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Abstract: The theme of this chapter is stability and performance approxima-
tion for MDPs on an infinite state space. The main results are centered around
stochastic Lyapunov functions for verifying stability and bounding performance.
An operator-theoretic framework is used to reduce the analytic arguments to
the level of the finite state-space case.

1.1 INTRODUCTION

1.1.1 Models on a general state space

This chapter focuses on stability of Markov chain models. Our main interest is
the various relationships between stability; the existence of Lyapunov functions;
performance evaluation; and existence of optimal policies for controlled Markov
chains. We also consider two classes of algorithms for constructing policies, the
policy and value iteration algorithms, since they provide excellent examples
of the application of Lyapunov function techniques for i-irreducible Markov
chains on an uncountable state space.

Considering the importance of these topics, it is not surprising that consid-
erable research has been done in each of these directions. In this chapter we do
not attempt a survey of all existing literature, or present the most comprehen-
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sive results. In particular, only the average cost optimality criterion is treated,
and the assumptions we impose imply that the average cost is independent of
the starting point of the process. By restricting attention in this way we hope
that we can make the methodology more transparent.

One sees in several chapters in this volume that the generalization from finite
state spaces to countable state spaces can lead to considerable technicalities.
In particular, invariant distributions may not exist, and the cost functions
of interest may not take on finite values. It would be reasonable to assume
that the move from countable state spaces, to MDPs on a general state space
should be at least as difficult. This assumption is probably valid if one desires
a completely general theory.

However, the MDPs that we typically come across in practice exhibit struc-
ture which simplifies analysis, sometimes bringing us to the level of difficulty
found in the countable, or even the finite state space case. For example, all of
the specific models to be considered in this chapter, and most in this volume,
have some degree of spatial homogeneity. The processes found in most appli-
cations will also exhibit some level of continuity in the sense that from similar
starting points, and similar control sequences, two realizations of the model
will have similar statistical descriptions. We do not require strong continuity
conditions such as the strong Feller property, although this assumption is some-
times useful to establish existence and uniqueness of solutions to the various
static optimization problems that arise in the analysis of controlled Markov
chains. An assumption of y-irreducibility, to be described and developed be-
low, allows one to lift much of the stability theory in the discrete state space
setting to models on a completely general, non-countable state space. This is
an exceptionally mild assumption on the model and, without this assumption,
the theory of MDPs on a general state space is currently extremely weak.

1.1.2 An operator-theoretic framework

When x is y-irreducible it is possible to enlarge the state space to construct an
atom 6 € X which is reachable from any initial condition (i.e. P, {1y < 0o} > 0,
z € X). When the atom is recurrent, that is, Py{ry < oo} = 1, then an
invariant measure (see (1.9)) is given by

WV} =B 1y(@)], Ve, (1)
t=1

where 7y is the first return time to 6 (see (1.6)), and 1y is the indicator
function of the set Y. This construction, and related results may be found
in [45, 39]. In words, the quantity u{Y} expresses the mean number of times
that the chain visits the set Y before returning to 6. This expression assumes
that 7y is almost surely finite. If the mean return time IEg[ry] is finite then in
fact the measure p is finite, and it can then be normalized to give an invariant
probability measure. Finiteness of the mean return time to some desirable state
is the standard stability condition used for Markov chains, and for MDPs in
which one is interested in the average cost optimality criterion.
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Unfortunately, the split chain construction is cumbersome when developing
a theory for controlled Markov chains. The sample path interpretation given in
(1.1) is appealing, but it will be more convenient to work within an operator-
theoretic framework, following [45]. To motivate this, suppose first that we
remain in the previous setting with an uncontrolled Markov chain, and suppose
that do have an state 8 € X satisfying IPg{7p < oo} = 1. Denote by s the
function which is equal to one at 0, and zero elsewhere: That is, s = 15. We
let v denote the probability measure on X given by v(Y) =p(Y | 0), Y € F,
and define the ‘outer product’ of s and v by

s@v(z,Y):=s(x)v(Y).

For example, in the finite state space case the measure v can be interpreted
as a row vector, the function s as a column vector, and s ® v is the standard
(outer) product of these two vectors. Hence s ® v is an N X N matrix, where
N is the number of states.

In general, the kernel s ® v may be viewed as a rank-one operator which
maps L to itself, where L, is the set of bounded, measurable functions on
X. Several other bounded linear operators on Ly, will be developed in this
chapter. The most basic are the n-step transition kernels, defined for n > 1 by

Pf(2) = /X F@P"(dylz),  f € Leo,

where p™(- | -) is the n-step state transition function for the chain. We set
P = P!. We can then write, in operator-theoretic notation,

Po{rg >n,z, €Y} =v(P-sov)" 1y, n>1,

and hence the invariant measure p given in (1.1) is expressed in this notation
as
oo
p)=> v(P-s®v)"'ly, YE€F (1.2)
n=1
It is this algebraic description of u that will be generalized and exploited in this
chapter.
How can we mimic this algebraic structure without constructing an atom
0? First, we require a function s: X — R and a probability measure v on F
satisfying the minorization condition,

pY | z) > s(z)v(Y), zeX, YePF.

In operator theoretic notation this is written P > s ® v, and in the countable
state space case this means that the transition matrix P dominates an outer
product of two vectors with non-negative entries.

Unfortunately, this ‘one step’ minorization assumption excludes a large class
of models, even the simple linear models to be considered as examples below.
One can however move to the resolvent kernel defined by

K=(1-p8)) P, (1.3)
t=0
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where 3 €]0,1[ is some fixed constant. For a t)-irreducible chain the required
minorization always holds for the resolvent K [39, Theorem 5.2.3]. The move
to the resolvent is useful since almost any object of interest can be mapped
between the resolvent chain, and the original Markov chain. In particular, the
invariant measures for P and K coincide (see [39, Theorem 10.4.3], or consider
the resolvent equation in (1.11) below).

Much of the analysis then will involve the potential kernels, defined via

G = iKt. (1.4)
H = i(K—s@u)t. (1.5)

In Theorem 1.1 below we demonstrate invariance of the o-finite measure pu
defined by,

W(Y) = / v(dz)H(z,Y), YE€F,

provided the chain is recurrent. The invariant measure can be written in the
compact form p = vH.

The measure p will be finite, rather than just o-finite, provided appropriate
stability conditions are satisfied. The most natural stability assumption is
equivalent to the existence of a Lyapunov function, whose form is very similar
to the Poisson equation found in the average cost optimality equation. The
development of these connections is one of the main themes of this chapter.

1.1.3 Overview

We conclude with an outline of the topics to follow. In the next section we
review a bit of the general theory of v-irreducible chains, and develop some
stochastic Lyapunov theory for such chains following [39, Chapters 11-14]. Fol-
lowing this, in Section 1.3 we develop in some detail the computation of the
average cost through the Poisson equation, and the construction of bounds
on the average cost. All of these results are developed for time homogeneous
chains without control.

In Section 1.4 this stability theory is applied to the analysis of the average
cost optimality equation (ACOE). We explore the consequences of this equa-
tion, and derive criteria for the existence of a solution.

Section 1.5 concerns two recursive algorithms for generating solutions to
the ACOE: value iteration and policy iteration. It is shown that (i) either
algorithm generates stabilizing stationary policies; (ii) for any of these policies,
the algorithms generate uniform bounds on steady state performance. However,
such results hold only if the algorithms are properly initialized.

Convergence is established for the policy iteration algorithm: Under suitable
conditions, and when properly initialized, the algorithm converges to a solution
of the ACOE.

Section 1.6 illustrates the theory with a detailed application to linear models,
and to network scheduling.
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This chapter is concluded with a discussion of some extensions and open
problems.

1.2 STABILITY

In this section we consider a Markov chain  with uncontrolled transition func-
tion p(- | -). The state space X is assumed to be a locally compact, separable
metric space, and we let F denote the (countably generated) Borel o-field on
X. Unless other references are given, all of the results described here together
with their derivations can be found in [39].

1.2.1 )-irreducibility

Throughout this chapter we assume that v is a o-finite measure on F.
Definition 1.1

(i) The chain is called -irreducible if the resolvent kernel defined in (1.3)
satisfies

KY)>0,zeX << ¢ )>0.
We then call i an irreducibility measure.

(ii) We let Ft denote the set of all measurable h: X — R satisfying
W(h) = / h(@)(dz) > 0.
X

ForY € F we write Y € F* provided y)(Y) > 0.

