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Workload Models for Stochastic Networks:
Value Functions and Performance Evaluation

Sean MeynFellow, IEEE

Abstract— This paper concerns control and performance eval-
uation for stochastic network models. Structural properties of
value functions are developed for controlled Brownian motion
(CBM) and deterministic (fluid) workload-models, leading to
the following conclusions: Outside of a null-set of network
parameters,

(i) The fluid value-function is a smooth function of the initial
state. Under further minor conditions, the fluid value-
function satisfies the derivative boundary conditions that
are required to ensure it is in the domain of the extended
generator for the CBM model. Exponential ergodicity of
the CBM model is demonstrated as one consequence.

(ii) The fluid value-function provides ashadow function for use
in simulation variance reduction for the stochastic model.
The resulting simulator satisfies an exact large deviation
principle, while a standard simulation algorithm does not
satisfy any such bound.

(iii) The fluid value-function provides upper and lower bounds
on performance for the CBM model. This follows from
an extension of recent linear programming approaches to
performance evaluation.

I. I NTRODUCTION

Several new approaches to performance evaluation and op-
timization for stochastic network models have been proposed
over the past decade. Although the motivation and goals are
diverse, a common thread in each of these techniques is the
application of an approximate value function, or Lyapunov
function:

(i) In the series of papers [1], [2], [3], [4], [5], linear
programs are constructed to find a Lyapunov function
that will provide upper and lower bounds on steady-state
performance. These Lyapunov functions are quadratic,
or piecewise-quadratic, since in each of these papers the
cost criterion is a linear function of the queue-length
process.

(ii) In [6], [7] a quadratic or piecewise-quadratic Lyapunov
function is proposed as an initialization in value-iteration
or policy-iteration for policy synthesis. An example of a
Lyapunov function is the associatedfluid value-function
(see equation (42)). The numerical results reported in
[7] show significant improvements when the algorithm
is initialized with an arbitrary quadratic Lyapunov func-
tion. When initialized with the fluid value-function,
convergence is nearly instantaneous. Related ideas are
explored in [8].
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(iii) The variance-reduction techniques developed in [9],
[10], [11] are similarly based on the application of a
Lyapunov function. In [10] it is found that the simulator
based on the fluid value-function results in dramatic
variance reductions for the models considered. Results
from one such experiment are shown in Figure 5.

Much of this research has been numerical and algorithmic in
nature. In particular, there has been little theory to explain the
dramatic numerical results reported in [7], [10]. The purpose
of the present paper is to provide a theoretical foundation for
analysis of these algorithms. These results are based primarily
on new bounds on the dynamic programming equations aris-
ing in control formulations for fluid and stochastic network
models.

The main results of this paper concern workload models for
the network of interest. This viewpoint is motivated by recent
results establishing strong solidarity between workload models
and more complex queueing model in buffer-coordinates [12],
[13], [14], [15], [16], [17], [18], [19]. In particular, under ap-
propriate statistical assumptions and appropriate assumptions
on the operating policy, a Gaussian or deterministic workload
model is obtained as a limit upon scaling the equations for a
standard stochastic queueing model (see [20], [21], [22], [18]).

The starting point of this paper is similar to the approach
used in [23], [24] to establish positive recurrence for a reflected
diffusion. The authors first construct a Lyapunov function for
a deterministic fluid model, and then show that the same
function or a smoothed version serves as a Lyapunov function
for the diffusion (i.e., condition (V2) of [25], [26] is satisfied.)

The present paper considers both controlled fluid models
and controlled Brownian motion (CBM) models for the work-
load process. The main conclusions are,

(i) Structural properties of the fluid value-functionJ are
developed: under mild conditions, the value-function is
C1, and its directional derivatives along the boundaries
of the ‘constraint region’ are zero, when the direction is
taken as the particular reflection vector at this point on
the boundary (see Theorem 4.2.)

(ii) These structural properties imply that the fluid value-
function is in the domain of the extended generator of
the CBM workload model. As one corollary, it is shown
in Theorem 4.7 that the stochastic workload process
satisfies a strong form of geometric ergodicity for the
policies considered.

(iii) It is shown in Theorem 5.3 that the smoothed estimator
of [10] based on the functionJ satisfies an exact
large deviation principle. It is argued that the standard
simulation algorithm does not satisfy any such bound.
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(iv) The linear-programming approaches of [1], [2], [3], [4],
[5] are extended based on the structural results obtained
in Theorem 4.2.

To provide motivation, we begin in Section II with a
description of various models for a simple 2-station network. A
short survey of control and performance evaluation techniques
is presented, focusing on this single example.

General workload models are described in Section III, along
with basic properties of the associated value functions. These
structural results are refined and applied in Section IV to
provide stability results for the model, Section V contains
applications to simulation, and examples illustrating linear-
programming approaches are described in Section VI. Conclu-
sions and topics of future research are included in Section VII.
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Fig. 1. The Kumar-Seidman-Rybko-Stolyar (KSRS) network.

II. A N ILLUSTRATIVE EXAMPLE

TheKumar-Seidman-Rybko-Stolyar(KSRS) network shown
in Figure 1 will be used to develop terminology and illustrate
the issues to be considered in the remainder of the paper.
Further details regarding fluid models, random walk models,
Brownian models, and the relationships between them may be
found in [12], [27], [14], [16], [10], [28], [17], [18], [29], [8].

A. Models for the queue-length process

The network shown in Figure 1 has two stations, and four
buffers. A convenient model is described in discrete-time as
follows. We let Q denote the queue-length process, andU

denote the allocation process, both evolving onZ
4
+.1 The

allocation process is subject to linear constraints,

U(k) ∈ U := {ζ ∈ R
4
+ : Cζ ≤ 1, ζ ≥ 0}, (1)

where 0 ∈ R
4 denotes a vector of zeros, and inequalities

between vectors are interpreted component-wise. The2 × 4
constituency matrixis given by

C :=

(
1 0 0 1
0 1 1 0

)
.

Let (A, S) denote the service and arrival processes at the
various buffers. For eachi = 1, . . . , 4, and each timek ≥ 1,
the distribution ofSi(k) is assumed to be Bernoulli, and the
distribution ofAi(k) is supported onZ+. We assume moreover
thatE[‖A(k)‖2] < ∞. The topology shown in Figure 1 implies
that A is of the specific form,

A(k) = (A1(k), 0, A3(k), 0)T, k ≥ 1.

1Throughout the paper we use boldface to denote a vector-valued function
of time, either deterministic or stochastic.

The common mean of the arrival and service variables are
expressed in the usual notation,E[Ai(k)] = αi, E[Si(k)] = µi,
1 ≤ i ≤ 4,

The routing matrix for this model is defined byRij = 1 if
customers departing bufferi immediately enter bufferj. Hence
in this example,R12 = R34 = 1 andRij = 0 otherwise.

For a given initial queue-length vectorQ(0) ∈ Z
4
+, the

queue length at future times is defined recursively via,

Q(k+1) = Q(k)+B(k+1)U(k)+A(k+1) , k ≥ 0, (2)

whereB(k) :=−[I −RT]diag(S(k)), k ≥ 1. This is a version
of the controlled random walk(CRW) model considered in
[10], [17].

The fluid modelassociated with (2) is the linear system,

q(t) = x + Bz(t) + αt, t ≥ 0,

whereB := E[B(k)], α := E[A(k)], q(0) = x ∈ R
4
+ is the

initial condition, andz is the cumulative allocation process
evolving onR

4
+. The fluid allocation process is subject to the

linear constraints,

z(0) = 0,
z(t) − z(s)

t − s
∈ U, t > s ≥ 0. (3)

In the fluid model the lattice constraints on the queue-length
process and allocation process are relaxed. Each is determin-
istic and Lipschitz continuous as a function of time.

These processes are differentiable a.e. since they are Lip-
schitz continuous. Lettingζ(t) := d+

dt
z(t) denote the right

derivative of the allocation process, the fluid model can be
expressed as the state-space model,

d+

dt
q(t) = Bζ(t) + α, t ≥ 0. (4)

The allocation-rate vectorζ(t) is constrained as in (1), with
ζ(t) ∈ U for all t ≥ 0.

B. Workload models

Throughout much of this paper we restrict attention to re-
laxations of the fluid model based on workload, and analogous
workload models to approximate a CRW stochastic network
model.

The two workload vectors associated with the two stations
in the KSRS model are defined as follows, wheremi := µ−1

i

for i = 1, 2, 3, 4:

ξ1 = (m1, 0, m4, m4)
T , ξ2 = (m2, m2, m3, 0)T .

The two load parameters are given byρi := 〈ξi, α〉, i = 1, 2,
or ρ1 = m1α1 + m4α3, ρ2 = m2α1 + m3α3, and we let
ρ = (ρ1, ρ2)

T ∈ R
2
+.

The workload vectors are used to construct the minimal
draining timeT ∗ for the network, thereby solving the time-
optimal control problem. Assuming that the load condition
holds,ρ• := max(ρ1, ρ2) < 1, it is known thatT ∗(x) < ∞
for each initial conditionx ∈ R

4
+, and we have the following

explicit representation,

T ∗(x) = max
1=1,2

〈ξi, x〉
1 − ρi

. (5)
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A cumulative allocation processz∗ is called time-optimal
if the resulting state trajectoryq∗ satisfiesq∗(T ) = 0 in
minimum time T = T ∗. One solution to the time-optimal
control problem whenq(0) = x is given by z∗(t) = ζ∗t,
0 ≤ t < T ∗, whereζ∗ = −B−1[x/T ∗(x) + α]. The optimal
state trajectoryq∗ travels towards the origin in a straight line.
This policy and related policies for a stochastic model are
examined in [30].

The central motivation for consideration of the workload
vectors is that they provide the following definition of the
workload process. We letΞ denote the2×4 matrix whose rows
are equal to the workload vectors{ξi : i = 1, 2}. Equivalently,
Ξ = C diag(µ−1

i )[I − RT]−1 = −CB−1. Given any state
trajectoryq, the workload process is defined byw(t) = Ξq(t)
for t ≥ 0.

