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1 Introduction

In this paper, we consider semi-infinite programming problems consisting of a
possibly uncountable number of constraints. As a special case, we also study
the determination of a feasible solution to an uncountable number of inequal-
ity constraints. Computational problems of this form arise in optimal and
robust control, filter design, optimal experiment design, reliability, and nu-
merous other engineering problems in which the underlying model contains
a parameterized family of inequality constraints. More specifically, these pa-
rameters may represent time, frequency, or space, and hence may vary over
an uncountable set.

The class of problems considered here are known as semi-infinite program-
ming problems since the number of constraints is infinite, but there is a finite
number of variables (see e.g. [7, 15, 18] and references cited therein). Several
deterministic numerical procedures have been proposed to solve problems of
this kind. Standard approach is to approximately solve the optimization prob-
lem through discretization using a deterministic grid (for a recent survey see
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[19], and also [8, 16]). The algorithms based on this approach typically suffer
from the curse of dimensionality so that their computational complexity is
generally exponential in the problem dimension, see e.g. [25].

This paper explores an alternative approach based on Monte Carlo meth-
ods and randomized algorithms. The use of randomized algorithms has become
widespread in recent years for various problems, and is currently an active area
of research. In particular, see [24] for a development of randomized algorithms
for uncertain systems and robust control; [1, 5] for applications to reinforce-
ment learning, and approximate optimal control in stochastic systems; [4, 22]
for topics in mathematical physics; [13, 14] for applications in computer sci-
ence and computational geometry; [6] for a treatment of Monte Carlo methods
in finance; and [21] for a recent survey on Markov Chain Monte Carlo meth-
ods for approximate sampling from a complex probability distribution, and
related Bayesian inference problems.

The main idea of this paper is to reformulate the semi-infinite program-
ming problem as a stochastic optimization problem that may be solved using
stochastic approximation methods [9, 11]. The resulting algorithm can be
easily implemented, and is provably convergent under verifiable conditions.
The general results on Monte Carlo methods as well as the theoretical re-
sults reported in this paper suggest that the computational complexity of
the proposed algorithms is considerably reduced in comparison with existing
deterministic methods (see also [20]).

The paper is organized as follows. Section 2 contains a description of the
general semi-infinite programming problems considered in this paper, and an
equivalent stochastic programming representation of these semi-infinite pro-
gramming problems is proposed. Randomized algorithms to solve the stochas-
tic programming problems are introduced in Section 3, and convergence proofs
are contained in the Appendix.

2 Semi-Infinite Nonlinear Programming

The semi-infinite programming problems studied in this paper are based on
a given Borel-measurable function g : R

p × R
q → R. This function is used to

define the constraint region,

D = {x ∈ R
p : g(x, y) ≤ 0, ∀y ∈ R

q}. (1)

The problems considered in this paper concern computation of a point in D,
and optimization of a given function f over this set. These problems are now
described more precisely.
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2.1 Two general computational problems

1. Constraint set feasibility

Is D non-empty? And, if so, how do we compute elements of D? That is, we
seek algorithms to determine a solution x∗ ∈ R

p to the following uncountably-
infinite system of inequalities:

g(x, y) ≤ 0, ∀y ∈ R
q (2)

2. Optimization over D

For a given continuous function f : R
p → R, how do we compute an optimizer

over D? That is, a solution x∗ ∈ R
p to the semi-infinite nonlinear program,

Minimize f(x)

Subject to: g(x, y) ≤ 0, ∀y ∈ R
q

(3)

These two problems cover the following general examples:

Min-max problems

Consider the general optimization problem in which a function f : R
p → R is

to be minimized, of the specific form,

f(x) = max
y

g(x, y), x ∈ R
p,

where g : R
p×R

q → R is continuous. Under mild conditions, this optimization
problem can be formulated as a semi-infinite optimization problem (for details
see [15]).

Sup-norm minimization

Suppose that H : R
p → R

r is a given measurable function to be approximated
by a family of functions {Gi : i = 1, . . . , p} and their linear combinations. Let
G = [G1| · · · |Gp] denote the p× r matrix-valued function on R

q, and consider
the minimization of the function,

f(x) = sup
y

‖H(y)−G(y)x‖, x ∈ R
p.

A vector x∗ minimizing f provides the best approximation of H in the supre-
mum norm. The components of x∗ are then interpreted as basis weights.
This is clearly a special case of the min-max problem in which g(x, y) =
‖H(y) −G(y)x‖.
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Common Lyapunov functions

Consider a set of parameterized real Hurwitz matrices A = {A(y) : y ∈
Y ⊆ R

q}. In this case, the feasibility problem is checking the existence of a
symmetric positive definite matrix P > 0 which satisfies the Lyapunov strict
inequalities

PA(y) +AT (y)P < 0, ∀y ∈ Y ⊆ R
q.

This is equivalent to verify the existence of P > 0 which satisfies

PA(y) +AT (y)P +Q ≤ 0, ∀y ∈ Y ⊆ R
q,

where Q > 0 is arbitrary. Clearly, the existence of a feasible solution P > 0
implies that the quadratic function V (x) = xTPx is a common Lyapunov
function for the family of asymptotically stable linear systems

ż = A(y)z, ∀y ∈ Y ⊆ R
q.

This feasibility problem can be reformulated as follows: Determine the
existence of a symmetric positive definite matrix P > 0 to the system of
scalar inequalities

λmax(PA(y) +AT (y)P +Q) ≤ 0, ∀y ∈ Y ⊆ R
q,

where λmax(A) denotes the largest eigenvalue of a real symmetric matrix A.
This observation follows from the fact that λmax(A) ≤ 0 if and only if A ≤
0. We also notice that λmax is a convex function and, if λmax is a simple
eigenvalue, it is also differentiable, see details in [10]. In the affirmative case
when this common Lyapunov problem is feasible, clearly the objective is to
find a solution P > 0.