If the chain is ¢y-irreducible, then from any initial condition z, the process has
a chance of entering any set in Ft in the sense that IP,{ry < oo} > 0, where
Ty is the first return time,

7v =min{t > 1:2; € Y}. (1.6)
Definition 1.2

(i) A function s: X - Ry and a probability measure v on F are called petite

if

K(z,Y) > s(z)v(Y), ze€X, YeF. (1.7)

(ii) A set Z € T is called petite if for some probability measure v, and a
constant § > 0,

K(z,Y)>ov(Y), =x€Z Y€F

(iii) The Markov chain is called a T-chain if every compact set is petite.
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It is not difficult to show that, for a y-irreducible chain, the set Z is petite if
for each Y € Ft, there exists n > 1, and § > 0 such that

Py(ry <n)>§ for any xz € Z. (1.8)

For a -irreducible chain, there always exists a countable covering of the
state space by petite sets. In virtually all examples these can be taken to
be compact, so that  is a T-chain. The following result is taken from [39,
Proposition 5.5.5]:

Proposition 1.1 Suppose that the Markov chain x is -irreducible. Then
there is a non-negative function s and a probability measure v satisfying (1.7).
We can choose s so that it is strictly-positive valued, s: X —]0,1[, and v can
be chosen so that it is equivalent to ¢ (that is, Y(A) =0 < v(A) =0). ]

The bound (1.7) is the most powerful consequence of the t-irreducibility
assumption since it allows the construction of the potential kernel H defined
in (1.5). The following lemma will be useful below when constructing solutions
to dynamic programming equations:

Lemma 1.1 For any petite pair s,v we have,

Hs(m)::i(K—s@z/)is(m)gl, zeX

Proof. Define for n > 0, the kernel
n .
H, .= Z(K -s5Qv)".

i=0

We show by induction that H,s is uniformly bounded for each n. For n = 0
we have H,s = s, which is assumed to be bounded by one.
Suppose that ||Hps||e < 1 for some arbitrary n > 0. We then have,

Hypp1s = s+ (K—-s®v)Hps
< s+(K-s®v)l
= s+K1-s5-v(X)=K1=1.

This proves the result since H,s — Hs as n — oo. u

1.2.2 Recurrence

The crudest form of stability for a Markov chain is the property that the state
visit ‘important’ sets with probability one from any starting point.

Definition 1.3

(1) A y-irreducible chain is called recurrent if

]Eﬁ[il(mtEY)]=oo, YeF, zeX
=0
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(ii) A measure p on F is invariant if
p¥) = [ ¥ | ulda), Y eF. (1.9)

(iii) If x is recurrent, and if in addition the chain admits an invariant proba-
bility measure u, then the chain is called positive recurrent.

In terms of the potential kernel (1.4), recurrence is expressed,
G(z,Y) = oo, YeFr, zeX

There are several equivalent characterizations of recurrence which are easier to
verify. A proof of the following equivalences can be found in [39, Chapter 8],
or [45, Theorem 3.7].

Theorem 1.1 The following are equivalent for a 1-irreducible Markov chain
x:

(i) z is recurrent.
(ii) There exists a set Xo € F satisfying p{X§} =0, and

P, {ry <o} =1, Y eFt, z € Xo.

(iii) For one petite set Z,

P, {rz <>} =1, x € Z.

(iv) For some pair (s,v) satisfying the minorization condition (1.7) with s €

I/HS::ZI/(K —s@v)ls=1.
t=0

If any of these four equivalent conditions hold, then there exists a o-finite
measure  which is invariant for the kernel P. It is unique in the sense that
any o-finite invariant measure is a constant multiple of the measure given by

po(Y) = vH {V} = f:y(K —seuv){Y}, YeF (1.10)
t=0

Proof. We ask the reader to consult [39, 45] for the equivalence of (i) and
(ii). Proofs of the remaining equivalences are provided here to illustrate how
the various operators come into play. In particular, we will show that u, defines
an invariant measure.

The implication (iii) = (i) is proved in two steps. First, on letting X¢ :={z :
P,{rz < oo} =1}, we find that this set is absorbing. That is,

pXo | z) =1, z € Xp.
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It then follows that this set is full: ¥ (X§) = 0. Hence, from )-a.e. initial
condition, the set Z is visited infinitely often with probability one. It follows
that G(z, Z) = oo for z € Xp, and ¢-irreducibility then requires that G(z, Z) =
oo for all z.

We now establish a similar identity for arbitrary Y € Ft. Since Z is petite,
for any such Y we can find € > 0 such that

K(z,Y) > elz(z), z eX.
This can also be written K1y > €1z, and hence, for z € X,

o = 6G1Z
< GKly:—ly—i-G]_ySG]_y.

We have thus shown that (iii) implies recurrence.
Conversely, if the chain is recurrent, take any Z; € FT, and define

Xo:={z : Py{rz, < o0} =1} Z:=Z1NXp.
The set Xy is absorbing, so we do find that, for x € Z,
P, {rz < oo} =P,{rz, <0} =1.
This shows that (iii) holds with this set Z, and establishes the implication
(i) = (iii).
We now show that (iv) implies recurrence. To avoid dealing with potentially
infinite sums, let A > 0, and define the kernels

Hy(z) = Z /\_"_I(K —s@v)" Ga(z) = Z Al
0 0

Note that H; = H and G; = G are the potential kernels introduced in the
introduction.
We denote ay = v(Hys), and 8 = v(Gys). It is obvious that £, is finite
for each A\ > 1. An application of Lemma 1.1 shows that ay <1 for all A > 1.
Applying the kernel A\~' K to the function Hys gives,

AMKHys = M YK -s®v)Hyxs+ (s®@v)Hys
= Hys—)A"'1—ay)s.
Iterating this equation we find, for A > 1,

n—1

H,\s—/\_l(l—aA)Z/\_iKis=)\_"K"H)\s—>0, n — oo.
0

This shows that Hxs = (1—a))G2s, and hence that ay = (1—ay)8y for A > 1.
Letting A | 1 and applying the monotone convergence theorem we see that

aq

A

- ].—041.
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This shows that oy = 1 if and only if 5; = co.
It remains to show that an infinite value for 3; is equivalent to recurrence.
If 1 = vGs = 00, it then follows that

[ 6@ dnsv) = o,

for ¢-a.e. z € X [v], and we can extend this to all z by t-irreducibility. Let
Y € Ft be arbitrary, and let § = v(Y). We can assume by Proposition 1.1
that & > 0. From the minorization condition we have, K1y > ds, and hence
the bound on G gives,

S / Gz, dy)s(y) < Gz, Y) — 1y (x).

We deduce that the chain is recurrent as required. The proof that recurrence
implies (iv) is identical.

To establish invariance of p., first apply the kernel (K — s ® v) to uo on the
right to obtain,

oo
uo(K—s®V)=Zl/(K—s®u)t+1 = fo — V.
t=0

Now by recurrence and (iv) we have po(s) = 1, which shows that u. is K-
invariant: poK = po. Using the identity

PK=KP=8"'K+(1-81I, (1.11)

we conclude that u, is P-invariant. .

The invariant measure given in (1.10) will be finite, so the chain x is positive
recurrent, provided that the mean return time to a petite set Z is bounded:

sup IE;[7z] < 0. (1.12)
T€EZ
In terms of the variables used in the previous proof, this is equivalent to requir-
ing that o} < oo, where the prime denotes the left derivative of a with respect
to A (see discussion surrounding equation (5.6) of [45]).

While these definitions lead to an elegant theory, in practice one can typically
take Xo = X in (ii). In this case the chain is called Harris, and it is called
positive Harris if there is also an invariant probability measure. The chains we
consider next exhibit a far stronger form of stability.

1.2.3 c-Regularity and Lyapunov functions

The next level of stability that we consider is related to steady state perfor-
mance, which moves us closer to the average cost optimality criterion. Suppose
that ¢: X — [1,00) is a measurable function on the state space, and suppose
that the chain is ¢-irreducible.

Definition 1.4
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(i) A set S € F is called c-regular if for any Y € F+,

Ty —1
i‘égE’”[; c(a:t)] < 0.

(ii) The Markov chain is called c-regular if the state space X admits a countable
covering by c-regular sets.

A cregular chain is automatically positive Harris, and using (1.10) we see
that a c-regular chain possesses an invariant probability measure p satisfying
p(c) := [ e(z) p(dz) < co. The following result is a consequence of the f-Norm
Ergodic Theorem of [39, Theorem 14.0.1].

Theorem 1.2 Assume that ¢: X — [1,00) and that  is c-reqular. Then, for
any measurable function g which satisfies

Sup(Ig(w)l) < 0,
zeX C(ZU)
the following ergodic theorems hold for any initial condition:

() T}grgoizg(wt) = wg), [P]-as.

(i) Jim LY Bg(e)] = ulo)
t=1

One approach to establishing c-regularity is through the following extension
of Foster’s criterion, or Lyapunov’s second method. In general, such approaches
involve the construction of a function V' on the state space, taking positive
values, such that V(z;) is in some sense decreasing whenever the state z; is
‘large’. In our context this decreasing property can be formulated as follows:
Find a function V: X - IR, and a constant J € R, such that

PV (z):=E[V(zi1) | z¢ = 2] < V() — c(z) + J, reX (1.13)

When this bound holds, we say that V is a Lyapunov function. B
However, for this to imply any form of stability, the difference ¢(z) — J must
be positive for ‘large’ x. We say that c¢ is

Definition 1.5

near-monotone if the sublevel set Z, :={x € X : ¢(x) < n} is petite for any
n < |lc|loo- The supremum norm ||c||c. may be infinite.

norm-like if the sublevel set Z,, is a pre-compact subset of the metric space X
for any n.