We have the following simiple representation ofw in terms
of the two-dimensionaldrift vector defined asδ := 1 − ρ,
and the two-dimensional cumulativeidleness process, defined
by I(t) = t1 − Cz(t), t ≥ 0. For a given initial condition
w = Ξx ∈ R

2
+, and anyt ≥ 0,

w(t) = w+Ξ(Bz(t)+αt) = w−Cz(t)+ρt = w−δt+ I(t).

The idleness process is non-negative and has non-decreasing
components sincez satisfies (3).

A relaxation of the fluid model is obtained on relaxing con-
straints on the idleness process. Consider the two-dimensional
modelŵ satisfyingŵ(0) = w and,

ŵ(t) = w − δt + I(t), t ≥ 0. (6)

The idleness processI is assumed non-negative, with non-
decreasing components, but its increments may be unbounded.
We say thatŵ is admissibleif it is a measurable function of
time satisfying (6) withI non-decreasing,I(0) = 0, andŵ

restricted toR
2
+.

Relaxations of the stochastic CRW model are developed
in [17], [19], following the one-dimensional relaxation intro-
duced in [31]. Here we consider the CBM model based on
ŵ through the introduction of an additive disturbance: The
two-dimensional procesŝW with initial conditionŴ (0) = w
satisfies the equations,

Ŵ (t) = w−δt+I(t)+N(t), Ŵ (0) = w ∈ R
2
+, t ≥ 0, (7)

whereI is again assumed non-negative, with non-decreasing
components, and̂W is restricted toR2

+. The processN is a
2-dimensional Brownian motion with covarianceΣ > 0.

C. Control

In constructing policies to determine the idleness processes
for either the fluid or CBM workload model, we restrict to
the following affine policiesintroduced in [17]. For a given
convex, polyhedral regionR ⊂ R

2
+, the corresponding affine

policy is defined for the fluid model as follows: For each initial
conditionw ∈ R

2
+ we takeŵ(0) = w, and fort > 0,

ŵ(t) = {minimal elementw′ ∈ R satisfyingw′ ≥ w − δt}.
The trajectoryŵ is continuous and piecewise linear on(0,∞),
and exhibits a jump at timet = 0 if w ∈ Rc. The work-
conservingpolicy is simply the affine policy withR = R

2
+.

The main result of [17] shows that an optimal policy for the
CBM model is approximated by an affine policy when the
state is large.

Consider for example the convex polyhedron,

R = {w ∈ R
2
+ : w2 ≥ θw1 − β, w1 ≥ θw2 − β}, (8)

where β ∈ R+, and θ ∈ [0, 0.5) are given. Suppose that
δ1 = δ2 > 0, and consider the initial conditionw = (w1, 0)T

for some w1 > β. Then ŵ(0+) = (w1, θw1 − β)T, and
subsequently, the trajectorŷw is piecewise-linear onR.

The definition of the affine policy is identical for the
CBM model, except of course the trajectories(Ŵ , I) are
not piecewise linear. A general construction is provided in
Section III-B.

Let c : R
4 → R+ denote the`1-norm on R

4. A typical
objective function in the queueing theory literature is the
steady-state cost for the CRW model, defined as,

η = lim sup
k→∞

Ex[c(Q(k))], x ∈ Z
4
+. (9)

This is independent ofx for ‘reasonable’ policies, including
the average-cost optimal policy [6], [32]. The optimal policy
is stationary and Markov (the actionU(k) is a function of the
current stateQ(k)), so thatQ is a time-homogeneous Markov
chain [6].

Given this cost function on buffer-levels, theeffective cost
for the two-dimensional relaxation is defined as the value of
the linear program,

c̄(w) = min x1 + x2 + x3 + x4

s. t. 〈ξ1, x〉 = w1

〈ξ2, x〉 = w2, x ∈ R
4
+.

(10)

That is, c̄(w) is the cost associated with the ‘cheapest’
statex ∈ R

4
+ satisfying the given workload values. Further

motivation is provided in [13], [17], [16], [10], [28]. The
effective cost is piecewise linear: Letting{c̄i} denote the
extreme points in the dual of the linear program (10), we have
c̄(w) = maxi〈c̄i, w〉 for w ∈ R

2
+.

For a given affine policy the associated value function is
defined by,

J(w) =

∫ ∞

0

c̄(ŵ(t)) dt, ŵ(0) = w ∈ R
2
+.

It follows from the definition that the dynamic programming
equation holds,

∫ T

0

c̄(ŵ(t)) dt + J(ŵ(T )) = J(ŵ(0)), T ≥ 0. (11)

Suppose thatJ is differentiable at somew within the interior
of R. Then on settinĝw(0) = w, dividing each side of (11)
by T , and lettingT ↓ 0 we obtain the differential dynamic
programming equation,

c̄(w) + 〈∇J(w),−δ〉 = 0. (12)

The fluid value function is constructed in Proposition 2.1 based
on (12) in the following two special cases:

CASE I µ2 = µ4 = 1/3 andµ1 = µ3 = 1:
{
c̄i : i = 1, 2, 3

}
=

{
1
3

(
1
0

)
, 1

4

(
1
1

)
, 1

3

(
0
1

)}
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Fig. 2. Level sets of the effective cost for the KSRS model in Cases I and
II respectively under the work-conserving policy.
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Fig. 3. Level sets of the value functionJ for the KSRS model.

CASE II µ2 = µ4 = 1 andµ1 = µ3 = 1/3:
{
c̄i : i = 1, 2, 3

}
=

{(
1

−2

)
, 1

4

(
1
1

)
,

(
−2

1

)}

In each case, the effective costc̄ : R
2
+ → R+ is continuous,

piecewise linear, and strictly linear on each of the three regions
{Ri : i = 1, 2, 3} shown in Figure 3. Level sets of̄c andJ are
shown in Figures 2 and 3, respectively. The level sets shown
in Figure 3 are smooth sinceJ is C1:

Proposition 2.1:Suppose that the2-dimensional workload
relaxation onR

2
+ is controlled using the work-conserving

policy. Then, in each of Cases I and II, the value function
J : R

2
+ → R+ is C1 and piecewise-quadratic, and purely

quadratic within each of the regions{Ri : i = 1, 2, 3}. Hence,
J(w) = 1

2wTDiw for w ∈ Ri, i = 1, 2, 3, where in Case I the
2 × 2 matrices are given by,{D1, D2, D3} =

{
1
3δ−1

1

[
1 0
0 0

]
, 1

8δ−1
1

[
3 −1

−1 3

]
, 1

3δ−1
1

[
0 0
0 1

]}
(13)

PROOF: The C1 property is established for general workload
models in Theorem 4.2. Computation ofJ is performed as
follows: The value function satisfies the dynamic programming
equation (12), or equivalently,

−wTDiδ = −〈c̄i, w〉, w ∈ Ri, i = 1, 2, 3.

It follows that Diδ = c̄i for each i. A single constraint
on each of{D1, D3} is obtained on consideringw on the
two boundaries ofR2

+. Finally, theC1 property implies that
D1

(
1
3

)
= D2

(
1
3

)
andD3

(
3
1

)
= D2

(
3
1

)
. Combining these linear

constraints yields (13). ut
In Case I the effective cost is monotone, so thatc̄i ≥ 0 for

each i. In this case the work-conserving policy ispathwise
optimal for the fluid model, in the sense that̄c(ŵ(t)) is
minimal for eacht. It follows that the value functionJ is
convex in this case, which is seen in the plot at left in Figure3.

In Case II the monotone region for the effective cost is given
by W

+ = closure(R2), as shown at right in Figure 2. In this

case, a pathwise optimal solution exists, but it is defined bythe
affine policy (8) usingβ = 0 andθ = 1

3 , so thatR = W
+. In

particular, for an initial condition of the form̂w(0) = (w1, 0)T,
the optimal trajectory is given bŷw(0+) = w1(1, 1

3 )T, and
ŵ(t) = (w1 − δ1t)(1, 1

3 )T for 0 < t ≤ w1/δ1.
Under the optimal policy in Case II, the value function is

purely quadratic onW+:

J(w) = 1
2w

TDw; D = 1
8δ−1

1

[
3 −1

−1 3

]
. (14)

We now turn to the CBM model (7). In Case I we find
that the work-conserving policy in whichR = R

2
+ is again

pathwise optimal. This policy defines a reflected Brownian
motion onR

2
+ with reflection normal at each boundary.

In Case II a pathwise optimal solution does not exist. The
optimal solution evolves in a regionR∗ that is a strict subset
of R

2
+. In the discounted-cost case it is shown in [17] that the

constraint region is approximately affine, in the sense thatfor
large values ofw the regionR∗ is approximated by an affine
domainR of the form (8) with θ = 1

3 . Theorems 4.6 and
4.7 and numerical results contained in [17] strongly suggest
that this result carries over to the average-cost optimal control
problem.

w1

w2

β = 25

w1

w2

β = 0

w1

w2

β = ∞β =

R = W

Fig. 4. Simulation of a stochastic workload model using an affine policy.
In each case, the constraint regionR was defined by (8) withθ = 0.9. The
constantβ was defined from left to right byβ = 0, 25, and∞. The sample
paths of(A, S) and the initial conditioncW (0) = (150, 0)T were identical
in each of the three experiments.

A formula for the parameterβ∗ in this approximation is
also obtained in [17]. Again in Case II, suppose that for some
σ2 > 0, and a ∈ [−1, 1] we haveΣ11 = Σ22 = σ2 and
Σ12 = Σ21 = aσ2. Then, Equation (43) of [17] gives,

β∗ = 1
2

σ2
H

δH
ln

(
1 + c+

c−

)
, (15)

with c+ = c̄2
2 = 1

4 , c− = |c̄1
2| = 2, and

δH = (1 − θ)δ1, σ2
H = (1 − 2aθ + θ2)σ2

These are the diffusion parameters for theheight process
defined byH(t) := W2(t) − θW1(t), t ≥ 0.

