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Abstract— This paper concerns control and performance eval-
uation for stochastic network models. Structural properties of
value functions are developed for controlled Brownian motbn
(CBM) and deterministic (fluid) workload-models, leading to
the following conclusions: Outside of a null-set of network
parameters,

(i) The fluid value-function is a smooth function of the initial
state. Under further minor conditions, the fluid value-
function satisfies the derivative boundary conditions that
are required to ensure it is in the domain of the extended
generator for the CBM model. Exponential ergodicity of
the CBM model is demonstrated as one consequence.
The fluid value-function provides ashadow function for use
in simulation variance reduction for the stochastic model.
The resulting simulator satisfies an exact large deviation
principle, while a standard simulation algorithm does not
satisfy any such bound.

The fluid value-function provides upper and lower bounds
on performance for the CBM model. This follows from

an extension of recent linear programming approaches to
performance evaluation.

(ii)

(iii)

I. INTRODUCTION
Several new approaches to performance evaluation and

timization for stochastic network models have been progos

over the past decade. Although the motivation and goals
diverse, a common thread in each of these techniques is

application of an approximate value function, or Lyapuno

function:

() In the series of papers [1], [2], [3], [4], [5], linear
programs are constructed to find a Lyapunov functi

that will provide upper and lower bounds on steady-stgﬁ?ejz
performance. These Lyapunov functions are quadrati

or piecewise-quadratic, since in each of these papers
cost criterion is a linear function of the queue-lengt
process.

(ii) In [6], [7] a quadratic or piecewise-quadratic Lyapuno
function is proposed as an initialization in value-itevati

or policy-iteration for policy synthesis. An example of a

Lyapunov function is the associatéldid value-function
(see equation (42)). The numerical results reported

[7] show significant improvements when the algorithm
is initialized with an arbitrary quadratic Lyapunov func-

tion. When initialized with the fluid value-function,
convergence is nearly instantaneous. Related ideas
explored in [8].
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(i) The variance-reduction techniques developed in [9],
[10], [11] are similarly based on the application of a
Lyapunov function. In [10] it is found that the simulator
based on the fluid value-function results in dramatic
variance reductions for the models considered. Results
from one such experiment are shown in Figure 5.

Much of this research has been numerical and algorithmic in

nature. In particular, there has been little theory to explae

dramatic numerical results reported in [7], [10]. The pwpo

of the present paper is to provide a theoretical foundation f

analysis of these algorithms. These results are basednisima

on new bounds on the dynamic programming equations aris-
ing in control formulations for fluid and stochastic network
models.

The main results of this paper concern workload models for
the network of interest. This viewpoint is motivated by neice
results establishing strong solidarity between workload ats
and more complex queueing model in buffer-coordinates, [12]
[13], [14], [15], [16], [17], [18], [19]. In particular, uner ap-
propriate statistical assumptions and appropriate assonsp
8 _the operating policy, a Gaussian or deterministic wa#lo

odel is obtained as a limit upon scaling the equations for a

dard stochastic queueing model (see [20], [21], [A8])[

n
?:%he starting point of this paper is similar to the approach

sed in [23], [24] to establish positive recurrence for sectéd
iffusion. The authors first construct a Lyapunov function f
a deterministic fluid model, and then show that the same
function or a smoothed version serves as a Lyapunov function
r the diffusion (i.e., condition (V2) of [25], [26] is safied.)
The present paper considers both controlled fluid models
fid controlled Brownian motion (CBM) models for the work-
L Sd process. The main conclusions are,
(i) Structural properties of the fluid value-functioh are
developed: under mild conditions, the value-function is
C', and its directional derivatives along the boundaries
of the ‘constraint region’ are zero, when the direction is
taken as the particular reflection vector at this point on
the boundary (see Theorem 4.2.)
r‘{ii) These structural properties imply that the fluid value-
function is in the domain of the extended generator of
the CBM workload model. As one corollary, it is shown
in Theorem 4.7 that the stochastic workload process
satisfies a strong form of geometric ergodicity for the
policies considered.
t is shown in Theorem 5.3 that the smoothed estimator
of [10] based on the function/ satisfies an exact
large deviation principle. It is argued that the standard
simulation algorithm does not satisfy any such bound.

are
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(iv) The linear-programming approaches of [1], [2], [3]],[4 The common mean of the arrival and service variables are
[5] are extended based on the structural results obtainexdressed in the usual notatidiA; (k)] = o, E[Si(k)] = s,
in Theorem 4.2. 1 <4 <4,

To provide motivation, we begin in Section Il with a The routing matrix for this model is defined by;; =1 if
description of various models for a simple 2-station nekwér Customers departing bufféimmediately enter buffef. Hence
short survey of control and performance evaluation teahesq in this example R1» = R34 = 1 and R;; = 0 otherwise.
is presented, focusing on this single example. For a given initial queue-length vecta@(0) € Z%, the

General workload models are described in Section Il aloffy€ue length at future times is defined recursively via,
with basic properties of the associated \(alug functiqnesﬁh QUk+1) = Q(k)+B(k+1)U(k)+A(k+1), k>0, (2)
structural results are refined and applied in Section IV to
provide stability results for the model, Section V containghere B(k):=—[I — R"|diag(S(k)), k¥ > 1. This is a version
applications to simulation, and examples illustratingeéin  Of the controlled random walKCRW) model considered in
programming approaches are described in Section VI. Cencli0], [17].
sions and topics of future research are included in Sectibn vV The fluid modelassociated with (2) is the linear system,

q(t) = x + Bz(t) + ot, t>0,

m\_’Qm Q2(t)
=) o L where B := E[B(k)], o := E[A(k)], q(0) = = € R} is the
swon 1 | (1) san2 | Q) initial condition, andz is the cumulative allocation process
PR ) | Tap— Y YT — evolving onRR% . The fluid allocation process is subject to the

linear constraints,
Fig. 1. The Kumar-Seidman-Rybko-Stolyar (KSRS) network. z(t) _ 2(8)
—
In the fluid model the lattice constraints on the queue-lengt
process and allocation process are relaxed. Each is determi

TheKumar-Seidman-Rybko-Stoly@SRS) network shown istic and Lipschitz continuous as a function of time.

in Figure 1 will be used to develop terminology and illustrat These processes are differentiab+le a.e. since they are Lip-
the issues to be considered in the remainder of the papghitz continuous. Letting(t) :== 4 z(t) denote the right
Further details regarding fluid models, random walk modelgerivative of the allocation process, the fluid model can be
Brownian models, and the relationships between them may égressed as the state-space model,

z(0) =0, e VU, t>s5>0. (3

II. ANILLUSTRATIVE EXAMPLE

found in [12], [27], [14], [16], [10], [28], [17], [18], [29] [8]. gt
540 =BCt) +a,  t20. (4)
A. Models for the queue-length process The allocation-rate vectog(t) is constrained as in (1), with

The network shown in Figure 1 has two stations, and fogft) € U for all £ > 0.
buffers. A convenient model is described in discrete-tire a
follows. We let@Q denote the queue-length process, did B. \Workload models
denote the allocation process, both evolving Bh.! The

. . : . : Throughout much of this paper we restrict attention to re-
allocation process is subject to linear constraints,

laxations of the fluid model based on workload, and analogous
Uk)eU:={CeRi:C(<1 (>0} (1) Wworkload models to approximate a CRW stochastic network
- model.
where 0 ¢ R* denotes a vector of zeros, and inequalities The two workload vectors associated with the two stations
between vectors are interpreted component-wise. Ike4 in the KSRS model are defined as follows, whesg:= ui’l

constituency matrixs given by fori=1,2,3,4:
c.— (1 001 ¢ =(m, 0, my, mg)", & = (ma, ma, ms, 0)".
—\0 1 1 0)"

The two load parameters are given py:= (¢!, a), i = 1,2,
Let (A, S) denote the service and arrival processes at the p1 = mia; + myas, p2 = meai + maas, and we let
various buffers. For each= 1,...,4, and each timé& > 1, p= (p1,p2)" € R3.
the distribution ofS;(k) is assumed to be Bernoulli, and the The workload vectors are used to construct the minimal
distribution of A; (k) is supported ofZ., . We assume moreoverdraining time7™ for the network, thereby solving the time-
thatE[|| A(k)||?] < cc. The topology shown in Figure 1 impliesoptimal control problem. Assuming that the load condition

that A is of the specific form, holds, p, := max(p1, p2) < 1, it is known thatT™*(z) < oo
. for each initial conditionz € Ri, and we have the following
A(k) = (Ai(k), 0, A3(k), 0)", k=1 explicit representation,
IThroughout the paper we use boldface to denote a vectoeddlinction T*(:U) — max <§l7 UC> (5)

of time, either deterministic or stochastic. 1=121—p ’