Related assumptions on ¢ are used in [1, 5, 39, 42].
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Theorem 1.3 Assume thatc: X — [1,00) is near-monotone, and suppose that
J < ||¢||loo- Then,

(i) If there exists a finite, positive-valued solution V to the inequality (1.13),
then there exists dy < oo such that for each Y € FT,

TY

E, [Z c(xt)} <doV(z) +dY), zeX, (1.14)

t=0

where d(Y') < 0o is a constant. Hence, each of the sublevel sets Z,, = {z :
V(z) < n} is c-regular, and the process itself is c-regular.

(ii) If the chain is c-regular, then for any c-reqular set Z € Ft | the function
TZ
V*(z) = E, [Zc(mt)], z€eX, (1.15)
t=0

is a near-monotone solution to (1.13).

Proof. First observe that the bound (1.13) is equivalent to the drift condition
PVy < Vy—c+blz, where Z is petite: if (1.13) holds, we can take Vy = dyV and
b = dyJ, with dy sufficiently large. The result is then an immediate consequence
of [39, Theorem 14.2.3]. .

1.3 PERFORMANCE

For a function ¢: X — [1,00) we define the average cost by

J :=lim sup % E, [nil c(:ct)] .

n—oo =0

We have seen that, for a c-regular chain, the average cost is finite and indepen-
dent of z, with J = p(c). Here we examine the relationship between ¢ and J
through Poisson’s equation.

1.3.1 Poisson’s equation

This functional equation originated in the analysis of partial differential equa-
tions: Assuming that f is some given function on R"”, the equation is written

Ah=—f

where h is an unknown function on IR, and A is the Laplacian. The proba-
bilistic interpretation of this equation becomes evident when one realizes that
A is the generator for a Brownian motion on R" - a similar equation can be
posed for any Markov process in continuous time. When time is discrete, we
define the generator as A = P — I, and the Poisson equation then takes on
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the exact same form. If we take f = ¢ — pu(c), then Poisson’s equation can be
written,

Ph (z) :=Egz[h(T441) | 3¢ = x] = h(z) — c(z) + J, z eX, (1.16)

where J = p(c).

Motivation for looking at this equation is provided by our prior stability
analysis. First note that the drift inequality (1.13) suggests a simple approach
to obtaining performance bounds. By iterating this equation one obtains,

n—1

0 < EQ[V(za)] < V(z) = Y Eale(x)] + nJ. (1.17)
t=0

Dividing by n and letting n — oo then gives the upper bound, J < J. The
question then is, by choosing V' carefully can we get a tight upper bound? The
answer is yes, provided the chain is c-regular, and in this case, the minimal
upper bound J, is evidently u(c), with p equal to the invariant probability for
the chain. We see in Theorem 1.4 that this ‘optimal Lyapunov function’ is
precisely the solution to Poisson’s equation.

Equation (1.16) resembles a version of the Lyapunov drift inequality (1.13).
However, the function h cannot play the role of a Lyapunov function unless it
is positive-valued, or at least bounded from below. This cannot be expected in
general, as the following example demonstrates.

Consider the Markov chain on X = N with transition probabilities,

a x> 0; B z>0;
plz+1|z)=<B z<0; pz—1|z)=<a z<O0;
i z=0. 1 z=0.

We assume that o + f = 1, and that a < 8. The latter condition ensures that
x is a c-regular T-chain, where ¢ can be taken as any polynomial function of z.
Define h(z) = z/(8 — @). We can compute the conditional expectation,

Ph(z)=p(z+1]|z)h(z +1)+p(z —1|z)h(z — 1) = —sign (z).

The function ¢(z) = 1 + sign(z), z € X, is bounded, non-negative, and has
steady state mean equal to one. The function h is the associated solution to
Poisson’s equation,

Ph=h—c+1.

It is not bounded from below.

A solution to Poisson’s equation will be bounded from below under suitable
conditions on the chain, and the function ¢. One such condition is the norm-
like assumption, or the milder near-monotonicity condition for c. The following
result surveys the relevant consequences of c-regularity, and introduces the form
of the Poisson equation that we will analyze in the remainder of this chapter.
These results are taken from [42], following [46, 22].
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Theorem 1.4 Assume that ¢: X — [1,00) and that x is c-regular. Then,

(i) There exists a measurable function h: X — R satisfying (1.16), where
J = plc).

(ii) One solution to (1.16) may be expressed,

__B
=13

where ¢ = ¢ — p(c), B < 1 is used in the definition (1.8) of the kernel K,
and the pair (s,v) is petite with s € Ft.

h [H - Iz, (1.18)

(iii) Suppose moreover that the function c is near-monotone. Then the so-
lution (1.18) is uniformly bounded from below, inf,cx h(z) > —oo. It is
essentially unique in the following sense: If b’ is any function on X which
is uniformly bounded from below, and solves the Poisson inequality

Ph(z) < h(z) — c(z) + J, z e€X,
with J = u(c), then there exists a constant k' such that
h'(z) > h(z)+ ¥, reX;
W(x) = hz)+F¥, Y —ae z€X.

(iv) If V is any solution to (1.18) with J < ||c|| and c near-monotone, then
the solution (1.18) satisfies the uniform upper bound, for some dy < oo,

h(z) <do(V(z)+1), zeX

Proof. To prove (i) and (ii), consider first the function

ho(;v)zHé::Z(K—s@u)té(x), z eX.
t=

o

The construction of u, in (1.10) gives
v(ho) = 110 (2) = po(X)u(e) = 0.
This immediately gives,
Kho(z) = (K — s®v)hg () = ho(z) — &(z).

That is, hg solves the Poisson equation for the kernel K. By applying the
identity (1.11) we see that

h:= %(ho -¢) = %Kho,

solves the Poisson equation for original transition kernel P.
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To prove (iii), define hy by

1-5
0:= h' +e.
° B
The resolvent equation (1.11) combined with the bound in (iii) gives,
1-p5 1-p i,
“ P < ——Zn _Ke,
B - B

from which it follows that Kh{ < h{ — €. This implies that the quantity v(h{)
is finite:

s(@yv(hy) < Ky < hiy(a) —ela), z€X.

By adding a constant to ' we can and will assume that v(hy) = 0. We then
have,

(K —s®v)hy < hy—¢

We have assumed that h' (and hence h{) is bounded from below. By iterating
the last inequality, it follows that for some L < 00,

-L < (K-s®v)"h

n—1
< hy —Z(K—s@v)ié
0
We conclude that
hy > ho — L.

Letting u = h{ — hg, we see that u is bounded from below, and it is super-
harmonic: Pu < u. These properties imply the desired result (see [39, p. 414]
or [42]).
The proof of (iv) is similar to (iii). We first establish a bound of the form,
PV <V —ec+bs,

with € > 0, b < co. We can move to the resolvent to obtain an analogous
bound,

(K—5@v)V <KV <V —¢€c+bs,
and on iterating we find that
etHe<biHs+V <b+V.

In Lemma 1.1 we have shown that Hs is everywhere bounded by unity. The
bound in (iv) immediately follows. .
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1.3.2 Simulation

We have now seen that the Poisson equation has a direct role in performance
evaluation since an approximation of the solution A will lead to an approxima-
tion of J = p(c) using (1.17). With some structure imposed on the model this
idea does lead to algorithms for computing bounds on J. For example, this
is the essence of the main results in [35, 36], where performance bounds are
obtained in the network scheduling problem. If the cost is linear, and if any of
the linear programs constructed in these references admits a feasible solution,
then the solution to Poisson’s equation is approximated by a pure quadratic
function.

Perhaps the most obvious approach to estimating J is through Monte-Carlo
simulation via

1
anﬁgc(xt), neN.

The Poisson equation again plays an important role in analysis, and in the
generation of more efficient simulation approaches.

The effectiveness of the Monte Carlo method depends primarily on the mag-
nitude of the Central Limit Theorem variance, also known as the time-average
variance. Under suitably strong recurrence conditions on the Markov chain this
can be expressed

2=t (500

An alternative expression for the time-average variance is computed through
the formula

72 = u(h?) — p((Ph)?) = 2pu(he) — (@), (1.19)

with h any solution to Poisson’s equation [39, eq. 17.50].

There are many variants of the simple Monte-Carlo estimate, some of which
may have far smaller variance. After all, if {A; : ¢ > 0} is any sequence
of random variables satisfying %ZS‘*I A; = 0, n = oo, then the modified
estimator,

n—1

~ 1
Jné = ﬁ Z(C(xt) + At)a n € N7
0

is another consistent estimator of J. An optimal choice for A; is computed
using the solution h to Poisson’s equation (1.16): by setting

AI = Ph (Il,'t) — h(.’Et),

we obtain a time-average variance of zero. Of course, computing Ay involves a
computation of .J, so this approach is nonsensical! If however an approximation
g to h can be found, then the choice A; = Pg (z;) — g(x;) will lead to reduced
variance if the approximation is sufficiently tight [24, 25].
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We will discover such approximations when we attempt to solve some op-
timization problems below, and hence we will have many candidates for the
function g.