Although (15) is in general an approximation, it defines the
average cost optimal policy in some specific cases: Consider
the one-dimensional model of [33], and the multidimensional
examples treated in [34] where an affine policy with parame-
ters defined using a version of (15) is precisely average-cost
optimal.

Figure 4 illustrates the role of the affine shift parameter in
a simulation using a CRW approximation of the CBM model.
The constraint region used in the figure at left is similar to that
defining the optimal policy for the fluid model in an example
considered in [28].
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A policy constructed for the workload model must finally
be translated to form a useful policy for the physical network.
Given an affine policy of the form described here using the
constraint regionR defined in (8), and a vector̄w ∈ R

2
+

of safety-stockvalues, a policy for the four-buffer queueing
network is described as follows:

ServeQ1 ≥ 1 at Station I if and only ifQ4 = 0, or

ΞQ ∈ R and µ−1
2 Q2 + µ−1

3 Q3 ≤ w̄2. (16)

An analogous condition holds at Station II.

The safety-stock values are necessary to prevent idleness at
each station asW (k) = ΞQ(k) evolves inR, so that the
workload process mimics the CBM model with constraint
regionR.

D. Performance evaluation

Given a Markov policy for the network such as (16), the
controlled processQ is a time-homogeneous Markov chain.
We let π denote its unique steady-state distribution, when it
exists. In this case we haveη = π(c) =

∑
y∈Z

4
+

π(y)c(y)

for a.e. x ∈ Z
4
+ [π]. The steady-state distribution is not

easily computed, so we seek bounds or approximations for
the steady-state costη.

Simulation using smoothed estimator Simulation using standard estimator

2w
1w

2w

1w

ηs(N) η(N)

Fig. 5. Estimates of the steady-state customer population in the KSRS
model as a function of100 different safety-stock levels using the policy (16).
Two simulation experiments are shown, where in each case thesimulation
runlength consisted ofN = 200, 000 steps. The left hand side shows the
results obtained using the smoothed estimator (18); the right hand side shows
results with the standard estimator (17).

The most common approach to performance evaluation
of a scheduling policy is through simulation. Thestandard
estimatorof η is defined by the sample-path average,

η(N) =
1

N

N−1∑

k=0

c(Q(k)), N ≥ 1. (17)

This is consistent in the sense thatη(N) → η a.s. for a.e. initial
condition x ∈ Z

4
+ [π]. However, it is well known that long

simulation runlengths are required for an accurate estimate
of η when the system load is near unity (see [35], [36], and
Section V for general results pertaining to the CBM model.)

A version of thesmoothed estimatorof the form considered
in [10], [11] is described as follows. For any functionG on
R

4
+ define∆G(x) = E[G(Q(k + 1)) − G(Q(k)) | Q(k) =

x] = Ex[G(Q(1))−G(Q(0))], x ∈ Z
4
+. The steady-state mean

of ∆G is zero, providedG is absolutely integrable w.r.t.π.

The smoothed estimator is then defined as the sequence of
asymptotically unbiased estimates given by,

ηs(N) =
1

N

N−1∑

k=0

(
c(Q(k)) + ∆G(Q(k))

)
, N ≥ 1. (18)

The function∆G is an example of ashadow function, since
it is meant to eclipse the function̄c to be simulated [10].
This is a special case of the control variate method [37], [38].
However, the homogeneous structure of the workload model is
exploited to obtain a highly specialized estimator based onthe
fluid value-function and the dynamic programming equation
(12) for ŵ.

Consider the four dimensional queueing model (2) con-
trolled using the policy (16) under the assumptions of Case I,
and letJ : R

2
+ → R+ denote the fluid value function for̂w

using the same constraint regionR. We chooseG : R
4
+ → R as

theC1, piecewise-quadratic function given byG(x) = J(Ξx)
for x ∈ R

4
+.

Bounds on the summand in (18) are obtained as follows.
By the Mean Value Theorem applied toJ we have for some
ϑ ∈ (0, 1), with Wϑ(k) = (1 − ϑ)W (k + 1) + ϑW (k),

G(Q(k + 1)) − G(Q(k)) = J(W (k + 1)) − J(W (k))

= 〈∇J (Wϑ(k)), W (k + 1) − W (k)〉
= 〈∇J (W (k)), W (k + 1) − W (k)〉
+ 〈∇J (Wϑ(k)) −∇J (W (k)), W (k + 1) − W (k)〉.

This identity combined with Lipschitz continuity of the func-
tion ∇J on R

2
+, and the second-moment assumption onA,

implies the following bound: Writing∆W (x) = Ex[W (1) −
W (0)〉], we have for somek0 < ∞ and allx ∈ Z

4
+,

∣∣∣∆G(x) − 〈∇wJ (Ξx), ∆W (x)〉
∣∣∣ ≤ k0.

The policy (16) is designed to enforce∆W (x) = −δ whenever
w = Ξx lies in R, and when this holds the dynamic pro-
gramming equation (12) implies that〈∇wJ (Ξx), ∆W (x)〉 =
−c̄(w). The policy is also designed to maintainc(x) ≈ c̄(w).
Consequently∆G(x) ≈ −c(x), and this is precisely the
motivation for the smoothed estimator.

Shown in Figure 5 are estimates of the steady-state customer
population in Case I for the family of policies (16), indexed
by the safety-stock level̄w ∈ R

2
+, with R = R

2
+. Shown

at left are estimates obtained using the smoothed estimator
(18) based on this functionG, and the plot at right shows
estimates obtained using the standard estimator (17). Thisand
other numerical results presented in [10] show that significant
improvements in estimation performance are possible with a
carefully constructed simulator.

We now develop theory for general workload models to
explain these numerical findings.

III. C ONTROLLED BROWNIAN MOTION MODEL

In Section III-A a general fluid model is constructed in
which the state process is defined as a differential inclusion on
R

`
+. This is the basis of the general Controlled Brownian Mo-

tion workload model defined in Section III-B, and developed
in the remainder of the paper.
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A. Workload for a fluid model

The state process for the fluid modelq has continuous
sample paths, and evolves onR

`
+. For simplicity we do not

treat buffer constraints here [17], [28]. Rate constraintson the
sample paths are specified as follows. It is assumed that a
bounded, convex, polyhedralvelocity setV ⊂ R

` is given,
and thatq satisfies,

(t − s)−1(q(t) − q(s)) ∈ V, 0 ≤ s < t < ∞. (19)

The right derivativev(t) = d+
dt

q(t) exists for a.e.t sinceq is
Lipschitz continuous. This velocity vector is interpretedas a
control, subject to the constraintv(t) ∈ V for t ≥ 0.

It is assumed that the fluid model isstabilizable. That is,
for each initial conditionx0 ∈ R

`
+, one can findv evolving

in V andT < ∞ such thatq(t) = 0 for t ≥ T . We infer that
0 ∈ V under the stabilizability assumption.

SinceV is a convex polyhedron containing the origin, it can
be expressed as the intersection of half-spaces as follows.For
some integernv ≥ 1, vectors{ξi : 1 ≤ i ≤ nv} ⊂ R

`, and
constants{δi : 1 ≤ i ≤ nv} ⊂ R+,

V = {v : 〈ξi, v〉 ≥ −δi, 1 ≤ i ≤ nv}. (20)

These vectors generalize the workload vectors constructedin
the KSRS model.

To obtain a relaxation we fix an integern < nv, and relax
the linear constraints in the definition (20) fori > n. It is
assumed that the vectors{ξi : 1 ≤ i ≤ n} ⊂ R

` are linearly
independent.

WORKLOAD RELAXATION FOR THE FLUID MODEL

The differential inclusion satisfying the following state-space
and rate constraints:

(i) q̂(t) ∈ R
`
+ for eacht ≥ 0;

(ii) (t − s)−1(q̂(t) − q̂(s)) ∈ V̂ for each0 ≤ s < t, where

V̂ =
{
v : 〈ξi, v〉 ≥ −δi, 1 ≤ i ≤ n

}
.

For a given initial conditionx ∈ R
`
+, we say thatq̂ is

admissibleif it is a measurable function of time, and satisfies
these constraints witĥq(0) = x. An admissible solution need
not be continuous sincêV is in general unbounded.

Let Ξ denote then × ` matrix whose rows are equal to
{ξi}. The workload processand idleness processare defined
respectively by,

ŵ(t) := Ξq̂(t), I(t) := ŵ(t) − ŵ(0) + tδ , t ≥ 0 .

The following properties follow from the definitions (see [16,
p. 188]), and demonstrate that̂w is a generalization of the
relaxation (6) for the KSRS model. The bounds in (21) are
decoupled since the workload vectors{ξi : 1 ≤ i ≤ n} are
assumed linearly independent.

Proposition 3.1:The following hold for each initial con-
dition x ∈ R

`
+, and each admissible trajectory starting from

x:
(i) The workload procesŝw is subject to thedecoupledrate

constraints,

d+

dt
ŵi(t) ≥ −δi, 1 ≤ i ≤ n . (21)

(ii) The idleness process isnon-decreasing: Setting ι(t) =
d+
dt

I(t), we have

ιi(t) ≥ 0, t ∈ R+, i = 1, . . . , n. (22)

(iii) The workload process is constrained to the workload
space,

ŵ(t) ∈ W := {Ξx : x ∈ R
`
+}. (23)

ut
On constructing control solutions for̂q we restrict to the

workload process, where control amounts to determining the
idleness processI. For this purpose, suppose that a cost
function is given,c : R

` → R+. We assume thatc is piecewise
linear, and defines a norm onR`. The associated effective cost
c̄ : W → R+ is defined forw ∈ W as the solution to the convex
program,

c̄(w) = min c(x) s. t. Ξx = w, x ∈ R
`
+. (24)

Just as was seen in the KSRS model examined in Section II,
the effective cost is piecewise linear, of the form

c̄(w) = max
1≤i≤nc

〈c̄i, w〉 , w ∈ W , (25)

where{c̄i : 1 ≤ i ≤ nc} ⊂ R
n. The region on which̄c is

monotone is denoted,

W
+ = {w ∈ W : c̄(w) ≤ c̄(w′) if w′ ∈ W, w′ ≥ w}. (26)

We let X ∗ : W → R
`
+ denote a continuous function such

that X ∗(w) an optimizer of (24) for eachw ∈ W. Then,
given a desirable solution̂w on W, an admissible solution
is specified by

q̂(t) = X ∗(ŵ(t)), t ≥ 0.