A cumulative allocation process* is called time-optimal The main result of [17] shows that an optimal policy for the

if the resulting state trajectory* satisfies¢*(7) = 0 in CBM model is approximated by an affine policy when the

minimum time 7T = T*. One solution to the time-optimal state is large.

control problem wher;(0) = z is given by z*(t) = (*t, Consider for example the convex polyhedron,

0 <t<T* where(* = —B~!x/T*(x) + a]. The optimal 2

state trajectory* travels toward[s/the(origin i]n a straight line. R={weRi wy > 0wn =, wy = Ows = 5}, (8)

This policy and related policies for a stochastic model awhere 5 € R, and§ € [0,0.5) are given. Suppose that

examined in [30]. d1 = d2 > 0, and consider the initial conditiom = (wq,0)"
The central motivation for consideration of the workloador somew; > 3. Then @w(0+) = (w,0w; — B)7, and

vectors is that they provide the following definition of thesubsequently, the trajectouy is piecewise-linear ofR.

workload process. We & denote the x4 matrix whose rows  The definition of the affine policy is identical for the

are equal to the workload vectof§’ : i = 1,2}. Equivalently, CBM model, except of course the trajectori€d/, I) are

= = Cdiagy; ")[I — R']™' = —CB~'. Given any state not piecewise linear. A general construction is provided in
trajectoryq, the workload process is defined byt) = Z¢(t) Section IlI-B.
for t > 0. Let c: R* — R, denote thel;-norm onR*. A typical

We have the following simiple representationwfin terms objective function in the queueing theory literature is the
of the two-dimensionalrift vector defined asé := 1 — p, steady-state cost for the CRW model, defined as,
and the two-dimensional cumulativéleness processlefined L 4
by 1(t) = t1 — Cz(t), t > 0. For a given initial condition 1 = lim sup B [c(Q(k))]; v €Ly ©)

k—o0
—_= 2
w=Zr € RY, and anyt > 0, This is independent of for ‘reasonable’ policies, including

w(t) =w+E(Bz(t)+at) =w—Cz(t)+pt = w—4t+1(t). the average-cost optimal policy [6], [32]. The optimal pygli
. . . is stationary and Markov (the actidi(k) is a function of the
The idleness process is non-negative and has non-deaeasin ) .
: o current state)(k)), so thatQ is a time-homogeneous Markov
components since satisfies (3). chain [6]

A relaxation of the fluid model is obtained on relaxing con="" . . . .
. ) ; . . Given this cost function on buffer-levels, tledfective cost
straints on the idleness process. Consider the two-direalsi . . T !
for the two-dimensional relaxation is defined as the value of

modelw satisfyingw(0) = w and, the linear program,

w(t) =w—6t+1(t), t=>0. 6 :
’LU( ) w — 0t + ( )7 >0 ( ) E(U}) = min T+ To + a3 + 24 (10)
The idleness procesk is assumed non-negative, with non- 1
. o s.t. &y = w
decreasing components, but its increments may be unbounded 9 _ 4
(%,r) = wq, zeR].

We say thatww is admissibleif it is a measurable function of

time satisfying (6) withl non-decreasingj(0) = 0, andw That is, ¢(w) is the cost associated with the ‘cheapest’

restricted toR? . statex € Ri satisfying the given workload values. Further
Relaxations of the stochastic CRW model are developstbtivation is provided in [13], [17], [16], [10], [28]. The

in [17], [19], following the one-dimensional relaxationtia- effective cost is piecewise linear: Lettinfr'} denote the

duced in [31]. Here we consider the CBM model based @xtreme points in the dual of the linear program (10), we have

w through the introduction of an additive disturbance: The(w) = max;(c’, w) for w € R%.

two-dimensional proces® with initial condition W (0) = w For a given affine policy the associated value function is
satisfies the equations, defined by,
W(t) =w—0t+I(t)+N(t), W(0)=we Ri, t>0, (7) J(w) = / e(w(t)) dt, @(0) =w € Ri'
0

whereI is again assumed non-negative, with non-dec:reasingf _ . .
components, andV is restricted thi- The processV is a It Tollows from the definition that the dynamic programming

2-dimensional Brownian motion with covarian&e> 0. equation holds,
T
C. Control | @i+ s@m) = s@o). 0. @

In constructing policies to determine the idleness praesssyppose thaf is differentiable at some within the interior
for either the fluid or CBM workload model, we restrict t05f 2 Then on settingd(0) = w, dividing each side of (11)

the following affine policiesintroduced in [17]. For a given by T, and lettingZ | 0 we obtain the differential dynamic
convex, polyhedral regio® C R?2, the corresponding affine programming equation,

policy is defined for the fluid model as follows: For each iiti

conditionw € R2 we take@(0) = w, and fort > 0, c(w) + (VJ(w), —6) = 0. (12)

w(t) = {minimal elementy’ € R satisfyingw’ > w — t}. The fluid value function is constructed in Proposition 2. $dzh
on (12) in the following two special cases:

The trajectoryw is continuous and piecewise linear @ oo), CASED o = 1 — 1/3 and iy = pis = 1:
2 — M4 — 1 — M3 — L

and exhibits a jump at timeé = 0 if w € R°¢. The work-
conservingpolicy is simply the affine policy withR = R2. {e:i=1,23}={1(). (), 2O}



case, a pathwise optimal solution exists, but it is definethby
affine policy (8) using? = 0 andf = % so thatk = WT. In

. y particular, for an initial condition of the forr(0) = (w1,0)",

A A A the optimal trajectory is given byi(0+) = wi(1, )", and

o 3 I/U\(t) = (w1 —61t)(1,%)-r for0<t§w1/61.

o RSt " Under the optimal policy in Case Il, the value function is
‘\ w ot »  purely quadratic oW

L L L L L
1 2 3 4 1 2 3 4

. 151 3 —1
Fig. 2. Level sets of the effective cost for the KSRS model as€> | and J(U’) =swDw;, D= 551 {_1 3] . (14)
Il respectively under the work-conserving policy.

w s wy Ly We now turn to the CBM model (7). In Case | we find
R/ / R e that the work-conserving policy in whicR = R? is again
ffffff - T T R pathwise optimal. This policy defines a reflected Brownian
' b motion onRi with reflection normal at each boundary.
Jw) <1 \3 In Case Il a pathwise optimal solution does not exist. The
e optimal solution evolves in a regioR* that is a strict subset
of R2.. In the discounted-cost case it is shown in [17] that the

constraint region is approximately affine, in the sense fitrat

J(w) <1

R3 Ry

Fig. 3. Level sets of the value functiaf for the KSRS model. large values ofw the regionR* is approximated by an affine
domainR of the form (8) witho = % Theorems 4.6 and
4.7 and numerical results contained in [17] strongly sugges
CASEIl  pp = py =1 andu; = puz = 1/3: that this result carries over to the average-cost optimadrob
problem.