2.2 Equivalent Stochastic Programming Representation

Algorithms to solve the semi-infinite programming problems (2), (3) may be
constructed based on an equivalent stochastic programming representation.
This section contains details on this representation and some key assumptions.

We adopt the following notation throughout the paper: The standard Eu-
clidean norm is denoted ‖ · ‖, while d(·, ·) stands for the associated metric.
For an integer r ≥ 1 and z ∈ R

r, ρ ∈ (0,∞), the associated closed balls are
defined as

Br
ρ(z) = {x′ ∈ R

r : ‖z − z′‖ ≤ ρ}, Br
ρ = Br

ρ(0),

while Br denotes the class of Borel-measurable sets on R
r.

Throughout the paper, a probability measure µ on Bq is fixed, where q ≥ 1
is the integer used in (1). It is assumed that its support is full in the sense
that
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µ(A) > 0 for any non-empty open set A ⊂ R
q. (4)

In applications one will typically take µ of the form µ(dy) = p(y) dy, y ∈ R
q,

where p is continuous, and strictly positive. A continuous function h : R → R+

is fixed with support equal to (0,∞), in the sense that

h(t) = 0 for all t ∈ (−∞, 0], and h(t) > 0 for all t ∈ (0,∞). (5)

For example, the function h(t) = (max{0, t})2, t ∈ R, is a convex, C1 solution
to (5).

Equivalent stochastic programming representations of (2) and (3) are
based on the probability distribution µ, the function h, and the following
condition on the function g that determines the constraint region D:

g(x, ·) is continuous on R
q for each x ∈ R

p. (6)

The following conditional average of g is the focus of the algorithms and
results in this paper,

ψ(x) =

∫

h(g(x, y))µ(dy), x ∈ R
p. (7)

The equivalent stochastic programming representation of the semi-infinite
problems (2) or (3) is based on the following theorem:

Theorem 1. Under the assumptions of this section, the constraint region may
be expressed as

D = {x ∈ R
p : ψ(x) = 0}.

Proof. Suppose that x ∈ D. By definition, the following equation then holds
for all y ∈ R

q,
h(g(x, y)) = 0.

This and (7) establish the inclusion,

D ⊆ {x ∈ R
p : ψ(x) = 0}.

Conversely, if x /∈ D, then there exists y ∈ R
q such that g(x, y) > 0.

Continuity of the functions g and h implies that there exist constants δ, ε ∈
(0,∞) such that

h(g(x, y′)) ≥ ε, for all y′ ∈ Bq
δ (y).

This combined with the support assumption (4) implies that

ψ(x) ≥

∫

B
q

δ
(y)

h(g(x, y′))µ(dy′) ≥ εµ(Bq
δ (y)) > 0,

which gives the reverse inclusion,

Dc ⊆ {x ∈ R
p : ψ(x) 6= 0},

where Dc denotes the complement of D.
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Let Y be an R
q-valued random variable defined on a probability space

(Ω,F ,P) whose probability measure is µ, i.e.,

P(Y ∈ B) = µ(B), B ∈ Bq.

It follows that ψ may be expressed as the expectation,

ψ(x) = E(h(g(x, Y ))), x ∈ R
p, (8)

and the following corollaries are then a direct consequence of Theorem 1:

Corollary 1. A vector x ∈ R
p solves the semi-infinite problem (2) if and only

if it solves the equation
E(h(g(x, Y ))) = 0.

Corollary 2. The semi-infinite optimization problem problem (3) is equiva-
lent to the constrained stochastic optimization problem

Minimize f(x)

Subject to: E(h(g(x, Y ))) = 0.
(9)

Corollaries 1 and 2 motivate the development of Monte-Carlo methods to
solve the semi-infinite problems (2) and (3). The search for a feasible or opti-
mal x ∈ D may be performed by sampling R

q using the probability measure
µ. Specific algorithms are proposed in the next section.

3 Algorithms

We begin with consideration of the constraint satisfaction problem (2).

3.1 Systems of Infinitely Many Inequalities

Theorem 1 implies that solutions of (2) are characterized as global minima for
the function ψ. If the functions h and g are differentiable, then minimization
of ψ may be performed using a gradient algorithm, described as follows: Given
a vanishing sequence {γn}n≥1 of positive reals, we consider the recursion

xn+1 = xn − γn+1∇ψ(xn), n ≥ 0.

Unfortunately, apart from some special cases (see e.g., [17]), it is impossible
to determine analytically the gradient ∇ψ.

On the other hand, under mild regularity conditions, (8) implies that the
gradient may be expressed as the expectation,

∇ψ(x) = E(h′(g(x, Y ))∇xg(x, Y )), x ∈ R
p, (10)
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where h′ denotes the derivative of h. This provides motivation for the ‘stochas-
tic approximation’ of ∇ψ given by

h′(g(x, Y ))∇xg(x, Y ),

and the following stochastic gradient algorithm to search for the minima of
ψ:

Xn+1 = Xn − γn+1h
′(g(Xn, Yn+1))∇xg(Xn, Yn+1), n ≥ 0. (11)

In this recursion, {γn}n≥1 again denotes a sequence of positive reals. The i.i.d.
sequence {Yn}n≥1 has common marginal distribution µ, so that

P(Yn ∈ B) = µ(B), B ∈ Bq, n ≥ 1.