1.3.3 Examples

In this chapter we develop two general examples: the linear state space model,
and a family of network models. In this section we look at some special cases
without control. Controlled linear systems, and controlled network models are
considered as examples in the final section of this chapter.

The linear state space model is defined through the multi-dimensional re-
cursion,

Tl = Axy + Fwt+1, teN, (120)

where z; € R%, w; € R?, A is a d x d matrix, and F is a d x ¢ matrix. We
assume that w is i.i.d., and that w is a Gaussian process with mean zero, and
covariance I. That is, w; ~ N(0,I), where I is the identity matrix.

The controllability matriz is the d x (dg) matrix

C:=[AY1F|AY2F|---|AF|F],

where the bar denotes concatenation of matrices. The pair (A, F) is called
controllable if the matrix C has rank d [37]. The process is ¢-irreducible with
equal to Lebesgue measure if the pair (A4, F') is controllable. To see why, note
that the state at time d can be written,

zq = A%zo + wa
where w{ = (w},...,w})*. It follows that z4 itself is Gaussian with mean
Az, and covariance given by

Yq4=CC".

The covariance is full rank if the model is controllable, and it follows that
Pi(z, -) is equivalent to Lebesgue measure for any z, and any ¢t > d. By
continuity of the model it is easy to check that (1.7) holds with s continuous,
and v equal to normalized Lebesgue measure on an open ball in R%. We
conclude that « is a T-chain if the controllability condition holds. A sample
path from a particular two dimensional linear model is shown in Figure 1.1.
When the state is large, the sample path behavior appears almost deterministic.

To find a stochastic Lyapunov function V with ¢(z) = 1z7Qu, first solve
the Lyapunov equation,

ATMA =M - Q. (1.21)

If M > 0 (M is positive definite) then V(z) = 227 Mz is a solution to (1.13).
Direct calculations show that the function V is also the essentially unique
solution to Poisson’s equation, with J = 1trace (FT M F).
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Figure 1.1 A sample path of the linear state space model with a ‘large’ initial condition
_ (—100
20 = (700 )-

For the nonlinear state space model
T+l = F(xt,wt+1), te N7

the y-irreducibility condition can still be verified under a nonlinear controlla-
bility condition called forward accessibility [39, Chapter 7]. The construction
of a Lyapunov function is however far more problem-specific.

Over the past five years there has been much research on algorithmic meth-
ods for constructing Lyapunov functions for network models. One is based
upon linear programming methods, and is similar to the Lyapunov equation
(1.21) used for linear state space models [35]. We describe here a recent ap-
proach based upon a fluid model [41, 42]. As an example we consider here the
simplest case: An uncontrolled M/M/1 queue.

When the arrival stream is renewal, and the service times are i.i.d., then the
waiting time for a simple queue can be modeled as a Markov chain with state
space X = R;. The dynamics take the form of a one dimensional linear state
space model, where the state space is constrained to the positive half line. The
queue length process is itself a Markov process in the special case where the
service times and interarrival times are exponentially distributed. By applying
uniformization (i.e. sampling the process appropriately - see [38]), the queue
length process x obeys the recursion

Tip1 = Tt + (1 — It+1)7r(.rt) + It+1, teN,

where I is a Bernoulli, i.i.d. random process: A = P(I; = 1) is the arrival rate,
and p = P(I; = —1) is the service rate. The function 7 plays the role of a
‘policy’, where in this simple example we take 7w(z) = 1(x > 0). Time has been
normalized so that A + pu = 1.

To construct a Lyapunov function, first note that stability is a ‘large state’
property, so it may pay to consider the process starting from a large initial
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Figure 1.2 On the left is a sample path z; of the M/M/1 queue with p = A/ = 0.9,
and £y = 400. On the right is a solution to the differential equation ¢ = (—pu + A\)7(y)
starting from the same initial condition.

condition. In the left hand side of Figure 1.2 we see one such simulation. As
was seen in the linear model, when the initial condition is large the behavior
of the model is roughly deterministic.

Suppose we take the cost function ¢(z) = 1 + z. To construct a Lyapunov
function we would ideally like to compute the expected sum given in (1.15),
with S equal to some finite set, perhaps S = {0}. While this is computable
for the M/M/1 queue, such computation can be formidable for more complex
network models. However, consider the right hand side of Figure 1.2 which
shows a sample path of the deterministic fluid, or leaky bucket model. This
satisfies the differential equation ¢ = (—u + A)7(p), where 7 is again equal
the indicator function of the strictly positive real axis. The behavior of the
two processes look similar when viewed on this large spatial /temporal scale. It
appears that a good approximation is

e (1.22)
= 2,y
If we apply the transition kernel P to V we find, for 2 > 1,
PV(z) = ANW(@+1)+uV(z—-1)
1
= ———(AMz+1)? —1)?
2 =) M@+ +uE 1))
= V(@) -2+ 7/—7—,
Y
while for x = 0 we have,
PV(.QI)—#<V($)—IE+#
2p—A) ~ 2(p—A)



STABILITY, PERFORMANCE EVALUATION, AND OPTIMIZATION 19

That is, we see that this approach works: The stochastic Lyapunov criterion
(1.13) does hold with this function V' derived from the fluid model, where
J = (2( — X\))71, under the stability condition that p = A\/u < 1. The actual
steady state mean of c¢(z) = z is given by J = A(u — \) !, which is indeed
upper-bounded by J.

What about the more exact Poisson’s equation? Can the fluid model be
used to approximate a solution?

With the cost function ¢(z) = 1 + z, the Poisson equation for the M/M/1
queue becomes

Ph = Ah(z + 1) + ph((z — 1)) = h(z) — c(z) + J.
One solution is given by

2+ z
hz) = 5——>
2(p—A)
which is similar in form to the fluid value function given in (1.22).
For a general class of network models it can be shown that the value function
for the fluid model and the solution to Poisson’s equation are roughly equal for
large z in the sense that

h() = V(2)(1 + o(1),

where the term o(1) — 0 as £ — co. Some results of this type are described in
Section 1.6.2.

The M/M/1 queue illustrates the difficulties one faces in using simulation:
Using (1.19) we can show that the time-average variance constant 2 is of order
(1— p)~* in this example since pth moments for the M/M/1 queue are of order
(1—p)77 [25].

With this background we are now ready to turn to MDP models.

1.4 THE AVERAGE COST OPTIMALITY EQUATION

We now assume that there is a control sequence taking values in the action
space A which influences the behavior of . The state space X and the action
space A are assumed to be locally compact, separable metric spaces, and we
continue to let F denote the Borel o-field on X. Associated with each x € Xis a
non-empty and closed subset A(z) C A whose elements are admissible actions
when the state process x; takes the value . The set of admissible state-action
pairs {(z,a) : z € X,a € A(z)} is assumed to be a measurable subset of the
product space X x A.

The transitions of & are governed by the conditional probability distributions
{p(Y|z,a) : Y € F,z € X,a € A(z)} which describe the probability that the
next state is in Y, given that the current state is z, and the current action
chosen is a. These are assumed to be probability measures on F for each state-
action pair (z,a), and measurable functions of (z,a) for each Y € F.

We recall the following definitions:

Definition 1.6
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(i) A nonrandomized policy ¢ is a sequence of measurable functions ¢n,,
n €N, from H, to A such that ¢, (20,00, -Tn-1,0n—1,%s) € Alx,).

(ii) If for each n this function ¢, depends only on x,, then the policy ¢ is
called Markov. The set of all Markov policies is denoted TIM .

(iii) If ¢ is Markov, and if there is a fized function 7w such that ¢, = 7 for all
n, then the policy is called stationary. We denote by II° the set of all
stationary policies.

For convenience, we extend the notation by writing m € TI5 when T is
a measurable function from X to A which defines a stationary policy ¢.
The function w is called a feedback law.

For any 7 € TI®, the state process ™ :={z] : ¢t > 0} is a Markov chain on
(X,F) with statlonary transition probabilities.

We do not consider randomized policies. This is without loss of generality
since we can always redefine the MDP model so that the action space A is
replaced with the space of probability measures on A. An ordinary policy for
the new MDP model is equivalent to a randomized one for the original model.

We shall write

Plf= /f {dylz, (@), f € Loyt > 1,

for the semigroup of kernels corresponding to a policy 7 € I, and we let K,
denote the corresponding resolvent kernel. We continue to use the operator-
theoretic notation,

Pih(z):=E"[h(z]) | zo = z].

In the remainder of this section we describe consequences of the average
cost optimality equation, and develop criteria for existence of solutions. These
results are based on [42, 44]. More background may be found in [29, 5, 28, 1, 49].