{eri=1.230={(1), 3(). (D}

In each case, the effective castR?2 — R is continuous,
piecewise linear, and strictly linear on each of the thregores
{R; : i =1,2,3} shown in Figure 3. Level sets afand.J are
shown in Figures 2 and 3, respectively. The level sets sho
in Figure 3 are smooth sincg is C':

Proposition 2.1: Suppose that the-dimensional workload Fig. 4. Simulation of a stochastic workload model using d@mafpolicy.
relaxation on Ri is controlled using the work-conservingin each case, the constraint regimwas defined by (8) witl) = 0.9. The
policy. Then, in each of Cases | and Il, the value functio???sta“ftﬁxva; dEﬁ(;‘etg ff_OT_ 'fﬂ todr'itghthﬁo: 0, 2155038‘130- The_dsafpp'?
J: R}, — Ry is C' and piecewise-quadratic, and purely > > ((Jf the)ﬂf‘rge ex%é?ilr;?enig.n ftioni¥(0) = (150, 0)" were identica)
quadratic within each of the regiod®; : i = 1,2, 3}. Hence,

J(w) = sw'D'w for w € R;, i " 1,22,3,3where in Case 1the A formula for the parametes, in this approximation is
2 x 2 matrices are given by,D", D%, D"} = also obtained in [17]. Again in Case Il, suppose that for some

2 2
M1t o B 3 -1 4o o o > 0,anda € [-1,1] we haveX;; = ¥y = o° and
oy o 2 sl oo

00 1 3 Y12 = Mo1 = ac?. Then, Equation (43) of [17] gives,
PROOF. The C! property is established for general workload _10h ot

. . : B =33 In(1+ &), (15)
models in Theorem 4.2. Computation dfis performed as H e
follows: The value function satisfies the dynamic programni with ¢, = ¢ = e =|d|=2 and

equation (12), or equivalently,
_ _ g = (1—0)d, o = (1 —2a0 + 6*)0?
—w'D'§=—(",w), weR; i=1,2,3.
, , . _ These are the diffusion parameters for theight process

It follows that Do = for_ eachi. A s!nglt_a constraint gefined byH (t) := Wa(t) — Wi (t), t > 0.
on each Of{_Dl’DBQ} is obtained on considering on the  Ajthough (15) is in general an approximation, it defines the
two lboundarlles ofR7.. F;nally, tth property implies that ayerage cost optimal policy in some specific cases: Consider
D(y) = D? (3) andD?(}) = D?(Y). Combining these linear e one-dimensional model of [33], and the multidimensiona
constraints yields (13). U examples treated in [34] where an affine policy with parame-

In Case | the effective cost is monotone, so tifat 0 for ters defined using a version of (15) is precisely average-cos
eachi. In this case the work-conserving policy jmthwise optimal.
optimal for the fluid model, in the sense thafw(t)) is Figure 4 illustrates the role of the affine shift parameter in
minimal for eacht. It follows that the value function/ is a simulation using a CRW approximation of the CBM model.
convex in this case, which is seen in the plot at left in Figdire The constraint region used in the figure at left is similarhiatt

In Case Il the monotone region for the effective cost is givetefining the optimal policy for the fluid model in an example
by Wt = closure(Rz), as shown at right in Figure 2. In thisconsidered in [28].



A policy constructed for the workload model must finallyThe smoothed estimator is then defined as the sequence of
be translated to form a useful policy for the physical nekworasymptotically unbiased estimates given by,

Given an affine policy of the form described here using the

constraint regionR defined in (8), and a vecton € R?

of safety-stockvalues, a policy for the four-buffer queueing

network is described as follows:

Serve@; > 1 at Station I if and only ifQ, = 0, or
EQeR and 5 Qo+ p3'Qs < 1w (16)

An analogous condition holds at Station II.

The safety-stock values are necessary to prevent idlertes
each station adV (k) = EQ(k) evolves inR, so that the
workload process mimics the CBM model with constrair}t

regionR.

D. Performance evaluation

Given a Markov policy for the network such as (16), th
controlled proces®) is a time-homogeneous Markov chain
We let 7 denote its unique steady-state distribution, when

exists. In this case we havg = w(c) = Zyezi 7(y)e(y)

N-—1
1Y) =+ 3 (@) + Ac(@b)). N1 (18)
k=0

The functionAg is an example of ahadow functionsince

it is meant to eclipse the functiod to be simulated [10].
This is a special case of the control variate method [37]}.[38
However, the homogeneous structure of the workload model is
exploited to obtain a highly specialized estimator basethen
fluid value-function and the dynamic programming equation

?ﬁ) for w.

Consider the four dimensional queueing model (2) con-
rolled using the policy (16) under the assumptions of Case |
and letJ: R — R, denote the fluid value function foi
using the same constraint regi® We choose&7: R% — R as
the C'*, piecewise-quadratic function given lgy(z) = J(Zx)
forz e R%.

Bounds on the summand in (18) are obtained as follows.
By the Mean Value Theorem applied tbwe have for some
Fe (0,1), with WP (k) = (1 — )W (k + 1) + IW (k),

for a.e.x € Z! [r]. The steady-state distribution is not G(Q(k +1)) = G(Q(K)) = J(W(k + 1)) = J(W(k))

easily computed, so we seek bounds or approximations for =

the steady-state cost

oV,

Simulation using smoothed estimator

Simulation using standard estimator

Fig. 5. Estimates of the steady-state customer populatiotheé KSRS

model as a function of00 different safety-stock levels using the policy (16).

Two simulation experiments are shown, where in each casesithelation

runlength consisted ofV = 200,000 steps. The left hand side shows thEConsequentIyAG(a:) ~
results obtained using the smoothed estimator (18); thet hignd side shows

results with the standard estimator (17).

The most common approach to performance evaluati

of a scheduling policy is through simulation. Tiséandard
estimatorof n is defined by the sample-path average,

N-—1
N =< @), Nz an)
k=0

(VI (W2 (k), W (k+1) — W(k))
= (VJ (W(E),W(k+1) = W(k))
+(VJ (WY (k) = VJ (W(k)), W (k+1) — W(k)).

This identity combined with Lipschitz continuity of the fon
tion V.J on R?, and the second-moment assumption4n
implies the following bound: WritingAw (z) = E,[W (1) —
W (0))], we have for somé, < oo and allz € Z2,

Ac(x) — (V. J (), Aw ()] < ko.

The policy (16) is designed to enforggy (z) = —6 whenever
w = Zz lies in R, and when this holds the dynamic pro-
gramming equation (12) implies thaVv,,J (Ex), Aw (z)) =
—c(w). The policy is also designed to maintaifi) ~ ¢(w).
—c(x), and this is precisely the
motivation for the smoothed estimator.

Shown in Figure 5 are estimates of the steady-state customer
Eﬂpulation in Case | for the family of policies (16), indexed

y the safety-stock levels € R2, with R = R3. Shown
at left are estimates obtained using the smoothed estimator
(18) based on this functiod, and the plot at right shows
estimates obtained using the standard estimator (17).aftus
other numerical results presented in [10] show that siganific
improvements in estimation performance are possible with a

This is consistent in the sense thétV) — 7 a.s. for a.e. initial C&refully constructed simulator.

conditionz € Z% [r]. However, it is well known that long

We now develop theory for general workload models to

simulation runlengths are required for an accurate estim&Plain these numerical findings.
of n when the system load is near unity (see [35], [36], and

Section V for general results pertaining to the CBM model.)
A version of thesmoothed estimatmf the form considered

in [10], [11] is described as follows. For any functi@n on
RY define Ag(z) = E[G(Q(k + 1)) — G(Q(K)) | Q(k) =

IIl. CONTROLLED BROWNIAN MOTION MODEL

In Section IlI-A a general fluid model is constructed in
which the state process is defined as a differential inclusio
R% . This is the basis of the general Controlled Brownian Mo-

7] = E,[G(Q(1)) - G(Q(0))], z € Z% . The steady-state meantion workload model defined in Section 1lI-B, and developed

of Ay is zero, providedZ is absolutely integrable w.r.tr.

in the remainder of the paper.



A. Workload for a fluid model (i) The idleness process ison-decreasingSetting«(t) =

The state process for the fluid modgl has continuous %I(t), we have
sample paths, and evolves M For simplicity we do not ,
treat buffer constraints here [17], [28]. Rate constragmghe L(t) 20, teERy, i=1,...,n. (22)

sample paths are specified as follows. It is assumed that
bounded, convex, polyhedraklocity setV c R’ is given,
and thatq satisfies,

() The workload process is constrained to the workload
space,
W(t) e W:={Zz: 2 e R} }. (23)

(t—s)"t(q(t) —q(s)) €V, 0<s<t<oo. (19) O

On constructing control solutions faf we restrict to the
workload process, where control amounts to determining the
idleness procesd. For this purpose, suppose that a cost
function is givenc: R — R,.. We assume thatis piecewise
linear, and defines a norm @f. The associated effective cost
¢: W — Ry is defined forw € W as the solution to the convex
program,

The right derivativev(t) = %Jrq(t) exists for a.et sinceq is
Lipschitz continuous. This velocity vector is interpretasl a
control, subject to the constraintt) € V for ¢ > 0.

It is assumed that the fluid model &abilizable That is,
for each initial conditionz® € R’ one can findv evolving
in V andT < oo such thaty(¢) = 0 for ¢ > T'. We infer that
0 € V under the stabilizability assumption.