Depending upon the specific assumptions imposed on the functions h and
g, analysis of the stochastic approximation recursion (11) may be performed
following the general theory of, say, [2, 9, 5, 23].

The asymptotic behavior of the algorithm (11) is analyzed under the fol-
lowing assumptions:

A1 γn > 0 for each n ≥ 1,
∑∞

n=1 γn = ∞, and
∑∞

n=1 γ
2
n <∞.

A2 For each ρ ∈ [1,∞), there exists a Borel-measurable function φρ : R
q →

[1,∞) such that
∫

φ4
ρ(y)µ(dy) <∞,

and for each x, x′, x′′ ∈ Bp
ρ, y ∈ R

q,

max{|h(g(x, y))|, |h′(g(x, y))|, ‖∇xg(x, y)‖} ≤ φρ(y),

|h′(g(x′, y)) − h′(g(x′′, y))| ≤ φρ(y)‖x′ − x′′‖,

‖∇xg(x
′, y) −∇xg(x

′′, y)‖ ≤ φρ(y)‖x′ − x′′‖.

A3 ∇ψ(x) 6= 0 for all x /∈ D.

Assumption A1 holds if the step-size sequence is of the usual form γn =
n−c, n ≥ 1, where the constant c lies in the interval (1/2, 1].

Assumption A2 corresponds to the properties of the functions g and h. It
ensures that ψ is well-defined, finite and differentiable, and that ∇ψ is locally
Lipschitz continuous. This assumption is satisfied under appropriate assump-
tions on the function g, provided the function h is carefully chosen. Consider
the special case in which h is the piecewise quadratic, h(t) = (max{0, t})2,
t ∈ R. Then, Assumption A2 holds under the following general assump-
tions on g: for each ρ ∈ [1,∞), there exists a Borel-measurable function
ϕρ : R

q → [1,∞) such that
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∫

ϕ4
ρ(y)µ(dy) <∞,

and for each x, x′, x′′ ∈ Bp
ρ , y ∈ R

q,

max{g2(x, y), ‖∇xg(x, y)‖} ≤ ϕρ(y),

|g(x′, y) − g(x′′, y)| ≤ ϕρ(y)‖x
′ − x′′‖,

‖∇xg(x
′, y) −∇xg(x

′′, y)‖ ≤ ϕρ(y)‖x
′ − x′′‖.

In the special case in which g is linear in x, so that there exist Borel-
measurable functions a : R

q → R
p, b : R

q → R, with

g(x, y) = aT (y)x+ b(y), x ∈ R
p, y ∈ R

q,

a bounding function ϕρ may be constructed for each ρ ∈ [1,∞) provided

∫

‖a(y)‖4µ(dy) <∞,

∫

|b(y)|4µ(dy) <∞.

Assumption A3 corresponds to the properties of the stationary points of
ψ. Consider the important special case in which g(·, y) is convex for each
y ∈ R

q. We may assume that h is convex and non-decreasing (notice that h
is non-decreasing if it is convex and satisfies (5)), and it then follows that the
function ψ is also convex in this special case. Moreover, since ψ is non-negative
valued, convex, and vanishes only on D, it follows that ∇ψ(x) 6= 0 for x ∈ Dc,
so that Assumption A3 holds.

Theorem 2 states that stability of the algorithm implies convergence under
the assumptions imposed here. General conditions to verify stability, so that
sup0≤n ‖Xn‖ <∞ holds w.p.1., are included in [2, 5, 9].

Theorem 2. Suppose that Assumptions A1–A3 hold. Then, on the event
{sup0≤n ‖Xn‖ <∞}, we have convergence:

lim
n→∞

d(Xn, D) = 0 w.p.1.

A proof of Theorem 2 is included in Appendix.
In many practical situations, a solution to the semi-infinite problem (2) is

known to lie in a predetermined bounded set Q. In this case one may replace
the iteration (11) with the following projected stochastic gradient algorithm:

Xn+1 = ΠQ(Xn − γn+1h
′(g(Xn, Yn+1))∇xg(Xn, Yn+1)), n ≥ 0. (12)

It is assumed that the constraint set Q ⊂ R
p is compact and convex, and

ΠQ(·) is the projection on Q (i.e., ΠQ(x) = arg infx′∈Q ‖x− x′‖ for x ∈ R
p).

The step-size sequence and i.i.d. sequence {Yn}n≥1 are defined as above.
Under additional assumptions on g and h, we can prove that the algorithm

(12) converges.
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Theorem 3. Let {Xn}n≥0 be generated by (12), and suppose that Assump-
tions A1 and A2 hold. Suppose that D ∩ Q 6= ∅, h is convex, and g(·, y) is
convex for each y ∈ R

q. Then,

lim
n→∞

d(Xn, D) = 0 w.p.1.

A proof of Theorem 3 is presented in Appendix.

3.2 Algorithms for Semi-Infinite Optimization Problems

In this section, algorithms for the semi-infinite programming problem (3) are
proposed, and their asymptotic behavior is analyzed.