We consider exclusively affine policies to determine the
idleness processI. For the general workload model, we again
fix a polyhedral regionR ⊂ W containing the origin with
non-empty interior. Under these assumptions, there exist non-
negative constants{βi} and vectors{ni} ⊂ R

n such that,

R = {w ∈ R
n : 〈ni, w〉 ≥ −βi , 1 ≤ i ≤ nR}. (27)

The following additional assumption is assumed so that we
can construct aminimal processon R in analogy with the
construction in Section II: For eachy ∈ R

n there exists a
‘minimal element’[y]+ satisfying

(i) [y]+ ∈ R; (ii) If y′ ∈ R andy′ ≥ y, theny′ ≥ [y]+.

The existence of the pointwise projection requires some as-
sumptions on the setR for dimensions2 or higher [16].

The minimal process starting from an initial conditionw ∈
W is then defined by,

ŵ(0) = w, ŵ(t) = [w − tδ]+ , t > 0 . (28)

It is represented as the solution to the ODE,

d+

dt
ŵ(t) = −δ + ι(t) , t > 0 , ŵ(0+) = [w]+ , (29)
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where the idleness rateι is expressed as the state-feedback
law ι(t) = φ(ŵ(t)), t ≥ 0, with

φ(w) := δ − δ(w);

δ(w) := limt↓0 t−1{[w − tδ]+ − w}, w ∈ R.
(30)

The mappingφ defines the affine policy with respect to the
regionR.

We conclude with some properties of the projection, and
resulting properties of the feedback lawφ. Theith faceF (i) ⊂
R is defined by

F (i) := {w ∈ R : 〈ni, w〉 = −βi} , 1 ≤ i ≤ nR. (31)

We assume without loss of generality that each of these sets
is of dimensionn − 1.

Proposition 3.2:Suppose that the setR is given in (27),
and that the pointwise projection[ · ]+ : R

n → R exists. Then,

(i) For eachy ∈ R
n, the projection[y]+ is the unique

optimizerw∗ ∈ R of the linear program,

min w1 + · · · + wn

s. t. 〈ni, w〉 ≥ −βi , 1 ≤ i ≤ nR

w ≥ y.

(ii) For each faceF (i) with i ∈ {1, . . . nR}, there is a
uniqueji ∈ {1, . . . , n} satisfying,

ni
ji

> 0 , and ni
j ≤ 0 , j 6= ji.

(iii) The feedback lawφ : W → R
n
+ defined in (31) satisfies

the following properties:φ(w) = 0 for w ∈ interior(R).
Otherwise, if for somei ∈ {1, . . . , nR} we havew ∈
F (i), and w 6∈ F (i′) for i′ 6= i, then φ(w)j = 0 for
j 6= ji, whereji is defined in (ii).

PROOF: Let w◦ ∈ R be an optimizer of the linear program
in (i). We havew◦ ≥ [y]+ since w◦ ≥ y, and hence also∑

w◦
i ≥ ∑

([y]+)i. It follows that[y]+ is the unique optimizer
of this linear program.

We prove part (ii) by contradiction: Fix1 ≤ i ≤ nR, and
suppose that in factni

j > 0 and ni
k > 0 for some1 ≤ j <

k ≤ nR.
Considerw ∈ F (i), with w 6∈ F (i′) for i′ 6= i. For ε > 0

we consider the open ball centered atw given byB(w, ε) =
{y ∈ R

n : ‖w − y‖ < ε}, where‖ · ‖ denotes the Euclidean
norm. Then, from the definition (31), there existsε > 0 such
that whenevery ∈ B(w, ε) we have[y]+ 6∈ F (i′) for i′ 6= i.

Fix y ∈ B(w, ε) with y 6∈ R, and define

sj = −(ni
j)

−1(βi + 〈ni, y〉), sk = −(ni
k)−1(βi + 〈ni, y〉).

We havesj > 0, sk > 0 by construction, and the vectors
{wj :=y+sje

j, wk :=y+skek} satisfy〈ni, wj〉 = 〈ni, wk〉 =
−βi. Hence, by reducingε > 0 if necessary, we may assume
that each of these vectors lies inF (i) ⊂ R. We conclude that
[y]+ ≤ min(wj , wk), which is only possible if[y]+ = y. This
violates our assumptions, and completes the proof of (ii).

Part (iii) is immediate from (ii) and the definition (30).ut

B. Brownian workload model

The stochastic workload model considered in the remainder
of this paper is defined as follows:

CONTROLLED BROWNIAN-MOTION WORKLOAD MODEL

The continuous-time workload process obeys the dynamics,

Ŵ (t) = w − δt + I(t) + N(t), Ŵ (0) = w ∈ W . (32)

The state procesŝW , the idleness processI, and the distur-
bance processN are subject to the following:

(i) Ŵ is constrained to the workload spaceW (see (23)).
(ii) The stochastic processN is a drift-less,n-dimensional

Brownian motion with covarianceΣ > 0.
(iii) The idleness processI is adapted to the Brownian

motion N , with I(0) = 0, andIi(t) − Ii(s) ≥ 0 for
t ≥ s, 1 ≤ i ≤ n.

A stochastic procesŝW satisfying these constraints is called
admissible.

The definition of an affine policy for the CBM model
requires some effort. We begin with the following refinement
of the deterministic fluid model defined in Section III-A
through the introduction of an additive disturbance: Fix a
continuous functiond : R+ → R

n satisfyingd(0) = 0, and
consider the controlled model,

ŵ(t) = w − tδ + I(t) + d(t) , t ≥ 0. (33)

A deterministic procesŝw on W is again called admissible if
(33) holds for some non-decreasing idleness processI, with
I(0) = 0.

We say thatŵ is the minimal solution on the regionR,
with initial condition w ∈ W, if (i) ŵ is admissible; and (ii)
ŵ′(t) ≥ ŵ(t) for all t ≥ 0, and any other admissible solution
ŵ

′ with initial conditionw. A minimal solution is a particular
instance of a solution to the Skorokhod problem (e.g. [39],
[40], [41].) The reflection direction on theith face is given by
eji , the jith standard basis vector inRn, whereji is defined
in Proposition 3.2. Under general conditions it is known that
the Skorokhod map is a Lipschitz-continuous functional ofd,
and the initial conditionw (see [42]).

The following result is a minor extension of [16, Theo-
rem 3.10]. TheL∞-norm in Proposition 3.3 (ii) is given by,

‖d − d′‖[0,t] := max
0≤s≤t

‖d(s) − d′(s)‖, t ≥ 0,

where‖ · ‖ denotes the Euclidean norm.
Proposition 3.3:Suppose that the setR is given in (27),

and that the pointwise projection[ · ]+ : R
n → R exists. Then,

(i) The minimal processŵ exists for each continuous
disturbanced, and each initial conditionw ∈ W.

(ii) There exists a fixed constantkR < ∞ satisfying the
following: For any two initial conditionsw, w′ ∈ W,
and any two continuous disturbance processesd, d′,
the resulting workload processes{ŵ( · ; w), ŵ′( · ; w′)}
obtained with the respective initial conditions and dis-
turbances satisfy the following bounds fort ≥ 0:

‖ŵ(t; w) − ŵ′(t; w′)‖ ≤ kR

[
‖w − w′‖+ ‖d− d′‖[0,t]

]
.

(iii) For eachŵ(0) ∈ W, i ∈ {1, . . . , nR}, andj 6= ji,
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∫ ∞

0

I
(
ŵ(t) ∈ F (i), ŵ(t) 6∈ F (i′) for i′ 6= i

)
dIj(t) = 0.

ut
Proposition 3.3 leads to the following definition of the affine

policy for (32) with respect to a domainR:

(Ŵ , I) = the minimal process onR with d = N . (34)

The resulting idleness processI is random sinceN is assumed
to be a Gaussian stochastic process. The controlled processŴ

is a time-homogeneous, strong Markov process. The strong
Markov property follows from the sample-path construction
of Ŵ [40].

It will be convenient below to introduce theextended
generator A for the Markov procesŝW under an affine
policy. A stochastic processM adapted to some filtration
{Ft : t ≥ 0} is called amartingaleif E[M(t+s) | Ft] = M(t)
for each t, s ∈ R+. It is called a local-martingale if there
exists an increasing sequence of stopping times{ςn} such that
{M(t ∧ ςn) : t ∈ R+} is a martingale, for eachn ≥ 1, and
ςn ↑ ∞ a.s. asn → ∞. Throughout the paper we assume that
{Ft : t ≥ 0} is the filtration generated byN .

A measurable functionf : R → R is in the domain ofA if
there is a measurable functiong : R → R such that, for each
initial condition Ŵ (0) ∈ R, the stochastic process defined
below for t ≥ 0 is a local-martingale,

Mf (t) := f(Ŵ (t)) −
{
f(Ŵ (0)) +

∫ t

0

g(Ŵ (s)) ds
}
. (35)

In this case, we writeg = Af .
The following version of Itô’s formula (37) is used to

identify a large class of functions within the domain ofA.
This result will be applied repeatedly in the treatment of
value functions that follows. Given a functionf : W → R,
the differential generator is expressed

Df := −δT∇f + 1
2∆f , (36)

where∆f :=
∑

i,j

(
Σ(i, j) ∂2

∂xi
∂xj

f
)

is the weighted Laplacian.

