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Abstract

Recent results for geometrically ergodic Markov chains show that there exist
constants R < oo, p < 1 such that

sup | [ P™(, dy) f(3) - / w(dy)f(3)] < BV ()5"

lF1<V

where 7 is the invariant probability measure and V is any solution of the drift
inequalities

/P(m, dy)V(y) < AV(z) + ble(z)

which are known to guarantee geometric convergence for A < 1,b < oo and a
suitable small set C'.

In this paper we identify for the first time computable bounds on R and p in
terms of A, b and the minorizing constants which guarantee the smallness of C.
In the simplest case where C' is an atom a with P(a, a) > § we can choose any
p > 9 where

[1—9]"t= 1= A+ 5452+ (o(b(1— X) +b7)

ol

s (55) (25

and we can then choose R < p/[p— ¥]. The bounds for general small sets C
are similar but more complex. We apply these to simple queueing models and
Markov chain Monte Carlo algorithms, although in the latter the bounds are
clearly too large for practical application in the case considered.
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1 Bounds for Geometrically Ergodic Chains

Let & = {®, :n € Z,} be a discrete-time Markov chain on a general state space X,
endowed with a countably generated o—field B(X). Our notation will in general follow
that of [16]. We denote by P™(z,A), n € Z;, z € X, A € B(X) the (stationary)

transition probabilities of the chain, i.e.
P*(z,A) = P{®, € A}

where P, and E, denote respectively the probability law and expectation of the
chain under the initial condition ®; = z. When the initial distribution is a gen-
eral probability A on (X, B(X)) the corresponding quantities are denoted by Py, Ej.
For any non-negative function f, we write Pf and P™f respectively for the functions
J P(z,dy)f(y) and [ P™(z,dy)f(y), and for any (signed) measure p we write u(f)
for [ u(dy)f(y).

We assume throughout that the chain is ¢-irreducible and aperiodic [16, Chapters 4,
5], and we write BT (X) = {4 € B(X) : ¥(A4) > 0}.

In this paper we consider chains which are geometrically ergodic: that is, when there
exists a unique invariant probability measure = and constants R, < oo, p < 1 such
that

[P™(2, -) — 7| < Rep" (1)

forall z € X,n € Z, where for a signed measure p, we use ||u|| := sup|f<1 |#(f)] to
denote the total variation norm.

Our specific goal is to find computable bounds on the constants R, and p.

Recall from [16, Chapter 5] that for a t/-irreducible chain every set A € BT (X) contains
a small set C: that is, a set for which there exists some probability measure v, some
6 > 0 and some m with

P™(z, A) > §u(A), z€C, Ac B(X). (2)

Our expressions bounding R, and p will be in terms of the quantities § and m in
(2) together with constants A < 1,b < oo and a function V' > 1 satisfying the “drift
inequality”

PV <AV + blg (3)

where C is small. That the existence of solutions to this inequality is equivalent to
geometric ergodicity was first shown by Popov [21] in the countable space case and
in [19, 35] in the general case, and verifying geometric ergodicity is most often done
through such bounds (see Chapters 15 and 16 of [16], or examples such as [4, 5, 3]).

To set up our results we need the concept of a V—norm for the kernels (P™ — ).

For a positive function V' > 1, first generalise the idea of total variation by defining
the V-total variation [16, Chapter 14| of a signed measure px on B(X) as

|lllv := sup |p(f)l-
IFI<V

Conditions for the convergence of |P™(z, - ) — ||y for appropriate V are given in [186,
Chapter 14]: essentially all that is required to move to this convergence from total
variation convergence is that 7(V) < oo.
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Next, for any two kernels P; and P, on (X, B(X)) define the V-norm as

[Pz, -) — Pa(z, - )llv
V() ‘ (4)

IP1 — Pafly, := sup
zC

In studying geometric ergodicity, we will consider the distance ||P¥ — II||;,, where I
is the invariant kernel

II(z,A):=7(4), A€ B(X), zeX.

The key concept is that of V-uniform ergodicity, introduced in [31, 10] for countable
spaces and [15] for general chains. A Markov chain @ is called V-uniformly ergodic if
there exists an invariant probability measure 7 such that

IP* — Il =0,  n— oo. (3)

We then have [10, 15] that V-uniform ergodicity is, for the correct class of functions
V, actually equivalent to geometric ergodicity as studied in [20, 18]. Indeed we have
from Theorem 16.0.1 of [16]

Theorem 1.1 For a ¥-irreducible aperiodic chain @, the following are equivalent for
anyV > 1:
(1) @ is V-uniformly ergodic.