Suppose that h is differentiable and that g(·, y) is differentiable for each
y ∈ R

q. Due to Theorem 1, the semi-infinite problem (3) is equivalent to the
following constrained optimization problem:

Minimize f(x)

Subject to: ψ(x) = 0. (13)

Suppose that the gradient ∇ψ could be computed explicitly. Then, under
general conditions on the function f and the set D, the constrained optimiza-
tion problem (3) could be solved using the following penalty-function approach
(see e.g., [3, 15]). Let {δn}n≥1 be an increasing sequence of positive reals sat-
isfying limn→∞ δn = ∞. Since ψ(x) ≥ 0 for all x ∈ R

p, this sequence can be
used as penalty parameters for (13) in the following gradient algorithm:

xn+1 = xn − γn+1(∇f(xn) + δn+1ψ(xn)), n ≥ 0,

where {γn}n≥1 is a sequence of positive reals.
However, since the gradient is typically unavailable, we may instead use

(10) to obtain the estimate of ∇ψ, given by h′(g(x, Y ))∇xg(x, Y ), and it is
then quite natural to use the following stochastic gradient algorithm to search
for the minima of the function f over D:

Xn+1 = Xn − γn+1(∇f(Xn) + δn+1h
′(g(Xn, Yn+1))∇xg(Xn, Yn+1)), n ≥ 0,

(14)
where {γn}n≥1 and {Yn}n≥1 have the same meaning as in the case of the
algorithm (11).

The following assumptions are required in the analysis of the algorithm
(14):

B1 γn > 0 for each n ≥ 1,
∑∞

n=1 γn = ∞, and
∑∞

n=1 γ
2
nδ

2
n <∞.

B2 f is convex and ∇f is locally Lipschitz continuous.
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B3 h is convex and g(·, y) is convex for each y ∈ R
q. For all ρ ∈ [1,∞),

there exists a Borel-measurable function φρ : R
q → [1,∞) and such that

∫

φ4
ρ(y)µ(dy) <∞,

and, for all x, x′, x′′ ∈ Bp
ρ, y ∈ R

q,

max{|h(g(x, y))|, |h′(g(x, y))|, ‖∇xg(x, y)‖} ≤ φρ(y),

|h′(g(x′, y)) − h′(g(x′′, y))| ≤ φρ(y)‖x′ − x′′‖,

‖∇xg(x
′, y) −∇xg(x

′′, y)‖ ≤ φρ(y)‖x′ − x′′‖.

B4 η∗ := infx∈D f(x) > −∞, and the set of optimizers given by D∗ := {x ∈
D : f(x) = η∗} is non-empty.

Assumption B3 ensures that ψ is well-defined, finite, convex and differen-
tiable. It also implies that ∇ψ is locally Lipschitz continuous. Assumption B4
is satisfied if D is bounded or f is coercive (i.e. the sublevel set {x : f(x) ≤ N}
is bounded for each N ≥ 1).

Theorem 4. Let {Xn}n≥0 be generated by (14), and suppose that Assump-
tions B1–B4 hold. Then, on the event {sup0≤n ‖Xn‖ <∞},

lim
n→∞

d(Xn, D
∗) = 0 w.p.1.

A proof of Theorem 4 is presented in Section 4 of Appendix.

4 Conclusion

The main contribution of this paper is to reformulate a given semi-infinite
program as a stochastic optimization problem. One can then apply Monte
Carlo and stochastic approximation methods to generate efficient algorithms,
and provide a foundation for analysis. Under standard convexity assumptions,
and additional relatively mild conditions, the proposed algorithms provide a
convergent solution with probability one.

The next step is to test these algorithms in practical, non-trivial applica-
tions. In particular, we are interested in application to specific optimization
problems, and to robust control. It is of interest to see how these randomiza-
tion approaches compare to their deterministic counterparts. We also expect
that the algorithms may be refined and improved within a particular applica-
tion context.
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Appendix

Here we provide proofs of the main results of the paper. The following notation
is fixed in this Appendix: Let F0 = σ{X0}, while Fn = σ{X0, Y1, . . . , Yn} for
n ≥ 1.

Proof of Theorem 2

We begin with the representation,

Xn+1 = Xn − γn+1∇ψ(Xn) + ξn+1,

ψ(Xn+1) = ψ(Xn) − γn+1‖∇ψ(Xn)‖2 + εn+1, n ≥ 1,
(15)

where the error terms in (15) are defined as,

ξn+1 = γn+1(∇ψ(Xn) − h′(g(Xn, Yn+1)∇xg(Xn, Yn+1)),

ε1,n+1 := (∇ψ(Xn))T ξn+1,

ε2,n+1 :=

∫ 1

0

(∇ψ(Xn + t(Xn+1 −Xn)) −∇ψ(Xn))T (Xn+1 −Xn)dt,

εn+1 := ε1,n+1 + ε2,n+1, n ≥ 0.

The first step in our analysis of (15) is to establish the asymptotic properties
of {ξn}n≥1 and {εn}n≥1:

Lemma 1. Suppose that Assumptions A1 and A2 hold. Then,
∑∞

n=1 ξn,
∑∞

n=1 εn converge w.p.1 on the event {sup0≤n ‖Xn‖ <∞}.

Proof. Fix ρ ∈ [1,∞), and let Kρ < ∞ serve as an upper bound on ‖∇ψ‖,
and a Lipschitz constant for ∇ψ on the set Bp

ρ . Due to A1,

‖ξn+1‖I{‖Xn‖≤ρ} ≤ 2Kργn+1φ
2
ρ(Yn+1)

|ε1,n+1|I{‖Xn‖≤ρ} ≤ Kρ‖ξn+1‖I{‖Xn‖≤ρ},

|ε2,n+1|I{‖Xn‖≤ρ} ≤ Kρ‖Xn+1 −Xn‖
2I{‖Xn‖≤ρ}

≤ 2K3
ργ

2
n+1 + 2Kρ‖ξn+1‖I{‖Xn‖≤ρ}, n ≥ 0.