1.4.1 Regular and optimal policies

We suppose that a one-step cost function c¢: X x A — [1,00) is given. Other
chapters in this volume consider a reward function r. Throughout this chapter
we will take ¢ = —r, so that the optimization problem becomes one of cost
minimization. We assume below that ¢ satisfies a near-monotone condition
so that the results of Section 1.2 and 1.3 may be applied. We will use freely
terminology that was introduced in these sections. In particular, we refer the
reader to Definition 1.5 for a definition of near-monotonicity, and Definition 1.4
for c-regularity and related topics.
The steady state average cost is denoted

n—1
J(¢, ) _hmsup E, [Zc :ct,qbt]
=0

n—oo

For any ¢ € II°, defined by a state feedback law 7, we define ¢;: X — R as
the function given by ¢, (z) = ¢(z,n(z)), z € X. A policy ¢ will be called
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Definition 1.7
regular if ¢ € II°, and x? is a cy-reqular Markov chain.
s-optimal if ¢ € II° and

J(p,2) < J(¢,2), ¢ €l zeX
m-optimal if ¢ € IM and

J(p,z) < J(¢,z), ¢ elMzeX

Many of the results below concern conditions which guarantee the existence of
a regular, s-optimal policy m,. In this case J, = J(m«, ) is independent of z.

When J, is independent of x, and the optimization criterion is cost mini-
mization, the associated average cost optimality equation (ACOE) is given as
follows. The function h, is known as the relative value function..

Jio + hi(z) = arenAi(r;) [c(m,a) + Pyhy ()] (1.23)
m(z) = argminf[c(z,a) + Pyh (2)], zeX (1.24)
a€A(z)

If a stationary policy ., a measurable function h,, and a constant J, exist
which solve (1.23,1.24), then typically the policy 7. is optimal (see for example
[1, 5, 27, 49, 55] for a proof of this and related results).

Theorem 1.5 Suppose that (Ji, h«,7s) solve (1.28,1.24). Assume moreover
that, for any x € X, and any w € IS satisfying J(r,x) < oo,

1
EP’?h* (x) =0, n — 00. (1.25)

Then m, is an s-optimal control, and J, is the optimal cost, in the sense that

i 3 Bl (57 = .
and J(m,xz) > Ji for all stationary policies 7, and all initial states x. .

The assumption (1.25) is unfortunate, but examples show that some addi-
tional conditions on h, are required (see e.g. page 87 of [5], Chapter 7 of [55], or
the examples in [1, 15, 49, 51]). The following result gives a condition implying
(1.25) which is often verifiable in practice, as we shall see in Section 1.6.1 and
Section 1.6.2.

Suppose that ¢ € IIY is defined by a feedback law , suppose that the
controlled chain ™ is 1 -irreducible, and that pr(cx) = [ ¢x(2)px(dz) is finite.
Let Z, € F denote any fixed cr-regular set for which p,(Z;) > 0. We then
define

Ve(z) = E, [ Z cw(mf)], z €X, (1.26)
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where 7, = 7z, is the first entrance time to Z,. Since u(Z;) > 0, the function
Vi is pr-a.e. finite-valued [39, Theorem 14.2.5]. Note that, by [39, Theorem
14.2.3], the particular c,-regular set Z, chosen is not important. If Z1 and Z2
give rise to functions V! and V2 of the form (1.26), then for some constant
721,

7_1V7,1 (z) < V,?(w) < 7V7r1(;t:), z €X.

The following result is taken from [42]. We show how the assumptions are
verified in Section 1.6.

Theorem 1.6 Suppose that the optimality equation (1.23,1.24) holds for (Js,
ha,mi), with h. bounded from below. For any other m € II° assume that

(a) The function
K7rc7r = (]- - /B) ZBtP;cﬂ'
=0

is norm-like, and the Markov chain ™ is a T-chain.

(b) There exists some constant dyg = do(m) < oo such that,

|ha(2)| < doVir(z), z e X. (1.27)
Then 7. is a regular, s-optimal policy. .

Theorem 1.6 asserts that a solution to the ACOE will yield an optimal policy
provided h, is ‘small enough’. This motivates the construction of a solution
through the formulation of a minimal relative value function. We consider this
approach next.

1.4.2 Existence of solutions

The ACOE is a generalization of Poisson’s equation. To formulate sufficient
conditions for a solution, we generalize the operators H and K which formed
the basis of analysis in Section 1.3. In an attempt to simplify the development,
we assume here that the cost ¢(-, -) is a function of z only. Analogous results
hold for general cost functions.

Randomization is required to define the resolvent kernel for a Markov policy.
Let {& : i > 1} denote an i.i.d. sequence of geometrically distributed random
variables which is independent of the controlled chain. We assume that for
some 0 < 8 <1,

P& =k =0-p)pF k>0, i>1
For any Markov policy, we then write,

Ky(z,Y)=P%ze, €Y |zo=2}, z€X, YEF
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This coincides with the previous definition (1.3) when the policy ¢ is stationary.

A potential kernel is then defined in analogy with (1.5) by sampling the
chain at the renewal events t;, = Zle &;. Let y denote the sampled, controlled
chain yr = x4, £ > 0. A Markov policy for y is expressed as a sequence of
Markov policies for x, via

¢ :=(b1,2,...), ¢ e IM i > 1.

We let TI denote the set of all such sequences, and we let ITS € TI denote
the set of trivial sequences constructed from a stationary policy. That is,
eI’ if ¢ = (4,¢,...), with ¢ € TIS.

Given a policy ¢ € IIM, the transition probabilities are given by

]P)(yk-l-ﬁ €Y | Yr = .CL') = [K¢k+1 : "K¢k+z](may)7 zeX, YeF k>0, >1

For a fixed s: X —]0, 1[ and a probability measure v on F we define

Mg’ = (K¢ —sQV)---(Ky, —sQv), n > 1.
oo

H? = I1+) MP.
n=1

This again agrees with our earlier definition of H when ¢ € II°. To ensure
positivity of these kernels we impose a minorization condition below.

These operators immediately give formulae for a candidate solution to the
ACOE. We first define a candidate average cost:

n(d) = inf(n vH®(c 1) < o), ¢ € IM; (1.28)
Ne = inf(n(¢) 1p € HM). (1.29)

The construction of a solution to Poisson’s equation in Theorem 1.4 leads to
the following definitions: For any z € X,

W(z) = inf (H¢’(c ) (z): e HM). (1.30)
ho(@) = (%) inf (Kyh () : € TI"). (1.31)
A candidate s-optimal policy is then,
m«(x) := arg min/p(dy | z,a)h.(y), zeX (1.32)
a€A X

The following assumptions ensure that these functions are well defined, and
that the function h, is bounded from below. Provided these assumptions hold,
and that there exists at least one ‘stabilizing policy’, we find that the triple
(Jx, by, ms) solves the ACOE with J, = 7.

(A1) The infimums in (1.30,1.31) exist, and admit measurable solutions h?
and h,. Moreover, the minimum in (1.32) exists point-wise to form a
stationary (measurable) policy ..
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(A2) There exists a norm-like function ¢: X — R4 such that,

Kyc >, $eTM,

(A3) There exists a continuous function s: X —]0, 1[, and a probability mea-
sure v on F, such that

Ky(z,Y) > s(x)v(Y), z€X,YeF, ¢ecl™.

The measurability assumption in (A1) is, surprisingly, the most subtle of these
three conditions. A strong Feller assumption, that p(h | z,a) is a continuous
function of (z,a) for a sufficiently large class of functions h will imply that b,
is continuous, and hence measurable. The existence of a measurable solution
7, in (1.32) will require further conditions (such as compactness of A(z) for all

Lemma 1.2 If (A1)-(A3) hold then, whenever the invariant probability p,
exists,

e < pin(c),  mwell®.
Proof. This follows from the construction of u(-) = po(+)/po(X) given in
(1.10), the definition (1.29), and the minorization condition (A3). .
Thus, it is not surprising that 7, is an s-optimal policy:
Theorem 1.7 Suppose that Assumptions (A1)-(A8) are satisfied, and suppose

that there exists one reqular policy Ty € I with average cost pir,(c) < 00.
Then the following hold:

(a) The triple (Jy, hy,my) solve the ACOE, where J, = 1., and the policy m,
is reqular and s-optimal.

(b) The function h. is uniformly bounded from below:
wlrelggh*(m) > —o00.

(c) If(hl,J.) is any other solution to (1.23), with h. uniformly bounded from
below, then there exists a constant k' such that

W (z) = h.(z) + k' for almost every x
* > ho(z) + k' for every x.
Proof. We will just prove (a). This and the remaining parts are similar to
the proof of Theorem 1.4. A complete proof in the countable state space setting
is given in [44].