Theorem 3.4:Suppose that the setR is given in (27),
and that the pointwise projection[ · ]+ : R

n → R exists.
Suppose thatf : R

n → R is continuously differentiable,∇f
is uniformly Lipschitz continuous on compact sets, and that
∆f exists for a.e.w ∈ R. Then,

(i) For each initial condition̂W (0) ∈ R,

f(Ŵ (t)) = f(Ŵ (0)) +

∫ t

0

[Df ](Ŵ (s)) ds

+

∫ t

0

〈∇f(Ŵ (s)), dI(s)〉

+

∫ t

0

〈∇f(Ŵ (s)), dN(s)〉

(37)

(ii) Suppose thatδ ∈ interior(R), and in addition the
following bounary conditions hold,

〈φ(w),∇f(w)〉 = 0 , w ∈ R , (38)

whereφ is defined in (30). Thenf is in the domain of
A, andAf = Df .

(iii) If the conditions of (ii) hold, and in addition,

E

[∫ t

0

‖∇f (Ŵ (s; w))‖2 ds
]

< ∞, w ∈ R, t ≥ 0,

thenMf is a martingale for each initial condition.

PROOF: Whenf is C2, then (i) is given in [43, Theorem 2.9,
p. 287]. In the more general setting given in the theorem, the
function f may be approximated uniformly on compacta by
C2 functions so thatDf is simultaneously approximated in
L2(C) for any compact setC ⊂ R. See [44, Theorem 1,
p. 122], and the extensions in [45], [46], [47].

Suppose now that the assumptions of (ii) hold. The as-
sumptionδ ∈ interior(R) is imposed to ensure thatφ does
not vanish on∂R. Itô’s formula then gives the following
representation,

Mf(t) =

∫ t

0

〈∇f(Ŵ (s)), dN(s)〉, t ≥ 0. (39)

The local martingale property is immediate sinceN is driftless
Brownian motion.

We have for each0 ≤ s < t, and each initialw,

E[(Mf (t) − Mf(s))2] =

∫ t

s

E[(∇f(Ŵ (s)))TΣ∇f(Ŵ (s))].

The right hand side is finite under the conditions of (iii), and
the martingale property then follows from the representation
(39) [43]. ut

IV. VALUE FUNCTIONS

We now develop structural properties of the value functions
associated with the fluid and CBM models. At the same time,
we establish a strong form of geometric ergodicity for the
processŴ under an affine policy.

It will be useful to introduce a scaling parameterκ ≥ 0 to
investigate the impact of variability,

Ŵ (t) = w−δt+I(t)+
√

κN(t), Ŵ (0) = w ∈ W , (40)

in which the idleness process is determined by the affine policy
(34). We restrict to affine domains of the form,

R(κ) = {w ∈ R
n
+ : 〈ni, w〉 ≥ −κβi , 1 ≤ i ≤ nR}, (41)

where κ ≥ 0 is the constant used in (40),β ∈ R
nR

+ is a
constant vector, and{ni} ⊂ R

n. This is motivated by affine
approximations of optimal policies of the form obtained in
[17] and reviewed in Section II-C.

We consider two processes on the domainR(κ): The
minimal procesŝW satisfying (40); and also the deterministic
minimal solutionŵ on R(κ) defined in (28). When we wish
to emphasize the dependency onκ and the initial condition
w ∈ W we denote the workload processes bŷW (t; w, κ),
ŵ(t; w, κ), respectively.

Let η̂κ denote the steady-state mean ofc̄(Ŵ (t; w, κ)). When
κ = 1 we drop the subscript so that̂η = η̂1. The value
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functions considered in this section are defined for the fluid
and CBM workload models respectively by,

J(w; κ) :=

∫ ∞

0

c̄(ŵ(t; w, κ)) dt ; (42)

h(w; κ) :=

∫ ∞

0

(
E[c̄(Ŵ (t; w, κ))] − η̂κ

)
dt, (43)

wherew ∈ W andκ ≥ 0. We again suppress dependency on
κ whenκ = 1.

Consider for the moment the special caseκ = 1. Assuming
that the integral in (43) exists and is finite for eachw, we
obtain from the Markov property the following representation
for eachT > 0,

h(Ŵ (T ; w)) =

∫ ∞

T

(
E[c̄(Ŵ (t; w)) | FT ] − η̂

)
dt.

It then follows that the stochastic processMh defined below
is a martingale for each initial conditionw ∈ W,

Mh(t):=h(Ŵ (t; w)) − h(w)

+

∫ t

0

[
c̄(Ŵ (s; w)) − η̂

]
ds, t ≥ 0.

(44)

Henceh is in the domain of the extended generator, and solves
the dynamic programming equation,

Ah = −c̄ + η̂. (45)

This is also calledPoisson’s equation, and the functionh is
known as therelative value function[48]. General conditions
under which both the steady-state meanη̂ and the integral in
(43) are well defined are presented in Theorem 4.5.

We begin in Section IV-A with the simpler fluid model. The
proof of Proposition 2.1 can be generalized to conclude that
the value functionJ is continuous and piecewise-quadratic in
the general fluid model considered here (see e.g. [49, Section
4.2].) Our goal is to show thatJ is a smooth solution to the
dynamic programming equation (12), which is equivalently
expressed,

D0J = −c̄ (46)

where the differential generator for the fluid model is defined
in analogy with (36) via,

D0f := −δT∇f, f ∈ C1(W). (47)

To show thatJ is smooth we differentiate the workload
processŵ(t) = [w − δt]+ with respect to the initial condition
w. Let O ⊂ R

n denote the maximal open set such that[y]+
andc̄([y]+) are eachC1 for y ∈ O. Generally, sincēc and the
projection are each piecewise linear onR

n, it follows that the
setO can be expressed as the union,

O =
⋃

1≤i≤nO

Ri, Ō = R
n. (48)

where each of the sets{Ri : 1 ≤ i ≤ nO} is an open
polyhedron. Note thatO and the sets{Ri} will in general
depend uponκ.

For example, consideration of the KSRS model withR =
R

2
+, we see from Figure 2 that[ · ]+ andc̄([ · ]+) are both linear

on each of the sets{R1, R2, R3} shown in Figure 3. The open

polyhedronR4 = {y ∈ R
2 : y < 0} is also contained inO

since [y]+ = 0 and c̄([y]+) = 0 on R4. This reasoning leads
to a representation of the form (48) whenR = R

2
+.

We list here some key assumptions imposed in the results
that follow:

(A1) For each κ ≥ 0, the set R(κ) has non-empty
interior, satisfiesR(κ) ⊂ R

n
+, and the pointwise projection

[ · ]+ : R
n → R(κ) exists.

(A2)
∫ ∞

0

I{(w− δt) ∈ Oc} dt = 0 for eachw ∈ R
n, κ ≥ 0.

(A3) δ ∈ interior(R(0)).

A. The fluid value function

In our consideration of the fluid value function we require
some structural properties for̂w. The following scaling prop-
erty follows from the definitions:

Lemma 4.1:ŵ(t; w, κ) = κŵ(κ−1t; κ−1w, 1) for eacht ≥
0, κ > 0, andw ∈ R(κ). ut

Theorem 4.2 establishes several useful properties of the fluid
value function. To illustrate the conclusions and assumptions
we again turn to the KSRS model. Consider first the case in
which δ1 = δ2 > 0, the cost function is̄c(w) = max(w1, w2),
and the constraint regionR = W = R

2
+. Assumption (A2)

does not hold: The integral in (A2) is non-zero for any non-
zero initial conditionw on the diagonal inR2

+. The value
function is given by J(w) = 1

2δ
−1
1 max(w2

1 , w
2
2), which

is not C1 on R
2
+. This explains why (A2) is needed in

Theorem 4.2 (i).
To see why (A3) is required in Theorem 4.2 (iii) we take

δ1 = 4δ2; c̄(w) = w1+w2; andR = {0 ≤ w1 ≤ 3w2 ≤ 9w1}.
Assumptions (A1) and (A2) hold, and theC1 value function
may be explicitly computed:

J(w) = 1
2w

TDw, w ∈ R, with D = 1
11δ−1

1

[
3 −1

−1 15

]
.

Although smooth, we have∂
∂w2

J(w) 6= 0 andφ(w) = 0 along
the lower boundary ofR. This is possible since the model
violates (A3).

We note that the value function for the discrete-time con-
strained linear quadratic regulator problem is also smoothand
piecewise quadratic under general conditions [50], [51].

Theorem 4.2:Under (A1) we haveJ(w; κ) < ∞ for each
w ∈ W, κ > 0, and the following scaling property holds:

J(w; κ) = κ2J(κ−1w; 1) , w ∈ R(κ) , κ > 0. (49)

If in addition (A2) holds, then for eachκ ≥ 0,

(i) The function J : R(κ) → R+ is piecewise-quadratic,
C1, and its gradient∇J is globally Lipschitz continuous
on R(κ).

(ii) The dynamic programming equation (46) holds on
R(κ).

(iii) The boundary conditions (38) hold forJ , whereφ(w)
is defined in (30) with respect to the regionR(κ). If in
addition (A3) holds, then the functionφ does not vanish
on ∂R(κ).
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PROOF: The scaling property (49) follows from Lemma 4.1.
The dynamic programming equation (ii) is simply the

fundamental theorem of calculus: See (11) and surrounding
discussion.

To establish the smoothness property in (i) we define for
t ≥ 0, κ ≥ 0, w ∈ R(κ),

Γ(t; w, κ) := ∇w{c̄(ŵ(t; w, κ))}, (50)

whenever the gradient with respect tow exists. LetΠ: O →
R

n×n denote then × n derivative of [ · ]+ with respect to
w. The matrix-valued functionΠ is constant on each of
the connected components ofO. The gradient (50) exists
whenevery(t) := w − δt ∈ O for a given w ∈ R, t > 0,
and by the chain rule,

Γ(t; w, κ) = Π(y(t))T
(
{∇wc̄} ([y(t)]+)

)
.