Consequently,

E

(

∞
∑

n=0

‖ξn+1‖
2I{‖Xn‖≤ρ}

)

≤4K2
ρ

∞
∑

n=1

γ2
nE(φ4

ρ(Yn)) <∞, (16)

E

(

∞
∑

n=0

|ε1,n+1|
2I{‖Xn‖≤ρ}

)

≤K2
ρE

(

∞
∑

n=0

‖ξn+1‖
2I{‖Xn‖≤ρ}

)

<∞, (17)

E

(

∞
∑

n=0

|ε2,n+1|
2I{‖Xn‖≤ρ}

)

≤2KρE

(

∞
∑

n=0

‖ξn+1‖
2I{‖Xn‖≤ρ}

)

+ 2K3
ρ

∞
∑

n=1

γ2
n <∞. (18)
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Since Xn is measurable with respect to Fn and independent of Yn+1, we have

E
(

ξn+1‖ξn+1‖
2I{‖Xn‖≤ρ}|Fn

)

= 0 w.p.1.,

E
(

ε1,n+1‖ξn+1‖
2I{‖Xn‖≤ρ}|Fn

)

= 0 w.p.1., n ≥ 0.

Then, Doob’s martingale convergence theorem (see e.g., [12]) and (16)–(18)
imply that

∑∞
n=1 ξn,

∑∞
n=1 ε1,n,

∑∞
n=1 ε2,n converge w.p.1 on the event

{sup0≤n ‖Xn‖ ≤ ρ}. Since ρ can be arbitrary large, it can easily be deduced
that

∑∞
n=1 ξn,

∑∞
n=1 εn converge w.p.1 on the event {sup0≤n ‖Xn‖ <∞}.

Proof of Theorem 2. We again fix ρ ∈ [1,∞), and let Kρ < ∞ serve as
an upper bound on ‖∇ψ‖, and a Lipschitz constant for ∇ψ on the set Bp

ρ .
Fix an arbitrary sample ω ∈ Ω from the event on which sup0≤n ‖Xn‖ ≤ ρ,
and both

∑∞
n=1 ξn and

∑∞
n=1 εn are convergent (for the sake of notational

simplicity, ω does not explicitly appear in the relations which follow in the
proof). Due to Lemma 1 and the fact that ∇ψ is continuous, it is sufficient to
show limn→∞ ‖∇ψ(Xn)‖ = 0. We proceed by contradiction.

If ‖∇ψ(Xn)‖ does not vanish as n→ ∞, then we may find ε > 0 such that

lim sup
n→∞

‖∇ψ(Xn)‖ > 2ε. (19)

On the other hand, (15) yields

n−1
∑

i=0

γi+1‖∇ψ(Xi)‖
2 = ψ(X0) − ψ(Xn) +

n
∑

i=1

ξi ≤ Kρ +

n
∑

i=1

ξi, n ≥ 1.

Consequently,
∞
∑

n=0

γn+1‖∇ψ(Xn)‖2 <∞, (20)

and A1 then implies that lim infn→∞ ‖∇ψ(Xn)‖ = 0. Otherwise, there would
exist δ ∈ (0,∞) and j0 ≥ 1 (both depending on ω) such that ‖∇ψ(Xn)‖ ≥ δ,
n ≥ j0, which combined with A1 would yield

∞
∑

n=0

γn+1‖∇ψ(Xn)‖2 ≥ δ2
∞
∑

n=j0+1

γn = ∞.

Let m0 = n0 = 0 and

mk+1 = {n ≥ nk : ‖∇ψ(Xn)‖ ≥ 2ε},

nk+1 = {n ≥ mk+1 : ‖∇ψ(Xn)‖ ≤ ε}, k ≥ 0.

Obviously, {mn}k≥0, {nk}k≥0 are well-defined, finite, and satisfy mk < nk <
mk+1 for k ≥ 1. Moreover,

‖∇ψ(Xmk
)‖ ≥ 2ε, ‖∇ψ(Xnk

)‖ ≤ ε, k ≥ 1, (21)
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and
‖∇ψ(Xn)‖ ≥ ε, for mk ≤ n < nk, k ≥ 1. (22)

Due to (20), (22),

ε2
∞
∑

k=1

nk−1
∑

i=mk

γi+1 ≤
∞
∑

k=1

nk−1
∑

i=mk

γi+1‖∇ψ(Xi)‖
2 ≤

∞
∑

n=0

γn+1‖∇ψ(Xn)‖2 <∞.

Therefore,

lim
k→∞

nk
∑

i=mk+1

γi = 0, (23)

while (15) yields, for each k ≥ 1,

ε ≤ ‖∇ψ(Xnk
) −∇ψ(Xmk

)‖ ≤ Kρ‖Xnk
−Xmk

‖

= Kρ

∥

∥

∥

∥

∥

−
nk−1
∑

i=mk

γi+1∇ψ(Xi) +

nk
∑

i=mk+1

ξi

∥

∥

∥

∥

∥

≤ K2
ρ

nk
∑

i=mk+1

γi +

∥

∥

∥

∥

∥

nk
∑

i=mk+1

ξi

∥

∥

∥

∥

∥

.

(24)

However, this is not possible, since (23) and the limit process k → ∞ applied
to (24) yield ε ≤ 0. Hence, limn→∞ ‖∇ψ(Xn)‖ = 0. This completes the proof.

Proof of Theorem 3

Let C = D ∩ Q, and let ΠC(·) denote the projection operator onto the set
C. Moreover, the sequence {ξn}n≥0 has the same meaning as in the previous
section, while

Zn+1 = Xn − γn+1h
′(g(Xn, Yn+1))∇xg(Xn, Yn+1),

ε1,n+1 = 2(Xn −ΠC(Xn))T ξn+1,

ε2,n+1 = ‖Zn+1 −Xn‖
2,

εn+1 = ε1,n+1 + ε2,n+1, n ≥ 0.