We first show that hQ solves the ACOE for the resolvent. From the definition
of 1. we find that

v(h?) <0. (1.33)
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For any ¢ € T ¢ € II™ | we can apply (1.33) and the definition of k9 to give,
Kshy < (Ky—s®v)h
< (Ky—s®v)H?(c—n.)
¢[1]
= H? (c—n)—c+ns

where ¢ :=(¢, 61, ha, .. .).
Infimizing over all ¢ € ITIM, ¢ € 1 gives the upper bound,

inf (K¢,h2(m)) <hoz) —e(z) +n., zEX

We also know that A? is finite-valued by the regularity assumption imposed on
mo: With ¢g € IS equal to the stationary policy defined by 7, the following
bound follows from minimality of h?,

W<H (c—n),  ¢°:=(do,do,...) € II°.

We now turn to the function h.. Exactly as in the uncontrolled case (see
the proof of Theorem 1.4), we can translate from the resolvent to the original
chain to obtain,

Prho(a) = inf Pa(¢i€%fMK¢h2 (w))

< ha(z) = () + 74, zeX

It follows that pr, (¢) < 74, and then by minimality of 7, we must have equality.
Hence by Theorem 1.4, the above is an equality for p,, -a.e. z. By minimality
of h. and Theorem 1.4 (iv), it must be an equality for all x. .

The literature on average cost optimal control is filled with counter-examples.
It is of some interest then to see why Theorem 1.7 does not fall into any of
these traps. Consider first counter-examples 1 and 2 of [51, p. 142]. In each of
these examples the MDP is completely non-irreducible in the sense that

P(zf < z7) =0, t>1,mell’.

It is clear then from the cost structure that the bound (A3) on the resolvent
cannot hold in this case.

Another example is given in the Appendix of [51] in which a version of (A3)
is directly assumed! However, the cost is not unbounded, and is in fact designed
to favor large states.

The assumptions (A2) and (A3) together imply that the center of the state
space, as measured by the cost criterion, possesses some minimal amount of
irreducibility. If either the unboundedness condition or the accessibility condi-
tion is relaxed, so that the process is non-irreducible on a set where the cost is
low, then we see from these counter-examples that optimal stationary policies
may not exist.

In the remainder of this chapter we preserve these three assumptions. They
will be generalized sightly when we consider algorithms in the next section.
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1.5 ALGORITHMS

Value iteration and policy iteration are two well-known algorithms for con-
structing optimal policies. The value iteration algorithm, or VIA, is a version
of successive approximation. The policy iteration algorithm, or PIA, first pro-
posed in [31], may be interpreted as a version of the Newton-Raphson method.
We find that the PIA is more easily analyzed under the assumptions we impose
even though the algorithm is considerably more complex than value iteration.
The ease of analysis is a result of the hard work already taken care of in Sec-
tion 1.3.

Although complex, the PTA may converge extremely quickly when properly
normalized. See [20, 42] for application in the communication and network
areas.

The results below are taken from [42, 10]. Related work on algorithms may
be found in [30, 7, 54, §].

1.5.1 Value iteration

The ACOE (1.23) can be viewed as a fixed point equation in the variables
(h«, Jx)- By ignoring the constant term, and applying successive approximation
to this fixed point equation, we obtain the VIA. Suppose that the positive-
valued function V, is given. Then the stationary policy m,, is defined as

7 (x) = argmin[P,V,, (z) + ¢(z,a)], z €X,
a€A(z)

and one then defines

Vat1(z) = e, (x) + P, Vo(z) = renAi(n)(PaVn (x) + co(2)), (1.34)
a T
which then makes it possible to compute the next policy 7,41 by re-starting
the algorithm.
This is in fact the standard dynamic programming approach to constructing
a finite horizon optimal policy since for each n we may write,

n

Viu(z) = min (Egg [f c(xe, az) + V0(<I>(n))] e HM). (1.35)

t=0

We see in (1.35) that the initial condition V5 plays the role of a terminal penalty
function.

The initialization Vj should be chosen with care. For a countable state
space model, a poor choice (such as Vp = 0) can lead to policies for which the
controlled chain is transient [10]. We assume in Theorem 1.8 below that at least
one regular policy m_1 exists, and that the function V; serves as a Lyapunov
function: for some constant J < oo,

Pr Vo <Vo—cn_y +J. (1.36)

The existence of a pair (Vp,7_1) satisfying (1.36) is a natural stabilizability
assumption on the model, and we find below that this initialization ensures
that the VIA generates stabilizing policies.
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To simplify notation we define ¢, = ¢, P, = Pr,, and we define the
resolvent for the nth policy by

Kn:=(1-p) fj,@tP;i, n >0, (1.37)
t=0

where 3 €]0, 1] as before. We let IE™ denote the expectation operator induced
by the stationary policy .

Let v denote some fixed probability measure on F. We define, for each n,
the normalized value function, and the incremental cost,

ho(z) = Vo(z) — v(Vy,); Y (x) = Vo (z) — Vi (), zeX,neN
(1.38)

From the definitions, for each n we have the familiar looking identity P,h, =
hn —cp+ ’Yn;
Defining J,, = sup, v»(z) < 0o, we obtain the following solution to (1.13):

PV < Viy = cn + . (1.39)

Under (A1)-(A3), and with an initial condition satisfying (1.36), we find that
the {J,} are finite valued, and non-increasing. The assumptions below are
almost identical to (A1)-(A3) in Section 1.4.

(VIA1) For each n, if the VIA yields a value function V;,: X — Ry, then for
each z € X the minimization

Tn(z) :=argmin[c(z,a) + PV, ()]
a€A(z)

exists, and admits a measurable solution 7.
(VIA2) There exists a norm-like function ¢: X — R4 such that
K,c, (z) > c(x), zeXneN

(VIA3) There is a fixed probability v on F, a § > 0, and an initial value
function V, with the following property: For each n > 1, if the VIA
yields the value function V,,, then for any policy 7, given in (VIA1),

K,(z,Y)>ov(Y) z€SY eF, (1.40)
where S denotes the pre-compact set

S ={z:c(z) <2J}. (1.41)

The following result is largely taken from [10].

Theorem 1.8 Suppose that (VIA1)-(VIA3) hold. Assume moreover that the
initialization Vy satisfies (1.36). Then,

(i) Each of the policies {m; : i € N} is regular.
(ii) The upper bounds {J,} are decreasing:
Jo>Jy 22 dn >

(iii) The sequence {hy} is uniformly bounded from below.
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Proof. The minimization in the value iteration algorithm immediately leads
to the bound P, > ,4+1. From this we deduce by induction that the .J,, are
finite and decreasing: The initialization of the induction relies on the assump-
tion that the initial condition Vo satisfies (1.36). This then proves (ii).

To establish (i), note first that the following bound on the resolvent follows
from (1.39):

KV, <V — liKncn + B2 g (1.42)

-p 1-p
This inequality is a version of (1.13) since V,, > 0, and we have established
that .J,, is finite. Applying Theorem 1.3 and using (VIA2,VIA3) for the kernel
K, we see that the Markov chain with transition kernel K, is c-regular. This
implies (i).
To prove (iii) note first of all that h,(z) > —v(V,) > —oo for all z. Tt
remains to obtain a bound independent of n. For any n we have

Letting s = 15 we then obtain,
(Kp —s®@0)hy < hp + J6 s,

and by iteration, for any N,

N—1
—v(V)(Kp—s@v)V1 < (K, —5sQ0)Nhy < hy + J671 Z (Kn—s®v)'s.
=0

By c,-regularity of the nth chain it follows that (K, —s ® v)N1 (z) — 0 as
N — oo for any . This and Lemma 1.1 then gives the bound

0<hy+J67 Y (Kn—35®v)'s <hp+J67"
1=0

Convergence of the algorithm is subtle. This is not surprising since it is rare
in optimization to prove global convergence of successive approximation. The
countable state space case is considered in [10] where it is shown that (VIA1),
(VIA2), and a strengthening of (VIA3) do imply convergence of {h,} to a
solution of the ACOE. To generalize this result to general state spaces it may
be necessary to impose a blanket stability condition as in [29], or the stronger
stability assumption imposed in [14, 56].

1.5.2 Policy iteration

The PTA, which is again a recursive algorithm for generating stationary policies,
follows naturally as a refinement of the VIA. We saw that the value iteration
algorithm generates regular policies because we have established in Section 1.5.1
the drift inequality,

Pnflvnfl S anl —Cp—1 + jnfl-
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From this bound we discovered easily that the next policy 7, has cost bounded
by J(mn,2) < Jo_1, * € X. We have seen that there are an infinite number of
solutions to drift inequalities of this form, and some give better bounds than
others. The optimal solution is the solution to Poisson’s equation, since this
gives the minimal possible value for J. On replacing the function V,,_; by the
solution to Poisson’s equation in the VIA recursion (1.34) one obtains precisely
the PTA.

To give a precise description of the algorithm, suppose that at the (n —1)th
stage of the algorithm a stationary policy 7,1 is given, and assume that h,_;
satisfies the Poisson equation

Pn—lhn—l = hn—l —Cp—1 + Jn—l;

where P,_1 = P, _,, ¢chp_1(2) = cn,_,(x) = c(z,mp-1(z)), and J,—; is a
constant (equal to the steady state cost with this policy).