Under (A2) we havey(t) ∈ O for eachw ∈ R(κ), and a.e.
t ∈ R+.

We conclude that, for eachw ∈ W, the gradient (50) exists
for a.e.t ≥ 0. Lipschitz continuity ofc̄(ŵ(t; w, κ)) in (t, w)
then leads to the representation,

∇wJ(w; κ) =

∫ bT∗(w)

0

Γ(t; w, κ) dt, (51)

where the minimal draining time for the fluid model is the
piecewise linear function,

T̂ ∗(w) = max
1≤i≤n

δ−1
i wi, w ∈ W.

The range of integration in (51) is finite sinceΓ(t; w, κ) = 0
for t > T̂ ∗(w).

The proof of (i) is completed on establishing Lipschitz
continuity of the right hand side of (51). For a given initial
condition w ∈ R(κ), let {Rw

i : i = 1, . . . , m} denote
the sequence of regions in{Ri} (defined in (48)) so that
y(t) := w − δt enters regions{Rw

1 , Rw
2 , . . . } sequentially. We

set T0 = 0, let Ti denote the exit time fromRw
i , and set

Γi := Γ(t; w, κ) for t ∈ (Ti−1, Ti), i ≥ 1. From the forgoing
we see that the gradient can be expressed as the finite sum,

∇wJ(w; κ) =

m−1∑

i=1

(Ti(w) − Ti−1(w))Γi.

Each of the functions{Ti(w)} is piecewise linear and contin-
uous onR(κ) under (A1) and (A2), and this implies that∇J
is Lipschitz continuous.

To see (iii), fixw ∈ ∂R(κ), andw′ ∈ interior(R(κ)). Then
wθ := (1 − θ)w + θw′ ∈ interior(R(κ)) for eachθ ∈ (0, 1].
Consequently, applying (ii) we have forθ ∈ (0, 1],

〈δ,∇J(wθ)〉 = c̄(wθ), and 〈δ(w),∇J(w)〉 = c̄(w).

This combined with continuity of∇J and c̄ establishes the
boundary property〈φ(w),∇J(w)〉 = 0. It is obvious from
(30) thatφ(w) 6= 0 on the boundary under (A3). ut

B. Regeneration and ergodicity

A stationary version of the workload process can be con-
structed using the shift-coupling technique [52]. Supposethat
the Brownian motionN is defined on the two-sided intervalR,
with N(0) = 0, and construct a procesŝW

s
on R, initialized

at time−s. For a given initial conditionw ∈ R, this is defined
on the interval[−s,∞) with initial conditionŴ s(−s; w) = w,
and noise processNs(t) := N(t)− N(−s), t ≥ −s. Suppose
that all of the processes are initialized atw = 0. Then, for
any fixedt, it can be shown that{Ŵ s(t; 0) : s ≥ 0} is non-
decreasing ins for s ≥ −t. Consequently, the following limit
exists with probability one,

Ŵ∞(t) := lim
s→∞

Ŵ s(t; 0), −∞ < t < ∞. (52)

It follows from the main result of [24] that the controlled
processŴ is ergodic, so that̂W∞(t) is a.s. finite.

The following generalization of Lemma 4.1 allows us to
restrict to κ = 1. Its proof is immediate from the scaling
formula κN(κ−1t)

d
=

√
κN(t), t ≥ 0.

Lemma 4.3:Ŵ (t; w, κ)
d
= κŴ (κ−1t; κ−1w, 1) for each

t ≥ 0, κ > 0, andw ∈ R(κ). ut
As one consequence of Lemma 4.3 we see that the steady-

state cost scales linearly,ηκ = κη1 for κ > 0. Lemma 4.3
combined with Proposition 3.3 also implies a weak form of
stability:

Proposition 4.4: If (A1) holds then the minimal process on
R with κ = 1 satisfies, for eachp ≥ 1, w ∈ W,

lim
r→∞

E[‖r−1Ŵ (rt; rw)‖p] = 0, t ≥ T̂ ∗(w). (53)

PROOF: From Proposition 3.3 we obtain the bound, for each
t ≥ 0, κ > 0, w ∈ W,

‖Ŵ (t; w, κ) − ŵ(t; w, κ)‖ ≤ kR

√
κ‖N‖[0,t]. (54)

If t ≥ T̂ ∗(w) thenŵ(t; w, κ) = 0 for eachκ > 0. Combining
the bound (54) with Lemma 4.3 we conclude that, for any
p ≥ 1, t ≥ T̂ ∗(w),

κp
E[‖Ŵ (κ−1t; κ−1w)‖p] ≤ (kR

√
κ)p

E[‖N‖p

[0,t]].

An application of [53, Corollary 37.12] shows thatE[‖N‖p

[0,t]]
is finite for eacht ≥ 0, p ≥ 1. The conclusion (53) is obtained
on settingr = κ−1. ut

The limit (53) is precisely the form of fluid-scale stability
assumed in [27] to formulate criteria for moments in a
stochastic network. For a given functionf : R → [1,∞), and
for a pair of probability distributionsµ, ν onB(R) we define,

‖µ − ν‖f := sup
|g|≤f

|µ(g) − ν(g)|.

Define fp(w) = ‖w‖p + 1 for w ∈ W, and let{P t : t ≥ 0}
denote the Markov transition group for̂W with κ = 1.

The main result of [23], [24] establishes positive recurrence
of the reflected diffusionŴ . The following result extends
these results by establishing polynomial moments, and a
polynomial rate of convergence of the underlying distributions.

Theorem 4.5:Suppose that (A1) holds. Then, the minimal
process onR with κ = 1 satisfies
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(i) The limiting processŴ
∞

exists, and its marginal dis-
tribution π on R is the unique steady-state distribution
for Ŵ .

(ii) The steady-state distribution has finite moments, and
lim

t→∞
tp‖P t(w, · )−π( · )‖fp

= 0 for eachp ≥ 1, w ∈ W.

(iii) There is a compact setC0 ⊂ W s. t. for each integer
p ≥ 0, there is a finite constantkp satisfying,

E

[∫ τC0

0

fp(Ŵ (t; w)) dt
]
≤ kpfp+1(w), w ∈ W,

(55)
whereτC0

denotes the first entrance time toC0.

PROOF: Analogs of (i) and (ii) are obtained in [27, Theo-
rem 6.3]. Although this paper concerns networks with renewal
input processes, the proof in the present setting is identical.
Part (iii) is [27, Proposition 5.3]. ut

Theorem 4.5 can be strengthened under (A1)–(A3) since we
may then construct a Lyapunov function based on the fluid
value function.

Proposition 4.6:Suppose that (A1)–(A3) hold. Then, with
Ŵ equal to the minimal process onR with κ = 1,

(i) The fluid value functionJ is in the domain of the
extended generator, andAJ = DJ = −c̄ + bCBM, where
bCBM is defined a.e. onR by,

bCBM(w) := 1
2∆J (w) . (56)

(ii) The function V =
√

1 + J is in the domain of the
extended generator, and for someε0 > 0, k0 < ∞,
and a compact setC0 ⊂ R,

AV = DV ≤ −ε0 + k0IC0

(iii) The functionVϑ = eϑV is in the domain of the extended
generator for eachϑ > 0. There existsϑ0 > 0 such that
the following bound holds for eachϑ ∈ (0, ϑ0]: For
finite constantsεϑ > 0, bϑ > 0,

AVϑ = DVϑ ≤ −εϑVϑ + bϑ .

PROOF: Theorem 4.2 (iii) implies thatJ satisfies the boundary
conditions required in Theorem 3.4 (ii), and henceJ is in the
domain ofA. Each of the functions considered in (ii) and (iii)
also satisfies the conditions of Theorem 3.4 (ii) since these
properties are inherited fromJ .

The bounds onD in (ii) and (iii) follow from the identity
DJ = −c̄ + bCBM, and straightforward calculus. ut

We say that̂W is Vϑ-uniformly ergodicif for somedϑ > 0,
bϑ < ∞, and allt ≥ 0, w ∈ W,

‖P t(w, · ) − π( · )‖Vϑ
≤ bϑVϑ(w)e−dϑt .

See [26], [3], [54], [55] for background.
Theorem 4.7:Suppose that (A1)–(A3) hold withκ = 1.

Then, the steady-state mean satisfiesη̂ = π(c̄) = π(bCBM),
and the minimal procesŝW is Vϑ-uniformly ergodic for each
θ ∈ (0, ϑ0].

PROOF: Vϑ-uniform ergodicity follows from [25, Theo-
rem 6.1] and Proposition 4.6 (iii).

The identity η̂ = π(bCBM) is obtained as follows. We have
from Theorem 3.4 the representation,

J(Ŵ (t)) = J(Ŵ (0)) +

∫ t

0

(
−c(Ŵ (s)) + bCBM(Ŵ (s))

)
ds

+

∫ t

0

〈∇J(Ŵ (s)), dN(s)〉.

SettingŴ (0) ∼ π and taking expectations gives,

tπ(c̄) = E

[∫ t

0

c̄(Ŵ (s))
]

= E

[∫ t

0

bCBM(Ŵ (s))
]

= tπ(bCBM).

ut

C. The relative value function

The main result of this section is Theorem 4.9, which pro-
vides a bound on the errorE(w) = h(w; 1)−J(w; 1) between
the relative value function and the fluid value function. We
first obtain bounds onh based on the dynamic programming
equation (46), along with an analog of Theorem 4.2.

Theorem 4.8:Under (A1) we haveh(w; κ) < ∞ for all
w ∈ W, κ ≥ 0, and the following scaling property holds:

h(w; κ) = κ2h(κ−1w; 1) , w ∈ R(κ) , κ > 0. (57)

Moreover, for eachκ > 0,
(i) For some constantk > 0, and allw ∈ R(κ),

−kκ2 ≤ h(w; κ) ≤ k(κ2 + ‖w‖2), w ∈ W.

(ii) If h′ is another solution to Poisson’s equation (45) that
is bounded from below, then there is a constantk′ such
that h′(w; κ) = h(w; κ) + k′ on R(κ).