Since ψ is convex (under the conditions of Theorem 3) and ΠC(·), ΠQ(·)
are non-expansive, we have

(Xn −ΠC(Xn))T∇ψ(Xn) ≥ ψ(Xn) − ψ(ΠC(Xn)) = ψ(Xn),

‖Xn+1 −ΠC(Xn+1)‖ ≤ ‖Xn+1 −ΠC(Xn)‖

= ‖ΠQ(Zn+1) −ΠQ(ΠC(Xn))‖

≤ ‖Zn+1 −ΠC(Xn)‖

for n ≥ 0. Then, it is straightforward to demonstrate that for all n ≥ 0,
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Zn+1 = Xn − γn+1∇ψ(Xn) + ξn+1, (25)

and moreover,

‖Xn+1−ΠC(Xn+1)‖
2

≤‖(Xn −ΠC(Xn)) + (Zn+1 −Xn)‖2

=‖Xn −ΠC(Xn)‖2 + 2(Xn −ΠC(Xn))T (Zn+1 −Xn)

+ ‖Zn+1 −Xn‖
2

=‖Xn −ΠC(Xn)‖2 − 2γn+1(Xn −ΠC(Xn))T∇ψ(Xn) + εn+1

≤‖Xn −ΠC(Xn)‖2 − 2γn+1ψ(Xn) + εn+1.

(26)

Lemma 2. Suppose that Assumptions A1 and A2 hold. Then,
∑∞

n=1 ξn,
∑∞

n=1 εn converge w.p.1.

Proof. Let K ∈ [1,∞) denote an upper bound of ‖ · ‖, ‖ΠC(·)‖, ‖∇ψ‖ on Q.
Due to A2,

‖ξn+1‖ ≤ 2Kφ2
K(Yn+1),

|ε1,n+1| ≤ 4K‖ξn+1‖,

|ε2,n+1| ≤ 2K2γ2
n+1 + 2K‖ξn+1‖

2, n ≥ 0,

and this implies the following bounds,

E

(

∞
∑

n=1

‖ξn‖
2

)

≤ 4K2
∞
∑

n=1

γ2
nE(φ2

K(Yn)) <∞,

E

(

∞
∑

n=1

‖ε1,n‖
2

)

≤ 16K2
E

(

∞
∑

n=1

‖ξn‖
2

)

<∞,

E

(

∞
∑

n=1

‖ε2,n‖
2

)

≤ 2K2
∞
∑

n=1

γ2
n + 2E

(

∞
∑

n=1

‖ξn‖
2

)

<∞.

Then, using the same arguments as in the proof of Lemma 1, it can easily be
deduced that

∑∞
n=1 ξn,

∑∞
n=1 εn converge w.p.1.

Proof of Theorem 3. Let Kρ ∈ [1,∞) denote a simultaneous upper bound
for ‖ · ‖, ‖ΠC(·)‖, ‖∇ψ‖ on the set Q, and a Lipschitz constant for ψ on
the same set. Moreover, let ω be an arbitrary sample from the event where
∑∞

n=1 ξn,
∑∞

n=1 εn converge (for the sake of notational simplicity, ω does not
explicitly appear in the relations which follow in the proof). Due to Lemma 2
and the fact that ψ is continuous and strictly positive onQ\D, it is sufficient to
show limn→∞ ψ(Xn) = 0. Suppose the opposite. Then, there exists ε ∈ (0,∞)
(depending on ω) such that lim supn→∞ ψ(Xn) > 2ε. On the other hand, (26)
yields
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n−1
∑

i=0

γi+1ψ(Xi) ≤‖X0 −ΠC(X0)‖
2 − ‖Xn −ΠC(Xn)‖2

+
n
∑

i=1

ξi ≤ Kρ +
n
∑

i=1

ξi, n ≥ 1.

Consequently,
∞
∑

n=0

γn+1ψ(Xn) <∞. (27)

Then, A1 implies lim infn→∞ ψ(Xn) = 0. Otherwise, there would exist δ ∈
(0,∞) and j0 ≥ 1 (both depending on ω) such that ψ(Xn) ≥ δ, n ≥ j0, which
combined with A1 would yield

∞
∑

n=0

γn+1ψ(Xn) ≥ δ
∞
∑

n=j0+1

γn = ∞.

Let m0 = n0 = 0 and

mk+1 = {n ≥ nk : ψ(Xn) ≥ 2ε},

nk+1 = {n ≥ mk+1 : ψ(Xn) ≤ ε}

for k ≥ 0. Obviously, {mn}k≥0, {nk}k≥0 are well-defined, finite and satisfy
mk < nk < mk+1 for k ≥ 1. Moreover,

ψ(Xmk
) ≥ 2ε, ψ(Xnk

) ≤ ε (28)

for k ≥ 1, and
ψ(Xn) ≥ ε, for mk ≤ n < nk, k ≥ 0. (29)

Due to (27), (29),

ε2
∞
∑

k=1

nk−1
∑

i=mk

γi+1 ≤
∞
∑

k=1

nk−1
∑

i=mk

γi+1ψ(Xi) ≤
∞
∑

n=0

γn+1ψ(Xn) <∞.

Therefore,

lim
k→∞

nk
∑

i=mk+1

γi = 0, (30)

while (25), (28) yield

ε ≤ |ψ(Xnk
) − ψ(Xmk

)| ≤ K‖Xnk
−Xmk

‖

= K

∥

∥

∥

∥

∥

−
nk−1
∑

i=mk

γi+1∇ψ(Xi) +

nk
∑

i=mk+1

ξi

∥

∥

∥

∥

∥

≤ K

nk
∑

i=mk+1

γi +

∥

∥

∥

∥

∥

nk
∑

i=mk+1

ξi

∥

∥

∥

∥

∥

(31)
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for k ≥ 1. However, this is not possible, since (30) and the limit process k → ∞
applied to (31) yield ε ≤ 0. Hence, limn→∞ ‖∇ψ(Xn)‖ = 0. This completes
the proof.