(ii) There exists p < 1 and R < oo and an invariant probability kernel II such that
forallmn e Z,
7™ = Il < Rp™. (6)

(iii) For some one small set C (and then every small set in BY(X)) there ezists a
function Vo > 1 and constants Ao < 1,bc < 00 such that the drift condition

PVe < AcVe + bcle (7)
holds, and V¢ s equivalent to V in the sense that for some ¢ > 1,

WL Ve < V. (8)

This allows us to place V-uniform ergodicity in an operator theoretic context: for let
L3P denote the vector space of all functions f: X — C satisfying

|flv = supM < 00.

If P, and P, are two transition kernels and if |[P; — Psl|;, is finite, then P, — P, is a
bounded operator from L$f to itself, and || Py — Pyl is its operator norm.

It then follows from a standard operator norm convergence approach [16], and the
fact that P* — II = (P — II)", that the convergence must be geometrically fast so
that (i) must imply (ii) in Theorem 1.1.

Identifying upper bounds on the rate of convergence p and the constant R in (6) for
chains on finite state spaces has been a well-studied problem for many years [28], and
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in special cases the optimal rates of convergence can be found explicitly: for a recent
example see [11].

On countable spaces, this problem was studied soon after the original work on ge-
ometric ergodicity [36], although no generally applicable results seem available. On
these and on more general spaces such as IR™, the problem has attracted considerable
attention recently, largely as a result of the use of Markov chain Monte Carlo (MCMC)
techniques. In this context one key to stopping rules for simulations is knowledge of
the accuracy of n-step approximations, and this motivates the calculation of com-
putable bounds in (6).

However, existing results have been sparse. For example, even for specific situations
on continuous spaces in the MCMC area, only the simple facts of convergence in
total variation, or the existence of some unknown rate p < 1 for which convergence
is geometrically fast, have been asserted by most authors (see e.g. [23, 8, 33, 3]).
Some special cases have been studied through spectral theory of operators [27], but
again bounds on the actual value of the “second eigenvalue” have not proved easy to
establish in any closed form. In our concluding section we give one such application,
although regrettably the actual bounds found are too large for practical purposes as
yet.

To our knowledge, the results here are the first explicit general bounds on the rate
of convergence, even for countable space chains, although there are several recent
approaches which give related results.

Firstly, under the assumption that the whole space is small, so that there is an m, a
v and a 6 such that for all z

Pm(m,-)z&j(-),

then (see Theorem 16.0.2 of [16]) there is an elegant coupling argument to show that
we have

|P™(z, ) —x|| < (1- 6™  zeX: (9)

that is, we can choose R =1 and p = (1 — 5)1/’". This is exploited in, for example,
[24, 33, 7, 13]. However, the requirement that X be small is extremely restrictive and
is not satisfied for most models of a truly “infinite” nature.

Secondly, and closely related in spirit to our results, in [12] it has been shown since
we developed this paper that if one has stochastic monotocicity properties on the
chain, then it is possible to get very much tighter bounds which are in very many
circumstances exact, using only the same minimal information which we use here.
In fact the rate of convergence can be bounded by A where this is the contraction
factor in (3), provided C is a single point (an “atom”) at the “bottom” of such a
stochastically monotone chain. This can be shown to be best possible under weak
(and natural) extra conditions.

Thirdly, in [25] Rosenthal has recently extended the method of argument used in
proving (9) for uniformly ergodic chains to find bounds on chains such as those we
consider here. His method assumes slightly greater structure than does ours, but the
corresponding bounds may well be considerably tighter in many cases as a conse-
quence; no systematic comparison has as yet been undertaken, although the links
between the two methods are now understood [26].
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Finally, Spieksma [32] and Baxendale [1] have both considered the structure of
Kendall’s Theorem (Theorem 15.1.1 of [17]) which lies at the heart of the analytic
approach to convergence rates. As in [12], Spieksma shows that for a special class
of models on countable spaces (which include many single-server queueing models)
the rate of convergence can be bounded by A in (3) when C is a single point: this
relies crucially on her Assumption A, which is unfortunately not always satisfied.
Baxendale’s approach makes no such assumption, and as in this paper, his results
give general computable bounds which are complex in nature but could be compared
with ours in specific circumstances.

It is clear that, other than the results in [12] and [32], both of which require special
structure, none of these bounds are likely to be tight, but the methods of proof
indicate areas in which more explicit knowledge of specific models may be used to
sharpen the results.

In the next section we give the main results, and the proofs and related results then
follow. We consider specific numerical values which the bounds produce in a queueing
and a uniformly ergodic context, and conclude with a more detailed application, to a
specific MCMC context, which is related to rather more detailed studies in [13]. This
illustrates the approach needed to apply these methods in practice.