Given h,_1, one then attempts to find an improved stationary policy m, by
choosing, for each z,

7y (z) = argmin[c(z, a) + Pyhy_1 (2)]. (1.43)
a€A(z)
Once 7, is found, stationary polices mp41, Tnt2,... may be computed by in-

duction, so long as the appropriate Poisson equation may be solved, and the
minimization above has a solution.
Our analysis of the PIA is based on the pair of equations

Pohn = hn—Gn; (1.44)
Pnhnfl = hnfl — Cn + Yy (145)

where ¢, = ¢, — Jp, and 7, is now defined through (1.45). From the minimiza-
tion (1.43) we have

cn+ Pohpo1 <cno1+ Proihyp,
and from Poisson’s equation we have
Cpn-1+ Pn—lhn—l = hn—l + Jn—l-

Combining these two equations gives the upper bound v,(z) < J,_1 — Jn,
z € X, which shows that the PIA automatically generates solutions to (1.13).

As was the case with the value iteration algorithm, much of the analysis
of [42] focuses on {K,} rather than {P,}, as given in (1.37). To invoke the
algorithm we must again ensure that the required minimum exists.

(PIA1) For each n, if the PIA yields a triplet (J,—1,hn_1,mn—1) which solve
Poisson’s equation

Pn—lhn—l = hn—l —Cp-1+ Jn—l:
with h,_; bounded from below, then for each x € X the minimization

Tn(z) := argmin[c(z, a) + Pyhy—1 (2)]
a€A(z)
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exists, and admits a measurable solution 7,.

(PIA2) There exists a norm-like function ¢: X — R4 such that for the policies
7y, obtained through the PIA,

K,cp, (z) > c(x), zeX,neN

(PIA3) There is a fixed probability » on F, a § > 0, and an initial regular
policy mo with the following property: For each n > 1, if the PIA yields
a triplet (J,—1, hn_1, 1) with h,_; bounded from below, then for any
policy m, given in (PIA1),

K,(z,Y) > 6v(Y) z€SY eF, (1.46)
where S denotes the pre-compact set
S={z:c(z) <2Jp}. (1.47)
Under Assumptions (PIA1)-(PIA3), the algorithm produces stabilizing poli-
cies recursively. A proof of Theorem 1.9 may be found in [42].

Theorem 1.9 Suppose that (PIA1)-(PIA3) hold, and that the initial policy mg
is regular. Then for each n the PIA admits a solution (J,, hy, ) such that m,
is regular, and the sequence of relative value functions {hy,} defined in (1.18)
satisfy,

(i) For some constant N < oo,

et hn(@) > —N;

(ii) There exists hoo: X = R such that

lim h,(z) = heo(z), z € X

n—oo

(iii) There exists by,bs < oo such that

—NShOO(ZC) Sb1h0($)+b2, z € X.

Now that we know that {h,} is point-wise convergent to a function h,, we
can show that the PIA yields a solution to the ACOE. We let 7, denote a
solution to

Too(x) = argmin P, h (z), zeX (1.48)
a€A(z)

Theorem 1.10 is similar to Theorem 4.3 of [27] which requires a related continu-
ity condition. Weaker conditions are surely possible for a specific application.
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Theorem 1.10 Suppose that (PIA1)-(PIA8) hold, and that the initial policy
mo 18 regqular. Assume in addition that

(i) The function m in (1.48) can be chosen to form a stationary policy.

(ii) The function c: XxA — [1,00) is continuous, and the functions (Pyhy, (z) :
n > 0) and P,h(z) are continuous in (a,x).

(iii) For each z € X, the function c(z, -) is norm-like on A.

(iv) The initial condition hg satisfies,

1
lim —PThg (z) = 0,

n—oo N
for any ™ € T, and any x € X for which J(m,z) < co.
Then,

(a) The PIA produces a sequence of solutions (Jp, hn, ) such that {J,, hy} is
point-wise convergent t0 (Joo, hoo). The triple (Joo, hoo, Too) 8 a solution
to the ACOE.

(b) The policy moo s cr, -regular, and s-optimal. Consequently, for any initial
condition x € X,

We now illustrate the theory with some general examples.

1.6 EXAMPLES
1.6.1 Linear models
The controlled linear state space model is defined through the recursion,

Tir1 = Axy + Bay + Fwgy, teN, (1.49)

where w; € RY, z; € R?, and a; € RP. As before we assume that w ~ N (0, I),
and that (A, F') is controllable (see the discussion following (1.20)).

Since w is i.i.d., then this is a Markov decision process with transition func-
tion

p(Y |z,a) =P(w; + Az + Ba €Y), zeX,YeFacA
The cost ¢ is taken as the general quadratic,

c(z,a) = 227 Qz + La" Ra, (1.50)
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with Q > 0, and R > 0. The assumption ¢ > 1 fails in this example. However,
¢ is positive, so that we can add 1 to the cost function to satisfy the desired
lower bound on ¢ and the MDP is essentially unchanged.

The optimization of J(m, z) is known as the LQG (linear-quadratic-Gaussian)
problem. Under certain conditions on the model, it is known that one may ob-
tain a solution (Jy, h«, m«) to the ACOE with h, quadratic, and 7, linear in z,
by solving a Riccati equation [37]. What conditions are required? Why should
a solution give rise to an optimal policy?

Assumption (A1) in Section 1.4 requires the existence of measurable solu-
tions to the static optimization problem arising in (1.23,1.24). Since the can-
didate relative value function is quadratic, this will hold under our assumption
that R > 0.

The norm-like condition (A2) requires additional assumptions on Q. Let /@
denote any d x d matrix for which Q = /Q /@, and suppose that (4, /Q)
is observable. Algebraically, this means that (AT,\/@T) is a controllable pair.
Physically, it means that the cost will be large whenever the state is large. In
[42] it is shown that observability implies (A2), and it is also shown that for
any regular policy, the solution to Poisson’s equation is bounded from below
by a quadratic function of z.

Assumption (A3) will not hold for any stationary policy, but if one restricts
to policies with bounded growth, say

7@l < bi(llzl* +1) 2 €X,

then this assumption will hold if F' is a d x d matrix with rank d. This is
stronger than the controllability assumption.

Under these conditions it follows from Theorem 1.6 that the linear /quadratic
solution (4, hy) to the ACOE does yield an optimal control over the class of
all nonlinear feedback laws (i.e., all stationary policies).

Theorem 1.9 recovers known properties of the Newton-Raphson technique
applied to the LQG problem, which is precisely the PTA. Suppose the initial
policy mg in the PIA is linear. One can verify that the solution to Poisson’s
equation is quadratic. Each subsequent policy is of the form 7,(z) = —K,z,
for some p x n matrix K,,, and each subsequent solution to Poisson’s equation
is quadratic,

hn(z) = hp(0) + 12"Ayz, z eX.

Under the observability condition, it follows from Theorem 1.9 that the matrices
{A,}, which are solutions to a Riccati recursion, are uniformly bounded in n.
The proof of Theorem 1.9 depends upon a bound of the form,

hn(m) S [1 + 2(Jnfl - Jn)]h’nfl(m) + b(Jnfl - Jn); (151)
where b is a constant (see [42]). Letting z — oo, it follows that
A <1+ 2(Jpe1 — Tn)]An—1, n > 1. (1.52)

It is known that the matrices {A,} are decreasing, in the sense that A, — A, _;
is positive semidefinite for each n > 1 [18, 62]. Hence the bound (1.51) is
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not tight in the linear model. However, the semi-decreasing property (1.52)
is sufficient to deduce convergence of the matrices {A,} to a finite limiting
matrix.

There is no space here to consider the VIA in further detail. We note however
that it is well known that the successive approximation procedure generates
stabilizing policies for the linear state space model provided the initial policy
is stabilizing and linear [18]. Theorem 1.8 shows that it is enough to assume
only stability.

1.6.2 Network models

We now apply the general results of Section 1.4 to the scheduling problem for
multiclass queuing networks. For simplicity we discuss here only a relatively
simple class of network models which can be formulated through an extension of
the M/M/1 model. A treatment of general network models is given in [41, 43].
Consider a network composed of d single server stations, indexed by o =
1,...,d. The network is populated by £ classes of customers: Class k customers
require service at station s(k). An exogenous stream of customers of class 1
arrive to machine s(1), and subsequent routing of customers is deterministic.
If the service times and interarrival times are assumed to be exponentially
distributed, then after a suitable time scaling and sampling of the process, the
dynamics of the network can be described by the random linear system,

4
oo =@+ Y L (k) —eFlag(k), ¢ >0, (1.53)
k=0

where the state process & evolves on the countable state space X = N, and
z¢(k) denotes the number of class k customers in the system at time ¢. An
example of a two station network is illustrated in Figure 1.3.