SinceV is a convex polyhedron containing the origin, it can
be expressed as the intersection of half-spaces as folleoys.
some integem, > 1, vectors{¢’ : 1 < i < n,} C R, and Just as was seen in the KSRS model examined in Section II,

¢(w) =min ¢(x) s.t. Zr=w, z € RY. (24)

constants{d; : 1 <i < n,} C Ry, the effective cost is piecewise linear, of the form
V={v:{v)>-d, 1<i<ny} (20) c(w) =  max (@w)y, weWw, (25)

These vectors generalize the workload vectors constrinted , ) o
the KSRS model. where{¢' : 1 < i < n.} C R™. The region on whicke is

To obtain a relaxation we fix an integer< n,, and relax monotone is denoted,

the linear constraints in the definition (20) for> n. It is 4 _ N e /
assumed that the vectofg’ : 1 < i < n} C R’ are linearly w {weW:c(w) <ew) if w €W, w' = w}. (26)

independent. We let X*: W — R% denote a continuous function such
WORKLOAD RELAXATION FOR THE FLUID MODEL that X*(w) an optimizer of (24) for eachwv € W. Then,
The differential inclusion satisfying the following staépace given a desirable solutiom on W, an admissible solution
and rate constraints: is specified by

(i) g(t) € R for eacht > 0;
(i) (t—s)"1(G(t) — q(s)) € V for each0 < s < ¢, where
V= {U e 0> 0, 1< i< n} . _ We consider exclusively affine policies to determine the
idleness process. For the general workload model, we again
For a given initial conditonz € R%, we say thatg is fix a polyhedral regiorlR ¢ W containing the origin with
admissibleif it is a measurable function of time, and satisfiemon-empty interior. Under these assumptions, there egist n
these constraints with(0) = z. An admissible solution need negative constant§s; } and vectors{n;} C R™ such that,
not be continuous sinc¥ is in general unbounded. ,
Let = denote then x ¢ matrix whose rows are equal to ~ R ={w eR": (n",w) > =F;, 1 <i<ng}. (27)
{¢%}. The workload processindidleness procesare defined
respectively by,

qt) = x*(w(t)),  ¢=0.

The following additional assumption is assumed so that we
can construct aninimal processon R in analogy with the
w(t) :===q(t), I(t):=w(t)—w(0)+1td, t>0. construction in Section Il: For each € R™ there exists a

. . _ ‘minimal element’[y] satisfying
The following properties follow from the definitions (see5[1

p. 188]), and demonstrate thai is a generalization of the (i) [y],. € R; (i) If ¥/ € R andy’ >y, theny’ > [y],.
relaxation (6) for the KSRS model. The bounds in (21) are
decoupled since the workload vectofs’ : 1 < i < n} are The existence of the pointwise projection requires some as-
assumed linearly independent. sumptions on the seé® for dimensions2 or higher [16].
Proposition 3.1: The following hold for each initial con- ~ The minimal process starting from an initial conditianc
dition = € R%, and each admissible trajectory starting fron¥V is then defined by,
x
(i) The workload proces# is subject to thelecoupledate
constraints, It is represented as the solution to the ODE,
A ) +
G002z lsises @) Sa@=—srun), 650, 804) = [uly, (9

D0) =w, @) =[w—tdy, t>0. (28)



where the idleness rate is expressed as the state-feedbad®. Brownian workload model

law (t) = ¢(@(t)), t > 0, with The stochastic workload model considered in the remainder

of this paper is defined as follows:
dp(w) = §—d(w); pap

(30) CONTROLLED BROWNIAN-MOTION WORKLOAD MODEL
The continuous-time workload process obeys the dynamics,
The mappingy defines the affine policy with respect to the W(t) =w—0t+I(t)+ N(t)
regionR. - ’
We conclude with some properties of the projection, anthe state proces®, the idleness process and the distur-
resulting properties of the feedback lawTheith faceF'(i) c  bance proces®V are subject to the following:

R is defined by (i) W is constrained to the workload spadé (see (23)).
_ : _ (i) The stochastic procesd is a drift-less,n-dimensional
F(i):={weR: (n",w) = —Fi}, I <1< ng. Brownian motion with covarianc& > 0.

W ithout | f litv that h of th Qii) The idleness procesd is adapted to the Brownian
e assume without loss of generality that each of these sets’ | ion A7 with 1(0) = 0, and I, (t) — I,(s) > 0 for

is of dimensionn — 1. .
Proposition 3.2: Suppose that the s is given in (27) e s—
and that the pointwise projectidn] . : R” — R exists. Then, A stqchasuc procesBV satisfying these constraints is called
admissible
The definition of an affine policy for the CBM model
requires some effort. We begin with the following refinement
of the deterministic fluid model defined in Section IlI-A
through the introduction of an additive disturbance: Fix a

S(w) = limgot Hw -ty —w}, weR.

W(O0)=weW. (32)

(i) For eachy € R™, the projection[y], is the unique
optimizerw* € R of the linear program,

min - w; + - +w,

s.t. (nhw) > —B, 1<i<ng continuous functiond: Ry — R™ satisfyingd(0) = 0, and
woZ Y. consider the controlled model,
(i) For each faceF(i) with i € {1,...ng}, there is a wt) =w—td+1(t) +d(t), t>0. (33)

uniqueg; € {1,...,n} satisfying, A deterministic proces® on W is again called admissible if

ni >0, and n} <0, j#j. 5?(:3)) Eo(l)ds for some non-decreasing idleness progessgith
(i) The feedback lawp: W — R’ defined in (31) satisfies We say thatw is the minimal solution on the regioR,
the following propertiesy(w) = 0 forw € interior(R).  With initial conditionw € W, if (i) w is admissible; and (i)
Otherwise, if for some € {1,...,nz} we havew € w'(t) > w(t) for all ¢ > 0, and any other admissible solution
F(i), andw ¢ F(i') for i’ # i, then¢(w),; = 0 for w' with initial conditionw. A minimal solution is a particular
J # ji, wherej; is defined in (ii). instance of a solution to the Skorokhod problem (e.g. [39],

o o . [40], [41].) The reflection direction on thigh face is given by
PROOF: Let w® € R be an optimizer of the linear programeji’ the j;th standard basis vector iR"™, wherej; is defined

ggj)o XV %?[a \]/e;t_) It?ol[l?é]st?g;ﬁU isZth% uan?((qjuzeonpiiemiiazlz(r) in Proposition 3.2. Under general conditions it is knownt tha
pr thlis_linearyp?ogram Yl+ the Skorokhod map is a Lipschitz-continuous functionadlpf

Wi © (i b tradiction: Fig < i < d and the initial conditionuv (see [42]).
€ prove par (i) by contradiction: FiX < i < n, an The following result is a minor extension of [16, Theo-
suppose that in fact; > 0 andn;, > 0 for somel < j <

b < rem 3.10]. TheL,-norm in Proposition 3.3 (ii) is given by,
S NR-
Considerw € F(i), with w & F(i’) for i’ # i. Fore > 0 ld—d'|lo4 := max [|d(s) —d'(s),  ¢=0,
we consider the open ball centereduagiven by B(w, ) = == _
{y € R" : |lw —y|| < e}, where| - || denotes the Euclideanwhere| - || denotes the Euclidean norm.

norm. Then, from the definition (31), there exists- 0 such ~ Proposition 3.3: Suppose that the s& is given in (27),
that whenevey € B(w,¢) we havely], ¢ F(i') for i’ #i.  and that the pointwise projectign],: R™ — R exists. Then,
Fix y € B(w, ) with y ¢ R, and define (i) The minimal processw exists for each continuous
) _ _ _ disturbancead, and each initial conditiom € W.
sj=—n5) " (Bi+ (n' ), sk =—(np) " (Bi+ (n',y)). (i) There exists a fixed constart; < oo satisfying the
following: For any two initial conditionsw,w’ € W,
and any two continuous disturbance procesded’,
the resulting workload processési( -;w), @ (-;w’)}
obtained with the respective initial conditions and dis-
turbances satisfy the following bounds fop 0:

We haves; > 0, s > 0 by construction, and the vectors
{wi:=y+s;e’, wk:=y+s,ek} satisfy (ni, w?) = (ni, wk) =
—p;. Hence, by reducing > 0 if necessary, we may assume
that each of these vectors lies #(i) C R. We conclude that
[y]+ < min(w?, w*), which is only possible ify] . = y. This
violates our assumptions, and completes the proof of (ii). @(t;w) — @' (t;w")|| < kr[llw—w'|| +||d—d'|j0,4]-

Part (iii) is immediate from (ii) and the definition (30)O (iiiy For each@(0) € W, i e {1 g}, andj # j



where¢ is defined in (30). Therf is in the domain of

oo A, andAf =Df.
/ I(@(t) € F(3), w(t) ¢ F(i") for i’ # 1) dI;(t) = 0. (iii) If the conditions of (i) hold, and in addition,
0

t
. e[| IV/ W sw)Pds] <o, weR 20,
Proposition 3.3 leads to the following definition of the adfin 0

policy for (32) with respect to a domaiR: then M ; is a martingale for each initial condition.

