 3L

vgﬁ(e) — <£9767 v9£976>w

= zero atan optimum

Involves terms of the form <R 3 g,R 3 h>

Step 4: Causal smoothing to avoid differentiation



D.H’ = i_e(x(t))
Q learning - Steps towards an algorithm pqu<t>>

Adjoint operation:

1
1
(Rpg,R gh) = Qﬁ(@ RLh) + (h,R1g))

Step 4: Causal smoothing to avoid differentiation



Q learning - Steps towards an algorithm

Adjoint realization: time-reversal

Rjyg (z,w) = /OOO e By wlg(2°(—1),£°(-1))] dt

expectation conditional on z°(0) = x, £°(0) = w.

Step 4: Causal smoothing to avoid differentiation



Q learning - Steps towards an algorithm

After Step 5: Not quite adaptive control:

Compare
and learn

D eeenen Optimal policy |

Desired behavior

—

Comple ys 5

Outputs

Measured behavior

Ergodic input applied

Step 1: Recognize fixed point equation for the Q-function
Step 2: Find a stabilizing policy that is ergodic

Step 3: Optimality criterion - minimize Bellman error
Step 4: Adjoint operation

Step 5: Interpret and simulate!



D eeenen Optimal policy |
. N

— )

Q learning - Steps towards an algorithm

After Step 5: Not quite adaptive control:

Desired behavior
Compare Outputs
and learn )
Complex sstm -
Measured behavior
Ergodic input applied

Based on observations minimize the mean-square Bellman error:

Enen(0) = / £9]° w(dz, du)
L(z,u) = DH?(x)+~(c—H’, 0ecR




emble state)

Deterministic Stochastic Approximation

o k‘; (individual state)

7
— k‘z (ens
- o

Gradient descent:

d 0 0 0
EQ = —€<£ ,DuVQﬂ _’}/VQH >w
Converges* to the minimizer of the mean-square Bellman error:

gBell((g) = / [,Ce] ° w(d:v, du)

L0 (x,u) D, HY (z) +~v(c — HY)

* i i |
d _ Convergence observed in experiments!
Eh(w(t))‘ w=al(a) Duh (:C) For a convex re-formulation of
w=E&(t) the problem, see Mehta & Meyn 2009



Deterministic Stochastic Approximation

o k‘; (individual state)
_ k‘; (ensemble state)

Stochastic Approximation

L9 = —,L0(LVeH (2°(t)) — YVoH (2°(t),u(t)))
L= 2 H? (2°(t)) +v(c(z°(t),u’(t)) — HO (z°(t), u°(t)))

Gradient descent;

0 0 0
49 =—e(L’, D,VoH® —yVoH")
Mean-square Bellman error:

Enen(0) = / £9]° w(dz, du)
%h(:c(t)) ) = Dy h () LO(z,u) = D, H’ (z) +~v(c— HY)



Q-learning for nonlinear state space models

Example: Local approximation

J;{% Example: Decentralized control
.. %




Q learning - Local Learning b

Cubic nonlinearity:

%sz—x?’_'_u, C($,U):lﬂf2—|—



Q learning - Local Learning b

Cubic nonlinearity: $2=-2"4+u,  c(z,u) = 52° + Fu

HJB:
min (322 + Ju? + (~2° + u)V.J* (1)) = 7J"(2)

u



Q learning - Local Learning

Cubic nonlinearity: 4z =-24+u,  c(z,u) =12° +

HJB: min (32 + $u® + (—2® + u)VJ*(2)) = vJ*(z)

u

Basis: €

1+ 222

HY(z,u) = c(x,u) + 62* + 6™




Q learning - Local Learning

Cubic nonlinearity: $z=-2"4+u,  c(z,u) = $2° + Fu

HJB: min (32 + $u® + (—2® + u)VJ*(2)) = 7J*(z)
1Ce 9 _ X 2 Xu
Basis: HY(z,u) = c(x,u) + 0z + 6 ozt

........ Optimal policy | - L -------- Optimal policy | H0.06

— ¢ () o — @) 4 0.05

0 | | | ‘ T - | | | | 0 | | | | T
Low amplitude input High amplitude input

u(t) = A(sin(t) + sin(mt) + sin(et))



Q-learning for nonlinear state space models

XH Example: Local approximation

B‘t’%ﬁ“ Example: Decentralized control




M. Huang, P. E. Caines, and R. P. Malhame. Large-population
cost-coupled LQG problems with nonuniform agents: Individual-mass

MUltI—agent mOdel behavior and decentralized e-Nash equilibria. [EEE Trans. Auto.

Control, 52(9):1560-1571, 2007.

Huang et.al. Local optimization for global coordination



Multi-agent model

Model: Linear autonomous models - global cost objective
HJB: Individual state + global average

Basis: Consistent with low dimensional LQG model

Results from five agent model:



Multi-agent model

Model: Linear autonomous models - global cost objective
HJB: Individual state + global average

Basis: Consistent with low dimensional LQG model

—

Results from five agent model:

Estimated state feedback gains

— ]{;; (individual state)

— k; (ensemble state)

-1

time

>

Gains for agent 4: Q-learning sample paths
and gains predicted from oco-agent limit



Outline

<«

L

ik *» Coarse models - what to do with them?

e Q-learning for nonlinear state space models

Step 3: Optimality
Step 4: Adjoint
Step 5: Interpret

\ Example: Local approximation

Example: Decentralized control

...Conclusions



Conclusions

Coarse models give tremendous insight

They are also tremendously useful
for design in approximate dynamic programming algorithms



Conclusions

Q-learning is as fundamental as the Riccati equation - this
should be included in our first-year graduate control courses



Conclusions

Current research: Algorithm analysis and improvements
Applications in biology and economics

Analysis of game-theoretic issues

in coupled systems
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