The random variables {I; : t > 1} are i.i.d. on {0, 1}*+!, with

P{Y, I,(k) = 1} = 1, and E[I,(k)] = .

For 1 < k < /¢, uy denotes the service rate for class k customers. For & = 0, we
let pg := A denote the arrival rate of customers of class 1. For 1 < k < £ we let
ek denote the kth basis vector in IR¢, and we set 0 = ef+1:=0.

The sequence {a; : t > 0} is the control, which takes values in A:={0,1}¢+1.
We define a:(0) = 1. The set of admissible control actions A(z) is defined in
an obvious manner: for a € A(z),

(i) Forany 1 <k </, a(k)=0or 1,

(ii) Forany 1 <k </, 2y =0 = a(k) = 0;

(iii) For any station o, 0 <37, ., a(k) < 1;

(iv) For any station o, 3= 4)—, a(k) =1 whenever 3, ., z(k) > 0.

If a(k) = 1, then buffer k is chosen for service. Condition (ii) then imposes
the physical constraint that a customer cannot be serviced at a buffer if that
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A %, (1) x,(2)
¥uu| H, —»Nol H,

Machine 2

Machine 1
X, (3)

Figure 1.3 A multiclass network with d = 2 and £ = 3.

buffer is empty. Condition (iii) means that only one customer may be served
at a given instant at a single machine o.

Since the control is bounded, a reasonable cost function is ¢(z,a) = Tz,
where ¢ € RY is a vector with strictly positive entries. For concreteness, we
take c¢(z,a) = |z|:=3_, (k). The non-idling condition (iv) is satisfied by any
optimal stationary policy with this cost criterion: An inductive proof is given
in [41] based upon value iteration.

The controlled transition function has the simple form,

plx+ett —ek | za) = mea(k), 0<k<UL.

pl|z,0) = 1= pa(k)

The accessibility condition (1.7) holds with s everywhere positive, and v = g,
with @ equal to the empty state 8 = (0,...,0)7 € X. This follows from the
non-idling assumption (iv).

Associated with this network is a fluid model. For each initial condition
xo # 0, we construct a continuous time process ¢*°(t) as follows. If m = |zo|,
and if tm is an integer, we set

1
™ (t) = Tt

For all other t > 0, we define ¢ (t) by linear interpolation, so that it is
continuous and piecewise linear in ¢. Note that |¢*°(0)| = 1, and that p*° is
Lipschitz continuous. The collection of all “fluid limits” is defined by

L:= ﬂ {p® : |z| >n}
n=1

where the overbar denotes weak closure in C(IR), the space of continuous func-
tions, with the topology of uniform convergence on compact sets. This set of
stochastic process of course depends on the particular policy 7 which has been
applied.
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Any ¢ € L evolves on the state space ]Ri and, for a wide class of scheduling
policies, satisfies a differential equation of the form

4
Do) =3 mle* — Hluah) (154
k=0

where the function u, is analogous to the discrete control a;, and satisfies similar
constraints (see the M/M/1 queue model described earlier, or [12, 11] for more
general examples).

Stability of (1.53) in terms of c¢-regularity is closely connected with the sta-
bility of the fluid model [12, 35, 13]. The fluid model £ is called L,-stable
if

: o
Jim sup Efjo ()] = 0.

It is shown in [35] that Lo-stability of the fluid model is equivalent to a form
of c-regularity for the network:

Theorem 1.11 The following stability criteria are equivalent for the network
under any non-idling, stationary policy.

(i) The drift condition (1.13) holds for some function V. The function V is
equivalent to a quadratic in the sense that, for some v > 0,

L+Alz> <V(z) <1+ a2l zeX. (1.55)

(ii) For some quadratic function V,

09

E[Y o] < V@), wexX

n=0
where gy is the first entrance time to 6 = 0.

(iii) For some quadratic function V and some J < oo,

N
Z E,[|zn|] < V(z)+NJ, forallz and N > 1.
n=1

(i) The fluid model L is Lo-stable.

Using this result it is shown in [42] that when applying policy iteration to a
network model, on performing the fluid scaling one obtains a sequence of fluid
models which are the solutions of a policy iteration scheme for the fluid model.
Moreover, the algorithm convergence to yield a policy which is s-optimal for
both the network and its fluid model. The minimal relative value function h,
is equivalent to a quadratic in the sense that, for some constant by,

by llzll? = b1 < ha(z) < bullal® + by
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122 S Initialized with a quadratic V, (x) = X"Q X
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11.4F
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Figure 1.4 Convergence of the VIA with 1} taken as the value function for the associated
fluid control problem, or a pure quadratic function obtained through a linear program.

For any stationary policy, the solution to Poisson’s equation is bounded from
below by a quadratic.

Let us turn to the VIA: In view of Theorem 1.11, how should we initialize
the algorithm? Two possibilities are suggested:

(i) Given the previous analysis of the M/M/1 queue it appears natural to set
Vb equal to the value function for a fluid model,

V. (2) = min / Tle@ldt o) =z, zeX,

where the minimum is with respect to all policies for the fluid model.
One can show that for large x, V. does approximate the relative value
function [41, 42, 25].

(ii) The conclusion that the relative value function is ‘nearly quadratic’ sug-
gests that we search for a pure quadratic form satisfying (1.13),

Vo(z) = 27 Qx, zeX.

In [35] a linear program is constructed to compute a quadratic solution
to (1.13) for network models, based on prior results of [36, 47].

We conclude with a numerical experiment to show how a careful initialization
can dramatically speed convergence of the VIA. We consider the three buffer
model illustrated in Figure 1.3 with the following parameters: A/us = 9/10;
A p1 + A ps = 9/11; and py = pz. The optimal value function Vi can be
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computed explicitly in this case, and a pure quadratic Lyapunov function can
also be computed easily.

Two experiments were performed to compare the performance of the VIA
initialized with these two value functions. To apply value iteration the buffer
levels were truncated so that z; < 45 for all 4. This gives rise to a finite
state space MDP with 452 = 91,125 states. The results from two experiments
are shown in Figure 1.4. For comparison, data from the standard VIA with
Vo = 0 is also given. We have taken 300 steps of value iteration, saving data
for n =10,...,300. The convergence is exceptionally fast in both experiments.
Note that the convergence of J, is not monotone in the experiment shown
using the fluid value function initialization. However, this initialization leads
to fast convergence to the optimal cost J, ~ 10.9.

1.7 EXTENSIONS AND OPEN PROBLEMS

It is hoped that the development in this chapter has suggested to the reader
some interesting topics for further research. We list here some areas which have
been of interest to the author.

Existence and structure of optimal policies. The results of Section 1.4
are fairly complete, but the setting is special. It appears that there is still much
to be done to better understand the structure of optimal policies, and criteria
for existence of optimal policies in this general setting.

Continuous time. In this chapter the analysis has been restricted to a resol-
vent kernel, and the same approach can be followed in continuous time where
the resolvent becomes

K = / Be PtPtdt
0

with 8 > 0. Again one can show that any variable of interest (the invariant
measures, solutions to Poisson’s equation, or solutions to (1.13)) can be mapped
between the resolvent and the continuous time process. Further discussion may
be found in [42, 55].

Geometric ergodicity and risk sensitive control. The risk sensitive con-
trol criterion is given via

n—1
Jy(m, x) :=lim sup 1 log(]Ew [exp (fy Z cﬂ(mf))] ) .
n—oo T =0
where the ‘risk factor’ v is assumed to be a small, positive number in the

risk-averse case.

Models of this sort were first considered in [3, p. 329] and in [32, 52]. This
control problem has attracted more recent attention because of the interesting
connections between risk sensitive control and game theory [33, 21, 62].

Under a norm-like condition on the model it can be shown that when this
cost is finite valued, the Markov chain exhibits a strong form of stability known
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as geometric ergodicity [2, 6]. Conversely, such stability assumptions imply that
the cost is finite, and ensure that an optimal policy does exist [23, 9].

Our present understanding of the optimization problem for Markov chains
on an infinite state space is currently weak, and this appears to be an area
worthy of further study.

Simulation. The use of simulation will become increasingly important in
both evaluating and synthesizing policies. Much of the burden of finding an
optimal policy surrounds the solution of Poisson’s equation, for which now there
are several simulation based algorithms such as temporal difference learning.
There are also simulation based versions of both value and policy iteration (see
[4, 57, 34]).

We have remarked that high variance can make simulation impractical. The
use of the fluid value function is one promising approach to variance reduc-
tion for network models [25], and related techniques may prove useful in the
development of simulation-based optimization algorithms.

Complexity. This has always been one of the most challenging issues in
optimal control. Markovian models are frequently too ‘fine-grained’ to be useful
in optimization. One solution then is to seek some form of aggregation. For
general MDP models one can directly discretize the state space to obtain a
finite state space model.

This is an area in which the most relevant research will most likely focus
on a specific application. In the case of network models, either fluid models
or Brownian motion models provide approaches to aggregation which deserve
further study.
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