(W,I) — the minimal process o with d = N. (34) PROOFE. When f is C?, then (i) is _given. in [43, Theorem 2.9,
p. 287]. In the more general setting given in the theorem, the
The resulting idleness procebss random sincéV is assumed function f may be approximated uniformly on compacta by
to be a Gaussian stochastic process. The controlled préessC? functions so thatDf is simultaneously approximated in
is a time-homogeneous, strong Markov process. The strohg(C) for any compact seC C R. See [44, Theorem 1,
Markov property follows from the sample-path constructiop. 122], and the extensions in [45], [46], [47].
of W [40]. Suppose now that the assumptions of (ii) hold. The as-
It will be convenient below to introduce thextended sumptiond € interior(R) is imposed to ensure that does
generator A for the Markov processW under an affine not vanish onoR. Itd’s formula then gives the following
policy. A stochastic procesd/ adapted to some filtration representation,
{F; : t > 0} is called amartingaleif E[M (t+s) | F;] = M (t) .
for eacht,s € R.. It is called alocal-martingaleif there M (t) :/ (Vf(/W(s)),dN(s)), t>0. (39)
exists an increasing sequence of stopping tifrg$ such that 0

{M(t Asn) : t € Ry} is @ martingale, for each > 1, and  The local martingale property is immediate siri¥es driftless
¢, T 0o a.s. as — oo. Throughout the paper we assume thagrownian motion.

{F¢ : t > 0} is the filtration generated biV. We have for eacl) < s < ¢, and each initiaky,
A measurable functiorf: R — R is in the domain of4 if

t
there is a measurable functign R — R such that, for each grar. 1) — Mr,(s))2 :/ ENV (W (s))SV £ (W (s)].
initial condition W (0) € R, the stochastic process defined [ (2) s(&))] s (VW) FW)

below fort > 0 is a local-martingale, The right hand side is finite under the conditions of (jii)dan

- - t the martingale property then follows from the represeatati
My (0= ST 0) = (T O) + [ a(W(s)ds}. (35 (39) [43] D
In this case, we writgg = Af.
The following version of Itd’s formula (37) is used to IV. VALUE FUNCTIONS
identify a large class of functions within the domain .4f We now develop structural properties of the value functions

This result will be applied repeatedly in the treatment fssociated with the fluid and CBM models. At the same time,
value functions that follows. Given a functiofi W — R, e establish a strong form of geometric ergodicity for the
the differential generator is expressed processﬁ\/ under an affine policy.
Dfi=—6Vf+Af, (36) . It w.iII be useful to introduge glscaling parameter> 0 to
investigate the impact of variability,
whereAf:=>", j(E(i,j)%;f) is the weighted Laplacian. —~
Theorem 3.4:Suppose that the seR is given in (27), W(#) = w=0t+1(t)+vEN(?), W(0) =weW, (40)

and that the pointwise projectiofr|: R — R exists. inwhich the idleness process is determined by the affineyoli

Suppose thaf: R" — R is continuously differentiabley f  (34). We restrict to affine domains of the form,
is uniformly Lipschitz continuous on compact sets, and that

Af exists for a.ew € R. Then, R(k) = {w e R : (n,w) > —kP;, 1<i<ng}, (41)

(i) For each initial conditionV(0) € R, where x > 0 is the constant used in (40§ € R'" is a

- t - constant vector, angin’} C R™. This is motivated by affine
fW (@) = f(W(0)) +/ [DfI(W (s)) ds approximations of optimal policies of the form obtained in
0 [17] and reviewed in Section II-C.

+/ <Vf(W(s)),dI(s)> (37) We consider/t\wo processes on the dom&ix): The

Ot minimal proces3¥V satisfying (40); and also the deterministic
+/ (Vf(/W(s)),dN(s)) minimal solutionw on R(x) defined in (28). When we wish

0 to emphasize the dependency erand the initial condition
w € W we denote the workload processes B(t; w, k),
w(t; w, k), respectively.

Let7, denote the steady-state mean‘:@(t; w, k)). When
(p(w),Vf(w)) =0, wETR, (38) x = 1 we drop the subscript so that = 7;. The value

(i) Suppose thato € interior(R), and in addition the
following bounary conditions hold,



functions considered in this section are defined for the flublyhedronR, = {y € R? : y < 0} is also contained ir©O

and CBM workload models respectively by, since[y]+ = 0 and¢([y]+) = 0 on R4. This reasoning leads
oo to a representation of the form (48) whéh= R?.
J(wik) = / c(w(t;w, k) dt; (42)  We list here some key assumptions imposed in the results
V. that follow:
h(w; k) = /0 (E[E(W(t;wvﬂ))] - ﬁn) dt, (43) (A1) For eachx > 0, the setR(x) has non-empty

_ interior, satisfiesR(x) C R, and the pointwise projection
wherew € W andx > 0. We again suppress dependency ON, . R™ — R(k) exists.

k whenk = 1. 00
Consider for the moment the special case: 1. Assuming (A2) I{(w — dt) € O°} dt = 0 for eachw € R", k > 0.
that the integral in (43) exists and is finite for each we o
obtain from the Markov property the following represergati (A3) 9 € interior(R(0)).
for eachT > 0,

(W (T;w)) = Ele(W (; Fr] — 1) dt.
(W(T5w) /T ( Wt w)) | Frl 77) In our consideration of the fluid value function we require

It then follows that the stochastic proced$), defined below SOMe structural properties fas. The following scaling prop-

A. The fluid value function

is a martingale for each initial conditiom € W, erty follows from the definitions:
- Lemma 4.1:%(t; w, k) = kw(x~t; s tw, 1) for eacht >
My (t):=h(W(t; w)) — h(w) 0, k>0, andw € R(k). O

(44) Theorem 4.2 establishes several useful properties of ttue flu

t
+/ [E(W(s,w)) —7n]ds, t=>0. i i - .
0 value function. To illustrate the conclusions and assuomgti
Hencer is in the domain of the extended generator, and solv&§ again turn to the KSRS model. Consider first the case in
and the constraint regioR = W = R2. Assumption (A2)
Ah = —c+17). (45)  does not hold: The integral in (A2) is non-zero for any non-
zero initial conditionw on the diagonal inR3. The value
function is given byJ(w) = %6;" max(w?,w3), which

This is also calledPoisson’s equatiognand the functiorm is
known as theelative value functiorj48]. General conditions ! 5 _ i . _
under which both the steady-state meaand the integral in 'S Mot C° on R%. This explains why (A2) is needed in
(43) are well defined are presented in Theorem 4.5. Theorem 4.2 (i). ) ) _

We begin in Section IV-A with the simpler fluid model. The 10 S€€ Why (A3) is required in Theorem 4.2 (iii) we take
proof of Proposition 2.1 can be generalized to conclude tHiit = 492; ¢(w) = wi+wz; andR = {0 < w, 1§ 3wy < 9w J.
the value function/ is continuous and piecewise-quadratic if*SSUMPptions (A1) and (A2) hold, and tf@" value function
the general fluid model considered here (see e.g. [49, SectiBdy Pe explicitly computed:

4.2].) Our goal is to show thaf is a smooth solution to the L ) L[ 3 -1
dynamic programming equation (12), which is equivalently’ (w) = sw'Dw, w € R, with D = 34 [_1 15]-
expressed,

DoJ = —¢ (46) Although smooth, we havgg—zJ(w) # 0 and¢(w) = 0 along

) . . . . the lower boundary ofR. This is possible since the model
where the differential generator for the fluid model is deding ;g ates (A3).

in analogy with (36) via, We note that the value function for the discrete-time con-