Proof of Theorem 4

Let fn(x) = f(x) + δnψ(x) for x ∈ R
p, n ≥ 1, while ΠD∗(·) denotes the

projection on the set D∗ (i.e., ΠD∗(x) = arg infx′∈D∗ ‖x − x′‖ for x ∈ R
p).

The following error sequences are defined for n ≥ 0,

ξn+1 = γn+1δn+1(∇ψ(Xn) − h′(g(Xn, Yn+1))∇xg(Xn, Yn+1)),

ε1,n+1 = 2(Xn −ΠD∗(Xn))T ξn+1,

ε2,n+1 = ‖Xn+1 −Xn‖
2,

εn+1 = ε1,n+1 + ε2,n+1 .

It is straightforward to verify that the following recursion holds for n ≥ 0,

Xn+1 = Xn − γn+1∇fn(Xn) + ξn+1,

and this implies the following bounds,

‖Xn+1 −ΠD∗(Xn+1)‖
2

≤‖Xn+1 −ΠD∗(Xn)‖2

=‖Xn −ΠD∗(Xn)‖2 + 2(Xn −ΠD∗(Xn))T (Xn+1 −Xn)

+ ‖Xn+1 −Xn‖
2

=‖Xn −ΠD∗(Xn)‖2

− 2γn+1(Xn −ΠD∗(Xn))T∇fn(Xn) + εn+1, n ≥ 0.

Lemma 3. Suppose that Assumptions B3 and B4 hold. Moreover, let {xk}k≥0

be a bounded sequence from R
p, while {nk}k≥0 is an increasing sequence of

positive integers. Suppose that

lim inf
k→∞

‖xk −ΠD∗(xk)‖ > 0.

Then,
lim inf
k→∞

(xk −ΠD∗(xk))T∇fnk
(xk) > 0.

Proof. Since {fnk
}k≥0 are convex and fnk

(ΠD∗(xk)) = f(ΠD∗(xk)) = η∗ for
k ≥ 0, we have

(xk −ΠD∗(xk))T∇fnk
(xk) ≥ fnk

(xk)− f(ΠD∗(xk)) = fnk
(xk)− η∗, k ≥ 0.

Therefore, it is sufficient to show that lim infk→∞ fnk
(xk) > η∗. Suppose the

opposite. Then, there exists ε ∈ (0,∞), x̃ ∈ R
p and a subsequence {x̃k, ñk}k≥0
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of {xk, nk}k≥0 such that limk→∞ x̃k = x̃, lim supk→∞ fñk
(x̃k) ≤ η∗ and ‖x̃k −

ΠD∗(x̃k)‖ ≥ ε for k ≥ 0. Consequently,

f(x̃) = lim
k→∞

f(x̃k) ≤ lim sup
k→∞

fñk
(x̃k) ≤ η∗, (32)

d(x̃, D∗) = ‖x̃−ΠD∗(x̃)‖ = lim
k→∞

‖x̃k −ΠD∗(x̃k)‖ ≥ ε.

Then, it can easily be deduced that x̃ 6∈ D (otherwise, (32) would imply
x̃ ∈ D∗). Therefore,

lim
k→∞

fñk
(x̃k) ≥ lim

k→∞
δñk

ψ(x̃k) = ∞ > η∗.

However, this is not possible. Hence, lim infk→∞ fnk
(xk) > η∗. This completes

the proof.

Lemma 4. Suppose that Assumptions B1 and B4 hold. Then, limn→∞ ‖Xn+1−
Xn‖ = 0 and

∑∞
n=1 εn converges w.p.1 on the event {sup0≤n ‖Xn‖ <∞}.

Proof. Let ρ ∈ [1,∞), while Kρ ∈ [ρ,∞) denotes an upper bound of ‖ΠD∗(·)‖,
‖∇ψ‖, ∇f on Bp

ρ . Due to B4,

‖ξn+1‖I{‖Xn‖≤ρ} ≤ 2Kργn+1δn+1φ
2
ρ(Yn+1),

|ε1,n+1|I{‖Xn‖≤ρ} ≤ 4Kρ‖ξn+1‖I{‖Xn‖≤ρ},

|ε2,n+1|I{‖Xn‖≤ρ} ≤ 2K2
ργ

2
n+1 + 2‖ξn+1‖

2I{‖Xn‖≤ρ},

‖Xn+1 −Xn‖I{‖Xn‖≤ρ} ≤ Kργn+1(1 + δn+1) + ‖ξn+1‖I{‖Xn‖≤ρ}

(33)

for k ≥ 0. Consequently,

E

(

∞
∑

n=0

‖ξn+1‖
2I{‖Xn‖≤ρ}

)

≤4K2
ρ

∞
∑

n=1

γ2
nδ

2
nE(φ4

ρ(Yn)) <∞ (34)

E

(

∞
∑

n=0

|ε1,n+1|
2I{‖Xn‖≤ρ}

)

≤16K2
ρE

(

∞
∑

n=0

‖ξn+1‖
2I{‖Xn‖≤ρ}

)

<∞, (35)

E

(

∞
∑

n=0

|ε2,n+1|
2I{‖Xn‖≤ρ}

)

≤2E

(

∞
∑

n=0

‖ξn+1‖
2I{‖Xn‖≤ρ}

)

+ 2K2
ρ

∞
∑

n=1

γ2
n(1 + δ2n) <∞. (36)