PROOF: The scaling property (57) follows directly from
Lemma 4.3 and the formula (43). Without loss of generality
we restrict toκ = 1 in the remainder of the proof.

To prove (i) note first that Theorem 4.5 (iii) implies that̂W

is ‘fp-regular, with bounding functionfp+1’ [26], [56], where
fp(w) = ‖w‖p +1 as above. This means that for eachp there
existskp < ∞ such that for any setS with positiveπ-measure
there iskS < ∞ satisfying for allw,

E

[∫ τS

0

fp(Ŵ (s; w)) ds
]
≤ kpfp+1(w) + kS . (58)

Specializing top = 1, it then follows from [48, Theorem 3.2]
that a solutiong to Poisson’s equation exists with quadratic
growth satisfying for eachT ≥ 0,

E[g(Ŵ (T ; w))] = g(w) −
∫ T

0

(
E[c̄(Ŵ (t; w))] − η̂

)
dt.

Letting T → ∞ and applying Theorem 4.5 (ii) then gives
π(g) = g(w) − h(w), with h defined in (43), so that|h| is
also bounded by a quadratic function ofw.

Let S ⊂ R be any compact set with non-empty interior. The
optional sampling theorem implies that{Mh(t ∧ τS) : t ≥ 0}
is a martingale, and it can be shown using Theorem 4.5 and
(58) that it is uniformly integrable. Consequently, we obtain
the expression,E[Mh(τS)] =

E

[
h(Ŵ (τS ; w))−h(w)+

∫ τS

0

c̄(Ŵ (s; w))− η̂ ds
]

= 0. (59)
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On settingS = {w : c̄(w) ≤ η̂} we obtain the lower bound,
h(w) ≥ infw′∈S h(w′), completing the proof of (i).

The uniqueness result (ii) is given in [6, Theorem A3].
Although stated in discrete time, Section 6 of [6] contains
a roadmap explaining how to translate to continuous time.ut

Note that the identity (57) implies thatr−2h(rw; 1) =
h(w; r−1) → h(w; 0). Similarly, (49) implies that
r−2J(rw; 1) = J(w; r−1) → J(w; 0), as r → ∞, and it
follows that r−2|E(rw)| → 0 as r → ∞ since h(w; 0) =
J(w; 0). This is a version of the error bounds explored in [6],
[32] (see also [8].) The following result provides a substantial
strengthening of this asymptotic bound:

Theorem 4.9:Under (A1)–(A3) the value functionsh and
J differ by a function with linear growth,

sup
w∈R

|E(w)|
1 + ‖w‖ < ∞.

PROOF: We have noted thatMh is a martingale, andMJ

is a martingale by Theorem 3.4 (iii). Consequently,ME :=
Mh − MJ is a martingale, and can be expressed fort ≥ 0
by ME(t) =

E(Ŵ (t; w))−E(Ŵ (0; w))+

∫ t

0

[
bCBM(Ŵ (s; w))−η̂

]
ds . (60)

Let C0 ⊂ W denote the compact set found in Theorem 4.5 (iii).
The martingale property forMh implies the representation
(59), and combining (55) with Itô’s formula (37) we obtain
the analogous expression forMJ . On subtracting, we obtain
for each initial condition,

E(w) = E

[
E(Ŵ (τC0

; w)) +

∫ τC0

0

bCBM(Ŵ (s; w)) − η̂ ds
]

(61)
To complete the proof, observe that the functionbCBM is
bounded andEw[τC0

] has linear growth by Theorem 4.5 (iii)
with p = 0. ut

An analysis of the differential generatorD reveals that the
invariant distributionπ is of a computable, exponential form
under certain conditions on the CBM model and the polyhedral
regionR. Unfortunately, these conditions are fragile (see [57],
[58] and the references therein.) Computational methods are
investigated in [59].

Given the complexity of computation of the invariant distri-
bution, we may turn to simulation in order to evaluate a given
policy.

V. SIMULATION

In this section we describe how Theorem 4.2 provides
theoretical justification for the construction of a smoothed
estimator of the form described in Section II-D.

It is unlikely that one would be interested in simulating a
CBM model. However, we expect that the bounds obtained
here will have analogs in a discrete queueing model.

The following definitions are all generalizations of those
used in our treatment of the KSRS model. The standard
estimator is again defined as the sample-path average,

η̂(T ) =
1

T

∫ T

0

c̄(Ŵ (t))) dt , T > 0. (62)

The time-average variance constant (TAVC) is given by

γ2 = lim
T→∞

1

T
Eπ

[(∫ T

0

c̄(Ŵ (t)) − η̂ dt
)2]

. (63)

The limit in (63) exists and is finite under the assumptions of
Theorem 4.7, and has the alternative representation in terms
of the mean quadratic-variation of the martingaleMh:

γ2 =
1

T
Eπ

[(
Mh(T )

)2]
, T > 0. (64)

This follows from [26, Theorem 17.5.3], which establishes
a version of (63) for any discrete-time geometrically-ergodic
Markov chain. The proof in continuous time is identical [54].

To investigate the impact of variability and load we consider
a second scaling of the CBM model,

Ŵ (t) = w − (1 − %)δt + I(t) +
√

κN(t), t ≥ 0. (65)

The idleness process is again determined by the affine pol-
icy using the regionR(κ) defined in (41). The parameter
0 ≤ % < 1 is interpreted asnetwork load, and κ > 0
again determines variability of the model. The corresponding
deterministic process onR(κ) with drift (1 − %)δ has value
function,

J(w; κ, %) =
1

1 − %
J(w; κ), κ ≥ 0, 0 ≤ % < 1, w ∈ R(κ).

Proposition 5.1:Suppose that (A1)–(A3) hold, and that
βi = 0 for all i. Then, the TAVC for the procesŝW defined
in (65) is non-zero, and satisfies

γ2(%, κ) =
κ3

(1 − %)4
γ2(0, 1) , 0 ≤ % < 1 , κ > 0.

PROOF: This follows from the following scaling arguments.
Consider first a simple spatial scaling: Let̂W denote the
process with% = 0, κ > 0 arbitrary. For eachε > 0, the
processW ε(t) := εŴ (t), t ≥ 0, is a version of (65) with
% = 1 − ε, andκ′ = ε2κ. Consequently,

ε2γ2(0, κ) = γ2(1 − ε, ε2κ), ε > 0, κ > 0.

Consider next a temporal-spatial scaling: If̂W is the
solution to (65) onR, thenW ε(t) := εŴ (t/ε), t ≥ 0, is also
a solution to (65) with% unchanged, and variability parameter
κ′ = εκ. This combined with the definition (63) leads to the
identity,

ε3γ2(%, κ) = γ2(%, εκ) , 0 ≤ % < 1 , κ > 0 , ε > 0.

Combining these bounds gives the desired relation.
Finally, positivity of the TAVC follows from the represen-

tation (64). ut
To investigate the potential for variance reduction we con-

sider the following generalization of the smoothed estimator
of [10]:

η̂s(T ) =
1

T

∫ T

0

bCBM(Ŵ (t)) dt , T > 0 , (66)

where bCBM is defined in (56) whenκ = 1 and % = 0. For
arbitrary0 ≤ % < 1, κ > 0, we set

bCBM(w; %, κ) =

(
κ

1 − %

)
bCBM(κ−1w), w ∈ R(κ), (67)
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which is precisely as before,bCBM := c̄ + DJ . This definition
is entirely analogous to the shadow function used in (18) for
the CRW model.

In the next result we demonstrate that theorder of the
TAVC is not improved in the smoothed estimator, unlessbCBM

is constant onR.
Proposition 5.2:Suppose that (A1)–(A3) hold. Then, the

following hold for the procesŝW defined in (65):

(i) The smoothed estimator is consistent. That is,

η̂s(T ) → η̂ , T → ∞.

(ii) When κ = 1 and% = 0, the TAVC is given by the mean
quadratic-variation of the martingale defined in (60): For
eachT > 0,

γ2
s (0, 1) =

1

T
Eπ

[(
ME(T )

)2]
. (68)

This is zero if and only ifbCBM is constant onR, in
which casebCBM(w) ≡ η̂.

(iii) If βi = 0 for all i, then the TAVC again satisfies,

γ2
s (%, κ) =

κ3

(1 − %)4
γ2

s (0, 1) , 0 ≤ % < 1 , κ > 0.

PROOF: Consistency follows from Theorem 4.7 (recall that
η̂ := π(c̄) = π(bCBM).) The representation (68) is obtained just
as (64) is obtained for the standard estimator.

The scaling result (iii) follows from (67) and the same
arguments used in the proof of Proposition 5.1. ut

While the conclusion of Proposition 5.2 (iii) is negative, in
numerical experiments such as illustrated in Figure 5 we have
seen dramatic variance reductions.

An alternative way to evaluate a simulation algorithm is
through confidence bounds. Givenε > 0 we are interested in
bounding the error probabilityP{|η̂s(t) − η̂| ≥ ε}. Typically
one seeks a ‘Large Deviation’ bound so that this probability
decays to zero exponentially fast ast → ∞. However, even
for the simple M/M/1 queue it is shown in [11] that the Large
Deviations Principle fails.

The story is very different when using the smoothed estima-
tor. The proof of Theorem 5.3 follows from [55, Theorem 6.3
and Theorem 6.5] combined with Theorem 4.7. The ‘rate
function’ Λ∗ is the convex dual of the usual log-moment
generating function. Without loss of generality we restrict to
κ = 1.

Theorem 5.3:Suppose that the CBM model onR satisfies
(A1)–(A3). If bCBM is not constant onR, then the smoothed
estimator (66) satisfies the following exact Large Deviations
Principle. There isε0 > 0, and functionsH : [−ε0, ε0]×R →
R+, Λ∗ : R → R+, such that for each0 < ε ≤ ε0 and initial
conditionw ∈ R,

P{η̂s(T ) ≥ η̂ + ε} ∼ 1√
2πT

H(ε, w)e−Λ∗(ε)T , T → ∞.