Dof := -8V, feCcH(w). (47) strained linear quadratic regulator problem is also smaath
_ _ _ piecewise quadratic under general conditions [50], [51].
To show thatJ is smoqth we d|fferent|at_e.t_he worlflpad Theorem 4.2:Under (A1) we have/(w; k) < oo for each
processio(t) = [w — dt] 4 with respect to the initial condition ,;, ¢ w, x > 0, and the following scaling property holds:
w. Let O C R™ denote the maximal open set such that
andé([y]) are eactC! for y € O. Generally, sinceé and the  J(w;k) = s*J(k 'w;l),  weR(K), k>0. (49)
projection are each piecewise linear Rf, it follows that the

setO can be expressed as the union, If in addition (A2) holds, then for each > 0,

(i) The functionJ: R(k) — R, is piecewise-quadratic,

o= J R O =R" (48) C*, and its gradienVJ is globally Lipschitz continuous
1<i<no on R(k).
where each of the setsR; : 1 < i < no} is an open (i) The dynamic programming equation (46) holds on
polyhedron. Note that) and the set§R;} will in general R(K).
depend upor. (i) The boundary conditions (38) hold fof, where ¢(w)
For example, consideration of the KSRS model with= is defined in (30) with respect to the regid(x). If in
R2, we see from Figure 2 that], andc([-].) are both linear addition (A3) holds, then the functiop does not vanish

on each of the setSR;, Ry, R3} shown in Figure 3. The open on IR (k).
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PROOFE The scaling property (49) follows from Lemma 4.1.B. Regeneration and ergodicity

The dynamic programming equation (ii) is simply the A stationary version of the workload process can be con-
fundamental theorem of calculus: See (11) and surroundig@ucted using the shift-coupling technique [52]. Supptbse

discussion. the Brownian motionV is defined on the t two- sided interval
To establish the smoothness property in (i) we define fgfith N (0) = 0, and construct a proce3¥ " on R, initialized
t>0,k>0,we R(k), at time—s. For a given initial condition € R, this is defined
N on the interva[—s, co) with initial conditionWW* (—s; w) = w,
Lt w, k) == Vu{e(@(t; w, £))}, (50) " and noise procesd’*(t) := N(t) — N(—s), t > —s. Suppose

that all of the processes are initialized«at= 0. Then, for

any fixedt, it can be shown thafi¥*(¢;0) : s > 0} is non-

decreasing irs for s > —t. Consequently, the following limit
exists with probability one,

whenever the gradient with respectdoexists. Letll: O —

R™*™ denote then x n derivative of [-]; with respect to
w. The matrix-valued functiorll is constant on each of
the connected components &f. The gradient (50) exists
whenevery(t) := w — 6t € O for a givenw € R, t > 0, /V[7°°(t) := lim /I/I73(t;0), —00 < t < o0. (52)

and by the chain rule, see
It follows from the main result of [24] that the controlled
L(t;w, k) =T(y(t)" ({Vwe} ([y(t)]+)). processW is ergodic, so thatV*>°(t) is a.s. finite.

The following generalization of Lemma 4.1 allows us to
Under (A2) we havey(t) € O for eachw € R(k), and a.e. restrict tox = 1. Its proof is immediate from the scaling

teRy. formulaxN (k1) £ \/EN(t), t > 0.
We conclude that, for eacl € W, the gradient (50) exists | amma 4.3:W(t-w ®) 4 H’W(th. k1w, 1) for each
for a.e.t > 0. Lipschitz continuity ofe(@(t;w, ) in (t,w) 4> 0, x> 0, andw € R(x). ’ ’ -

then leads to the representation,
P As one consequence of Lemma 4.3 we see that the steady-

T (w) state cost scales linearly,, = xn; for k > 0. Lemma 4.3
Vwd (w; k) :/ L (t; w, k) dt, (51) combined with Proposition 3.3 also implies a weak form of
0 stability:
where the minimal draining time for the fluid model is the Proposition 4.4:1f (A1) holds then the minimal process on
piecewise linear function, R with k = 1 satisfies, for eaclp > 1, w € W,
f*(w) - 1@?2% 5;1101‘, w e W. rlggo E[HT_IW(N; rw)lfF} =0, ¢ >T"(w). (53)

PrRooOFE From Proposition 3.3 we obtain the bound, for each

The range of integration in (51) is finite sin€ét;w,x) =0 =0, £>0, weW,

fort>T*() W(t;w, k) — Dt w, k)| < k VE|N 54
The proof of (i) is completed on establishing Lipschitz IW(tsw, 5) =@t w, K} < krv/elNllog-— (54)

continuity of the right hand side of (51) For a given initialf ¢t > T*( ) thenw(t; w, k) = 0 for eachx > 0. Combining

condition w € R(k), let {R¥ : i = 1,...,m} denote the bound (54) with Lemma 4.3 we conclude that, for any

the sequence of regions ifiR;} (defined in (48)) so thatp>1,¢t> T*( )

y(t) :=w — 6t enters region§ RY’, RY, ... } sequentially. We 1, -1

setT, = 0, let T; denote the exit time fronRY, and set RPE(IW (5™t 5™ w) 7] < (kn/R)PE(IN 0,11}

Ly:=T(t;w, k) for t € (T;-1,T;), i > 1. From the forgoing  an application of [53, Corollary 37.12] shows tHefy| N |f,
we see that the gradient can be expressed as the finite Su finjte for eacht > 0, p > 1. The conclusion (53) is obtamed

1 on settingr = k1. O
— T g (w)T;. The limit (53) is precisely the form of fluid-scale stability
i=1 assumed in [27] to formulate criteria for moments in a

stochastic network. For a given functigh R — [1, c0), and

Each of the function§T;(w)} is piecewise linear and contin-¢, - 5 pair of probability distributiong, v on B(R) we define,

uous onR(x) under (Al) and (A2), and this implies th&tJ

is Lipschitz continuous. lee — vl := sup |p(g) — v(g)]-

To see (iii), fixw € OR(x), andw’ € interior(R(k)). Then lgl<f
w’ = (1 - §)w + uw’ € interior(R(x)) for eachd € (0,1]. Define f,(w) = ||w||? + 1 for w € W, and let{P* : t > 0}
Consequently, applying (i) we have fére (0, 1], denote the Markov transition group f&% with «x = 1.

The main result of [23], [24] establishes positive recuceen
of the reflected diffusionW. The following result extends
these results by establishing polynomial moments, and a
polynomial rate of convergence of the underlying distritois.
Theorem 4.5:Suppose that (A1) holds. Then, the minimal
process orR with k = 1 satisfies

(6, VJ(w?)) = &(w?), and (§(w), VJ(w)) = &(w).

This combined with continuity ofV.J and ¢ establishes the
boundary property¢(w), VJ(w)) = 0. It is obvious from
(30) thatg(w) # 0 on the boundary under (A3).
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(i) The limiting processf/[\/'OO exists, and its marginal dis- The identity) = 7(besy) iS Obtained as follows. We have
tribution 7 on R is the unique steady-state distributiorfrom Theorem 3.4 the representation,
for W. t

(i) The steady-state distribution has finite moments, and.J(W(t)) = J(W(O))Jr/ (—c(W(s))erCBM(W(s))) ds
tli%otpHPt(w, )=m(-)|ly, = 0foreachp > 1, w € W. 0

(i) There is a compact sefy ¢ W s. t. for each integer +/ <VJ(W(S)),dN(S)>,
p > 0, there is a finite constarit, satisfying, 0

Ty SettingW(O) ~ 7 and taking expectations gives,

E[/ £V (w0) dt] < kyfora(w), we W, _ .
0 (55 170 = E[ /0 E(W(s))} - E[ /O bCBM(W(s))} = t7(bea)-

wherer¢, denotes the first entrance time 9. O

PROOFE Analogs of (i) and (ii) are obtained in [27, Theo-
rem 6.3]. Although this paper concerns networks with reriewe The relative value function

input processes, the proof in the present setting is idantic _ ] - )
Part (iii) is [27, Proposition 5.3]. 0 .The main result of this section is Theorem 4.9, which pro-
h 45 b hened under (AL)—(A3) i vides a bound on the erréi{w) = h(w; 1) — J(w; 1) between

eorem 4.5 can be strengthened un er (AL)~(A3) since relative value function and the fluid value function. We
may then (_:onstruct a Lyapunov function based on the ﬂuf st obtain bounds o based on the dynamic programming
value funqlon. . equation (46), along with an analog of Theorem 4.2.
__Proposition 4.6:$gppose that (A1)—(A3) hold. Then, with Theorem 4.8:Under (A1) we haveh(w;x) < oo for all
W equal to the minimal process dd with « = 1, w e W, k> 0, and the following scaling property holds:

(i) The fluid value functionJ is in the domain of the N T

extended generator, andlJ = D.J = —¢ + begy, Where h(w; k) = K"h(k™ w; 1), w e R(x), £>0. (57)

beew is defined a.e. ofR by, Moreover, for eachs > 0,
beon(1) = 1A (w) (56) (i) For some constant > 0, and allw € R(k),
—kr? < h(w; k) < k(K2 + |Jw|?), w e W.