Owing to B1 and (33), (34), limn→∞ ‖Xn+1 − Xn‖ = 0 w.p.1 on the event
{sup0≤n ‖Xn‖ ≤ ρ}. On the other hand, using (35), (36) and the same ar-
guments as in the proof of Lemma 16, it can be demonstrated that

∑∞
n=1 εn

converges w.p.1 on the same event. Then, we can easily deduce that w.p.1
on the event {sup0≤n ‖Xn‖ < ∞}, limn→∞ ‖Xn+1 −Xn‖ = 0 and

∑∞
n=1 εn

converges. This completes the proof.
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Proof of Theorem 4. Let ρ ∈ [1,∞), while Kρ ∈ [ρ,∞) denotes an upper
bound of ‖ΠD∗(·)‖ on Bp

ρ . Moreover, let ω be an arbitrary sample from the
event where sup0≤n ‖Xn‖ ≤ ρ, limn→∞ ‖Xn+1 −Xn‖ = 0 and

∑∞
n=1 εn con-

verges (for the sake of notational simplicity, ω does not explicitly appear in
the relations which follow in the proof). Due to Lemma 4, it is sufficient to
show limn→∞ ‖Xn−ΠD∗(Xn)‖ = 0. Suppose the opposite. Then, there exists
ε ∈ (0,∞) (depending on ω) such that lim supn→∞ ‖Xn − ΠD∗(Xn)‖ > 2ε.
On the other hand, (32) yields

2

n−1
∑

i=0

γi+1(Xi −ΠD∗(Xi))
T∇fi(Xi)

≤ ‖X0 −ΠD∗(X0)‖
2 − ‖Xn −ΠD∗(Xn)‖2 +

n
∑

i=1

εi

≤ 4K2
ρ +

n
∑

i=1

εi, n ≥ 1.

(37)

Since lim infn→∞(Xn−ΠD∗(Xn))T∇fn(Xn) > 0 results from lim infn→∞ ‖Xn−
ΠD∗(Xn)‖ > 0 (due to Lemma 3), B1 and (37) imply that lim infn→∞ ‖Xn −
ΠD∗(Xn)‖ = 0. Otherwise, there would exist δ ∈ (0,∞) and j0 ≥ 1 (both
depending on ω) such that (Xn − ΠD∗(Xn))T∇fn(Xn) ≥ δ, n ≥ j0, which
combined with B1 would yield

∞
∑

n=0

γn+1(Xn −ΠD∗(Xn))T∇fn(Xn)

≥

j0
∑

n=0

γn+1(Xn −ΠD∗(Xn))T∇fn(Xn) + δ

∞
∑

n=j0+1

γn = ∞.

Let l0 = inf{n ≥ 0 : ‖Xn −ΠD∗(Xn)‖ ≤ ε}, and define for k ≥ 0,

nk = inf{n ≥ lk : ‖Xn −ΠD∗(Xn)‖ ≥ 2ε},

mk = sup{n ≤ nk : ‖Xn −ΠD∗(Xn)‖ ≤ ε},

lk+1 = inf{n ≥ nk : ‖Xn −ΠD∗(Xn)‖ ≤ ε}.

Obviously, {lk}k≥0, {mk}k≥0, {nk}k≥0 are well-defined, finite and satisfy lk ≤
mk < nk < lk+1 for k ≥ 0. Moreover,

‖Xmk
−ΠD∗(Xmk

)‖ ≤ ε, ‖Xnk
−ΠD∗(Xnk

)‖ ≥ 2ε, k ≥ 0, (38)

and
‖Xn −ΠD∗(Xn)‖ ≥ ε for mk < n ≤ nk, k ≥ 0. (39)

Due to (38), (39) and the fact that ΠD∗(·) is non-expansive (see e.g., [3]),
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ε ≤ ‖Xmk+1 −ΠD∗(Xmk+1)‖ ≤ε+ ‖Xmk+1 −ΠD∗(Xmk+1)‖

− ‖Xmk
−ΠD∗(Xmk

)‖

≤ε+ ‖(Xmk+1 −Xmk
)

− (ΠD∗(Xmk+1) −ΠD∗(Xmk
))‖

≤ε+ 2‖Xmk+1 −Xmk
‖, k ≥ 0.

Therefore, limk→∞ ‖Xmk+1 −ΠD∗(Xmk+1)‖ = ε. Then, (39) yields

lim sup
k→∞

(‖Xnk
−ΠD∗(Xnk

)‖2 − ‖Xmk+1 −ΠD∗(Xmk+1)‖
2) ≥ ε2. (40)

On the other hand, Lemma 3 and (39) imply

lim inf
k→∞

min
mk<n≤nk

(Xn −ΠD∗(Xn))T∇fn(Xn) > 0.

Consequently, there exists k0 ≥ 0 (depending on ω) such that

nk−1
∑

i=mk+1

γi+1(Xi −ΠD∗(Xi))
T∇fi(Xi) ≥ 0 (41)

for k ≥ k0. Owing to (32), (41),

‖Xnk
−ΠD∗(Xnk

)‖2 − ‖Xmk+1 −ΠD∗(Xmk+1)‖
2

≤
nk−1
∑

mk+1

γi+1(Xi −ΠD∗(Xi))
T∇fi(Xi) +

nk
∑

i=mk+2

εi ≤
nk
∑

i=mk+2

εi (42)

for k ≥ k0. However, this is not possible, since (40) and the limit process
k → ∞ applied to (41) yield ε2 ≤ 0. Hence, limn→∞ ‖Xn − ΠD∗(Xn)‖ = 0.
This completes the proof.
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