An analogous bound is obtained forP{η̂s(T ) ≤ η̂ − ε}. ut

VI. L INEAR PROGRAM BOUNDS

We now show that smoothness of the fluid value-function
leads to an algorithmic approach to performance approxima-
tion, based on the linear-programming approaches of [1], [2],
[3], [4], [5], [8].

Suppose that̄c and the regionR satisfy (A1)–(A3). Let
{Rj : i = 1, . . . , n1} denote open, connected polyhedral
regions satisfying the following: The functionbCBM given in
(56) is constant on eachRj , c̄ is linear onRj , and R =
closure(∪Rj).

We consider a family of continuous, piecewise linear func-
tions {k̄i : 1 ≤ i ≤ n2}. It is assumed that each of these
functions is linear on each of the sets{Rj}. Consequently, the
assumptions of Theorem 4.7 hold: Letting{J i : 1 ≤ i ≤ n2}
denote the associatedC1 value functions, and settingbi

CBM =
DJ i + k̄i, we obtain the identityπ(k̄i) = π(bi

CBM) for eachi.
These identities are interpreted as equality constraints below.

The variables in the linear program are defined for1 ≤ i ≤
n, 1 ≤ j ≤ n1, by

Pj = π(Rj), Yij = Eπ[Ŵi(t)IRj
].

We have several constraints:

(a) Mass constraints: Pj ≥ 0 for eachj, and
∑

Pj = 1.

(b) Region constraints: For example,Y1j ≥ Y2j if ŵ1 ≥ ŵ2

within regionRj .

(c) Value function constraints: For some constants{aij} ⊂
R and vectors{$ij : 1 ≤ i ≤ n2 , 1 ≤ j ≤ n} ⊂ R

n we
have the representations for any1 ≤ j ≤ n1, 1 ≤ i ≤ n2,

bi
CBM(w) = aij ; k̄i(w) = 〈$ij , w〉, w ∈ Rj .

Letting Y j = (Y1j , . . . , Ynj)
T ∈ R

n, 1 ≤ j ≤ n1, we obtain
from Theorem 4.7, for eachi ∈ {1, . . . , n2},

n1∑

j=1

〈$ij , Y j〉 = π(k̄i) = π(bi
CBM) =

n1∑

j=1

aijPj . (69)

(d) Objective function: There isd ∈ R
n×n1 such that̂η :=

π(c̄) =
∑

dijYij .

We illustrate this construction using the CBM workload
model for the KSRS network. We assume that the covariance
matrix satisfiesΣ11 = Σ22 > 0, and thatδ = (δ1, δ1)

T > 0.
Consider first the affine policy (34) withR = {w ∈ W :

w1/3 ≤ w2 ≤ 3w1}. The cost function restricted toR is the
same in Cases I and II, and the common value function shown
in (14) is purely quadratic onR. Consequently, in this case
we haveh = J , and

η̂ = π(bCBM) = bCBM = 1
8δ−1

1 (3Σ11 − Σ12). (70)

Consider now the minimal process onW = R
2
+ in Case I.

The functionbCBM is not constant, so it is not obvious that we
can computêη exactly using these techniques whenR = W.

To construct an LP we restrict to the following specifi-
cations: n1 = 3, with {Ri : i = 1, 2, 3} as shown in
Figure 3, andn2 = 2, with k̄1(w) = w1 + w2 and k̄2(w) =
max(1

3w1,
1
3w2,

1
4 (w1 + w4)).

We thus obtain the following constraints:
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(a) Mass constraints: P1 + P2 + P3 = 1

(b) Region constraints: We haveYij ≥ 0 for all i, j since
W ⊂ R

2
+. Moreover, on considering the structure of the sets

{Ri} we obtain,3Y21 ≤ Y11, and3Y13 ≤ Y23. In addition,
there are numerous symmetry constraints. For example,
P1 = P3, andY12 = Y22 sinceδ1 = δ2 andΣ11 = Σ22.

(c) Value function constraints: The value functionJ1 is
a pure quadratic. In fact, ifk(w) = 〈k̄1, w〉 is any linear
function onW, then

J(w) = 1
2δ

−1
1 (k̄1

1w
2
1 + k̄1

2w
2
2) , w ∈ W.

We conclude from Theorem 4.7 thatEπ[Ŵ1(t)] =

Eπ[Ŵ2(t)] = 1
2δ

−1
1 Σ11. The value functionJ2 is given in

(13). The identity (69) then implies the equality constraint,
1
3Y11 + 1

4 (Y12 + Y22) + 1
3Y23 = δ−1

1

[
1
6Σ11P1 + 1

8 (3Σ11 −
Σ12)P2 + 1

6Σ22P3

]
.

(d) Objective function: In Case I we have,

Eπ[c̄(Ŵ (t))] = 1
3Y11 + 1

4 (Y12 + Y22) + 1
3Y23.

We conclude with results from one numerical experiment
in Case I, using parameters consistent with the values used
in the simulation illustrated in Figure 5 for the controlled
random walk model (2). The first-order parameters were scaled
as follows:

µ = K[1, 1/3, 1, 1/3], α = 1
4Kρ•[1, 0, 1, 0],

where K is chosen so that
∑

(µi + αi) = 1, and
ρ• = 0.9. The effective cost was similarly scaled,c̄(w) =
K max(w1/3, w2/3, (w1 + w4)/4) for w ∈ R

2
+.

The random variables{Si(k), Ai(k)} used in (2) were
taken mutually independent, with the variance of each random
variable equal to its mean. The steady-state covariance is
approximated by,

Cov[W (k + 1) − W (k)] ≈
[
13.8042 4.2075
4.2075 13.8042

]
,

where W (k) := ΞQ(k). This is exact whenE[U(k)] =
[0.25, 0.75, 0.25, 0.75]T.

The linear program constructed for a CBM model is de-
signed to approximate the CRW model:Σ was taken equal
to the covariance matrix given above, andδ1 = δ2 = 1 −
ρ• = 0.1. Solving the resulting linear program then gives the
following bounds on the steady-state cost, and corresponding
occupation probabilities:

11.0729 ≤ Eπ[c̄(Ŵ (t))] ≤ 14.7638

0.4895 ≤ Pπ(Ŵ (t) ∈ R2) ≤ 0.9790
(71)

Although these bounds apply to the CBM model, they roughly
approximate the estimated value ofEπ[c(Q(k))] ≈ 18 for the
CRW model obtained in the simulation illustrated in Figure 5
[10].

For the same parameters with the regionR := R2 =
{w1/3 ≤ w2 ≤ 3w1} we obtain from (70),

Eπ[c̄(Ŵ (t))] = 14.9218 .

The steady-state mean for the process restricted to the region
R2 is strictly greater than the upper bound (71) obtained for
the minimal process onW. This is consistent with the fact that
the minimal process onW is optimal whenever̄c is monotone.

VII. C ONCLUSIONS

The fluid value-function has several desirable properties
that provide new algorithms for simulation and performance
bounds in stochastic networks, and improved motivation for
the application of recently-proposed algorithms.

There are several immediate extensions to be considered.

(i) In [7] the fluid value-function is proposed as an initial-
ization in value iteration to compute optimal policies. It
would be worthwhile to revisit this approach for both
CBM and CRW network models.

(ii) We have not yet considered examples to test the linear
programming techniques on CRW network models.

(iii) In many applications a linear cost function is not appro-
priate. For example, it may be desirable to obtain bounds
on the moment generating functionEπ[exp(βTŴ (t))]
for β ∈ R

n.
(iv) Many of the ideas in this paper may find extension to

entirely different areas. In particular, the ODE method
commonly used in the analysis of stochastic approxima-
tion is completely analogous to the use of a fluid model
in the stability analysis of a stochastic network [60]. We
are currently investigating the potential for variance re-
duction in stochastic approximation, and related learning
algorithms.
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Ruth Williams provided numerous suggestions for clarifying
the presentation.

All of this support is gratefully acknowledged.

REFERENCES

[1] S. Kumar and P. R. Kumar, “Performance bounds for queueing networks
and scheduling policies,”IEEE Trans. Automat. Control, vol. AC-39, pp.
1600–1611, August 1994.

[2] D. Bertsimas, I. Paschalidis, and J. N. Tsitsiklis, “Optimization of mul-
ticlass queueing networks: polyhedral and nonlinear characterizations of
achievable performance,”Ann. Appl. Probab., vol. 4, pp. 43–75, 1994.

[3] P. R. Kumar and S. P. Meyn, “Duality and linear programs for stability
and performance analysis queueing networks and schedulingpolicies,”
IEEE Trans. Automat. Control, vol. 41, no. 1, pp. 4–17, 1996.

[4] E. Schwerer, “A linear programming approach to the steady-state analy-
sis of Markov processes,” Ph.D. dissertation, Stanford University, 1997.

[5] J. R. Morrison and P. R. Kumar, “New linear program performance
bounds for queueing networks,”J. Optim. Theory Appl., vol. 100, no. 3,
pp. 575–597, 1999.

[6] S. P. Meyn, “The policy iteration algorithm for average reward Markov
decision processes with general state space,”IEEE Trans. Automat.
Control, vol. 42, no. 12, pp. 1663–1680, 1997.

[7] R.-R. Chen and S. P. Meyn, “Value iteration and optimization of multi-
class queueing networks,”Queueing Systems: Theory and Applications,
vol. 32, no. 1-3, pp. 65–97, 1999.



15

[8] M. H. Veatch, “Approximate dynamic programming for networks: Fluid
models and constraint reduction,” 2004, submitted for publication.

[9] S. G. Henderson and P. W. Glynn, “Approximating martingales for
variance reduction in Markov process simulation,”Math. Operations
Res., vol. 27, no. 2, pp. 253–271, 2002.

[10] S. G. Henderson, S. P. Meyn, and V. B. Tadić, “Performance evaluation
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