(i) The functionV = +/1+J is in the domain of the ] ] ) )
extended generator, and for somg > 0, ky < oo, (i) If »’ is another solution to Poisson’s equation (45) that

and a compact sef, C R, is bounded from below, then there is a constansuch
thath'(w; k) = h(w; k) + k' on R(k).
AV =DV < —eo + kolg, PrROOFE The scaling property (57) follows directly from

Lemma 4.3 and the formula (43). Without loss of generality
we restrict tox = 1 in the remainder of the proof. .

To prove (i) note first that Theorem 4.5 (iii) implies tHat
is * fp-regular, with bounding functiorf, 1’ [26], [56], where
fp(w) = ||w||” +1 as above. This means that for eacthere
AVy = DVy < —egViy + by existsk, < oo such that for any sef with positiver-measure
there isks < oo satisfying for allw,

(iiiy The functionVy = ¢’V is in the domain of the extended
generator for eackt > 0. There exists}y > 0 such that
the following bound holds for eaclt € (0,d,]: For
finite constantsy > 0, by > 0,

PROOF. Theorem 4.2 (iii) implies thaf satisfies the boundary i
conditions required in Theorem 3.4 (ii), and henktés in the E{/ ¢ fp(W(s;w))ds} < kpfpri(w) + ks, (58)
domain of A. Each of the functions considered in (ii) and (iii) 0 B

also satisfies the conditions of Theorem 3.4 (ii) since thesgpecializing top = 1, it then follows from [48, Theorem 3.2]

properties are inherited fromi. that a solutiong to Poisson’s equation exists with quadratic
The bounds orD in (i) and (iii) follow from the identity growth satisfying for eaci” > 0,

DJ = —¢ + begy, and straightforward calculus. a T
We say thai¥ is Vy-uniformly ergodidf for somedy > 0, Elg(W(T;w))] = g(w) — /O (E[E(W(t;w))] - 77) dt.

b , and allt > 0, W, . . . .
<00 = we Letting T — oo and applying Theorem 4.5 (ii) then gives

| Pt(w, -) —7(-)|lv, < bgVi(w)e %t. m(g9) = g(w) — h(w), with h defined in (43), so thafh| is
also bounded by a quadratic function of
See [26], [3], [54], [55] for background. Let S ¢ R be any compact set with non-empty interior. The

Theorem 4.7:Suppose that (A1)—(A3) hold withk = 1. optional sampling theorem implies th@d/;, (¢t A 7s) : t > 0}
Then, the steady-state mean satisfies= 7(¢) = 7(beew), is a martingale, and it can be shown using Theorem 4.5 and
and the minimal proces® is Vy-uniformly ergodic for each (58) that it is uniformly integrable. Consequently, we adbta
6 € (0,9). the expressionE[M),(1s)] =

PROOF. Vy-uniform ergodicity follows from [25, Theo- = = ~ _
rem 6.1] and Proposition 4.6 (iii). E h(W(TS’w))_h(w)JF/O (W (siw))—ijds| = 0. (59)
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On settingS = {w : ¢(w) < 7} we obtain the lower bound, The time-average variance constant (TAVC) is given by
h(w) > inf,es h(w"), completing the proof of (i). 1 T 5
The uniqueness result (i) is given in [6, Theorem A3]. 7% = lim —E,T[(/ c(W(t)) —ﬁdt) } (63)
Although stated in discrete time, Section 6 of [6] contains T—oo T 0
a roadmap explaining how to translate to continuous tinte. The limit in (63) exists and is finite under the assumptions of
Note that the identity (57) implies that 2h(rw;1) = Theorem 4.7, and hgs the_ glternative reprgsentation insterm
h(w;r=')  —  h(w;0). Similarly, (49) implies that of the mean quadratic-variation of the martingalg;:
r=2J(rw;1) = J(w;r~t) — J(w;0), asr — oo, and it
follows thatr=2|E(rw)] — 0 asr — oo since h(w;0) =
J(w;0). This is a version of the error bounds explored in [6]This follows from [26, Theorem 17.5.3], which establishes
[32] (see also [8].) The following result provides a sub&tn a version of (63) for any discrete-time geometrically-efigo

v = %E,r [(MA(T))?], T>0. (64)

strengthening of this asymptotic bound: Markov chain. The proof in continuous time is identical [54]
Theorem 4.9:Under (A1)—(A3) the value functions and To investigate the impact of variability and load we conside
J differ by a function with linear growth, a second scaling of the CBM model,
el _ W(t) =w— (1- )6t + I(t) + VEN(t), t>0. (65)
wer 1+ [lwl]

The idleness process is again determined by the affine pol-
icy using the regionR(x) defined in (41). The parameter
0 < o < 1 is interpreted ametwork load and x > 0

PROOF. We have noted thab;, is a martingale, andvVf ;
is a martingale by Theorem 3.4 (iii). Consequenflf ¢ :=
M, — M ; is a martingale, and can be expressedtfor 0

by Me(t) = again determines variability of the model. The correspogdi
£ deterministic process oR(x) with drift (1 — p)d has value
= function,

E(W(t;w))—E(W(O;w))—l-/O [besu(W (s;w))—7] ds . (60)

(w; K, 0) Jw;k), k>0,0<p<1, weR(k).

J = —
LetCy C W denote the compact set found in Theorem 4.5 (iii). 1—0p

The martingale property foi;, implies the representation  proposition 5.1: Suppose that (A1)-(A3) hold, and that

(59), and combining (55) with Ito's formula (37) we obtaing, —  for all i. Then, the TAVC for the procesd’ defined
the analogous expression fad ;. On subtracting, we obtain jn (65) is non-zero, and satisfies

for each initial condition, (3
2 2
(0, k) = ———~°(0,1), 0<p<1, k>0.
( (1-0)* ©.1)

PrRooF: This follows from the following scaling arguments.
Consider first a simple spatial scaling: L& denote the
process withp = 0, > 0 arbitrary. For eacke > 0, the
processWe(t) := W (t), t > 0, is a version of (65) with

E(w) = E[e(W (10 w)) + /OT% bean(W (s w)) — 7 ds

(61)
To complete the proof, observe that the functibn, is
bounded anc,, [7¢,] has linear growth by Theorem 4.5 (iii)

with p = 0. O / 2
) ) ) o =1—¢, andx’ = e°k. Consequently,
An analysis of the differential generat®r reveals that the - ) )
invariant distributionr is of a computable, exponential form e y(0,k5) =" (1 —e,e°k), >0, K>0.

under certain conditions on the CBM model and the ponhedraICOnSider next a temporal-spatial scaling: W is the
regionR. Unfortunately, these conditions are fragile (see [S@OIution o (65) orfR, then W (1) — sW(t/g) t.> P e

[58] and the references therein.) Computational methods &l solution to (65) withp unchanged, and variability parameter

investigated in [59]. , . = e This combined with the definition (63) leads to the
Given the complexity of computation of the invariant d*smidentity

bution, we may turn to simulation in order to evaluate a given
. 3.2 A2
policy. ey (0,k) =v*(0,er), 0<p<1l, k>0,¢e>0.

Combining these bounds gives the desired relation.
V. SIMULATION Finally, positivity of the TAVC follows from the represen-
In this section we describe how Theorem 4.2 provideation (64). O

theoretical justification for the construction of a smoathe T, investigate the potential for variance reduction we con-

estimator of the form described in Section 1I-D. ~ sider the following generalization of the smoothed estonat
It is unlikely that one would be interested in simulating &y [10]:

CBM model. However, we expect that the bounds obtained T

here will have analogs in a discrete queueing model. 0s(T) = i/ beaw(W () dt, T >0, (66)
The following definitions are all generalizations of those T Jo

used in our treatment of the KSRS model. The standafghere b, is defined in (56) whens = 1 and o = 0. For

estimator is again defined as the sample-path average,  arbitrary0 < o < 1, x > 0, we set

o~

T
nT) = _/0 c(W(t))dt, T>0. (62) begu(w; 0, k) = (

K
1-9

) beew(ktw), w € R(k), (67)
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which is precisely as beforéeg, := ¢ + DJ. This definition VI. LINEAR PROGRAM BOUNDS
is entirely analogous to the shadow function used in (18) forWe now show that smoothness of the fluid value-function

the CRW model. leads to an algorithmic approach to performance approxima-

In the next result we demonstrate that theler of the tion’ based on the |inear-programming approaches of [l’]’ [2
TAVC is not improved in the smoothed estimator, unléss  [3], [4], [5], [8].

is constant ori. Suppose that and the regionR satisfy (A1)—(A3). Let
Proposition 5.2: Suppose that (A1)-(A3) hold. Then, the{(Rr; : i = 1,...,m} denote open, connected polyhedral
following hold for the proces$¥ defined in (65): regions satisfying the following: The functioh,, given in
(i) The smoothed estimator is consistent. That is, (56) is constant on eacl;, ¢ is linear onR;, andR =
closure(UR;).
0(T) — 7, T - c0. We consider a family of continuous, piecewise linear func-

tions {k% : 1 < i < ny}. It is assumed that each of these

(i) Whenx =1 andp = 0, the TAVC is given by the mean functions_ is linear on each of the se{tRj}: ansequgntly, the
quadratic-variation of the martingale defined in (60): Fossumptions of Theorem 4.7 hold: Lettifg’ : 1 < i < n,}
eachT > 0, denote the associated' value functions, and settinty,, =

DJ' + k', we obtain the identityr(k?) = 7 (bl,,) for eachi.

1 2 These identities are interpreted as equality constraielsb
2(0,1) = =E, [(Me(T))?]. 68 ! _ °TP quality o

75 (0,1) [( e )) } (68) The variables in the linear program are definedifet ¢ <

o ) ) . . < i<
This is zero if and only ifbeg, is constant onR, in m 1 <j<m,by

which casebegy(w) = 7. P; = n(R;), Yij = Ex[Wi(t)Ig,].
(iii) If B; = 0 for all 4, then the TAVC again satisfies, ,
We have several constraints:

3 (a) Mass constraintsP; > 0 for eachj, and)_ P; = 1.

74’7.3(071)1 0<o<1, k>0. ) . -
(1-0) (b) Region constraintdor exampleY;; > Ys; if Wy > ws
ProoF. Consistency follows from Theorem 4.7 (recall that within region R;.

7:=7(¢) = m(beau).) The representation (68) is obtained just (¢) vajue function constraintsor some constantu;; }
as (64) is obtained for the standard estimator. R and vectors{w™ : 1 <i<my, 1 <j<n}cCR"we

The scaling result (iii) follows from (67) and the same Rhayve the representations for ahy< j < nq, 1 < i < no,

v2(0, k) =

arguments used in the proof of Proposition 5.1. O ; . y

While the conclusion of Proposition 5.2 (iii) is negative, i bean(w) = aiji K(w) = (@, w), we K.
numerical experiments such as illustrated in Figure 5 wehav Letting Y7 = (Y3,,...,Y,;)" € R", 1 < j < n;, we obtain
seen dramatic variance reductions. from Theorem 4.7, for eache {1,...,ns},

An alternative way to evaluate a simulation algorithm is ny ny
through confidence bounds. Given> 0 we are interested in Z@U, YY) = m(k") = m(bly) = Zaiij . (89)
bounding the error probabilit{|7s(t) — 7] > €}. Typically j=1 j=1

one seeks a ‘Large Deviation’ bound so that this probability o ) . .

decays to zero exponentially fast &s+ oo. However, even (d) Objective functionThere isd ¢ R**™ such thatj:=

for the simple M/M/1 queue it is shown in [11] that the Large (@) = 32 di;Yij.

Deviations Principle fails. We illustrate this construction using the CBM workload
The story is very different when using the smoothed estimglodel for the KSRS network. We assume that the covariance

tor. The proof of Theorem 5.3 follows from [55, Theorem 6.81alrix satisfies;, = Yo, > 0, and thaty = (41, 61)" > 0.

and Theorem 6.5] combined with Theorem 4.7. The ‘rate Consider first the affine policy (34) witR = {w € W :

function’ A* is the convex dual of the usual log-moment1/3 < w2 < 3w:}. The cost function restricted @& is the
generating function. Without loss of generality we resttw Sa@me in Cases | and II, and the common value function shown

k=1 in (14) is purely quadratic ofR. Consequently, in this case
Theorem 5.3:Suppose that the CBM model dd satisfies We haveh = J, and
(A1)-(A3). If beay is Not constant orik, then the smoothed 7 = 7 (beow) = beow = 2671 (3511 — D1a). (70)
estimator (66) satisfies the following exact Large Deviadio
Principle. There i, > 0, and functions : [—&o, g0] x R — Consider now the minimal process & = R? in Case I.
R4, A*: R — R, such that for each < ¢ < gg and initial The functionbes, is Not constant, so it is not obvious that we
conditionw € R, can compute] exactly using these techniques when=W.
To construct an LP we restrict to the following specifi-

P{A.(T) >7+e} ~ —=H(c,w)e ™™ T T oo cationsing = 3, with {R; : i = 1,2,3} as shown in

varT Figure 3, andn, = 2, with k' (w) = wy + wy andk2(w) =

max(%wl, %wg, i(wl + wy)).

i i 7. <n-—eh 1 . .
An analogous bound is obtained {7, (') < 7 -} H We thus obtain the following constraints:
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(&) Mass constraintsP; + P, + P3 =1 The steady-state mean for the process restricted to therregi
(b) Region constraintsWe haveY;; > 0 for all 4, j since R, is strictly greater than the upper bound (71) obtained for

W C R2. Moreover, on considering the structure of the sef§€ minimal process ow. This is consistent with the fact that
{R;} we obtain,3Ys; < Vi1, and3Yy; < Yas. In addition the minimal process oW is optimal whenevet is monotone.
T 1 — 1 — . )

there are numerous symmetry constraints. For example,
P, = Ps, andY12 =Y Since51 = 52 andEll = Yoo. VIl. CONCLUSIONS

(c) Value function constraintsThe value functionJ! is The fluid value-function has several desirable properties
a pure quadratic. In fact, if(w) = (k',w) is any linear that provide new algorithms for simulation and performance

function onW, then bounds in stochastic networks, and improved motivation for
o 1o the application of recently-proposed algorithms.
J(w) = 307 (kywi + kyw3), weW. There are several immediate extensions to be considered.
We conclude from Theorem 4.7 thaEﬁ[/Wl )] = (i) In [7] the fluid value-function is proposed as an initial-

ization in value iteration to compute optimal policies. It
would be worthwhile to revisit this approach for both
CBM and CRW network models.
(i) We have not yet considered examples to test the linear
programming techniques on CRW network models.
(d) Objective functionin Case | we have, (iii) In many applications a linear cost function is not appr
_ T 1 1 1 priate. For example, it may be desirable to obtain bounds
Ex[e(W D] = 5701 + 1(Y12 + ¥o2) + 5¥2a. on the moment generating functicE}r[exp(ﬁTﬁ/\(t))]
We conclude with results from one numerical experiment  for 3 € R™.
in Case I, using parameters consistent with the values uséf) Many of the ideas in this paper may find extension to
in the simulation illustrated in Figure 5 for the controlled  entirely different areas. In particular, the ODE method
random walk model (2). The first-order parameters were dcale ~ commonly used in the analysis of stochastic approxima-

Eﬁ[WQ(t)] = 167 '%1;. The value function/? is given in
(13). The identity (69) then implies the equality consttain
Y11+ 2(Yio + Yao) + Vo3 = 07 ' [AS11 PL + £ (3511 —
S12) P2 + $522P5).

as follows: tion is completely analogous to the use of a fluid model
in the stability analysis of a stochastic network [60]. We

p=K[1,1/3,1,1/3], a=1Kp.[1,0,1,0], are currently investigating the potential for variance re-

where K is chosen so thaty(u + ai) — 1, and duction in stochastic approximation, and related learning

pe = 0.9. The effective cost was similarly scaled,w) = algorithms.

K max(w; /3, w2/3, (w1 4+ wy)/4) for w € R2.

The random variableqS;(k), A;(k)} used in (2) were Acknowledgments
taken mutually independent, with the variance of each remdo This project grew out of on-going discussions with Shane
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' ' Ruth Williams provided numerous suggestions for clarifyin
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