2 Computable Bounds

We first consider the case where (3) holds for a small set o which is an “atom”: that
is, P(z, -) = P(a, -) for all z € o . More general cases will later be reduced to this
using the Nummelin splitting technique [16, Chapter 5].

Our central result is

Theorem 2.1 Suppose that for some atom o € B(X) we have A < 1,b < o0 and a
function V' > 1 such that

PV <AV 4 bl,. (10)
Let 9 =1 — M;', where
Ma:#[1—A+b+b2+ca(b(1—x)+b2)] (11)
(1-A)2
and -
Ca = sup | P (o)~ P e )l (12)

Then @ is V -uniformly ergodic, and for any p > 19,

n P n
|1P™ — 1y, < Pl ne,. (13)

This theorem, which is proved in Section 3 and Section 4, gives an explicit bound
for the constant and the convergence rate, provided we can also find a bound for (,.
Although in specific cases (, can be estimated precisely (see for example Section 9),
which is why we give the bound M, in the form of (11), we have found no such results
in the renewal theory literature: in Section 5 we therefore prove the general result
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Theorem 2.2 Suppose that (10) holds for an atom o € B(X), and also that the atom
1s strongly aperiodic: that is, for some §

Pla,a) > 6. (14)

Then

G < 32 ;3862 (1 f A)z‘ (15)

It is instructive to consider the possible performance of these bounds. Under the
plausible configuration of smaller values of §,1 — X\ and larger values of b, the leading
term is likely to be of the order

32[b/(1 — \)]*63.

This is clearly not close to the value if 1/(1 — A) which is known for stochastically
monotone chains [12] and indicates that the bounds cannot be expected to be tight.

The conversion of these bounds to the general strongly aperiodic case is given in
Section 6. The situation there is more complex, and the result we have is

Theorem 2.3 Suppose that C € B(X) satisfies

P(z,-)>6v(-), zel (16)

for some 6§ > 0 and probability measure v concentrated on C; and that there is drift
to C in the sense that for some A¢g < 1, some bg < 00 and a function V > 1,

PV < AcV +bcle (17)

where C,V also satisfy
V(z) <ve < o0, zecC. (18)
Then @ is V -uniformly ergodic, and

I

1P~ Ty < (1 +90) 250", nez. (19)
foranyp>9=1 —Mgl, for
Mo = (1_1»2 1= 345452+ Colb1— %) +52)]. (20)
defined either in terms of the constants
Yo = 672[4bc +26)cve);
A= Detrcl/ll+ae] <1 (21)
b = vo 470 < o;
and the bound B 4o 8, by 2
(¢ < 5 (m) ; (22)
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or, in the case where

7= iIeuéP(:c,C') -6>0 (23)
i terms of the constants

b = [1—6]7 bo + 6(heve — v(V)));

Yo = [fn]7H1-6bE;  bh=w(V) = Ao (24)

A Ao +vel/l1+7e] < 1; b=b% +vc < o0;

(1 Eckc)z. (25)

and the bound )

_ ]_—7’

These expressions give computable bounds on the rates of convergence for strongly
aperiodic geometrically ergodic chains.

Because of their generality, the bounds in Theorem 2.3 are of necessity far from tight:
indeed, in the form using (21) and (22), we can consider again the probable leading
terms and find that we are likely to produce a value of M¢ of the order of

- b 12 4 b q2r be 2
—| R = v . 26
CC[(l_A)] 55[(1_>\)] [1_)\0] (26)
Since b/(1 — A) is itself of order 6741662 /(1 — A¢) this gives a lower bound on Mg of
order at least

21268 /[613(1 — o). (27)

In the case where we can use (24) and (25), then we have similarly that y¢ ~ b¢/ém,
50 b/(1— ) = b%/[6°1%(1 — A¢)]. Moreover, (¢ = b% /[26%n(1 — A\¢)?]. Thus M is at
least

8./1268°(1 - A )] (28)

which we might find to be considerably smaller than (27) in some circumstances.

There is thus clearly a premium on making é§ and 7 as large as possible, and this is
somewhat independent of the choice of V. Even so we always have § + n < 1, and
so the intrinsic capacity of this calculation seems doomed to be never better than
Mg > 213 =~ 10%, regardless of the value of A¢ or bg.

This shows that in general one will want to use more structure to get explicit bounds.
In particular it will pay handsomely to get far better bounds than (22) or (25) for (,
as we do in some of the examples below; and in particular we find that it is certainly
worth attempting to make the small set C as small as possible in order to maximise
the value of § that can be chosen, provided that this can be done without making
Ac¢ too close to unity or be too large. This tradeoff is illustrated in detail in our last
section.

In Section 7, we extend the results from strongly aperiodic chains to general aperiodic
chains. In this case the bounds become somewhat less explicit unless there is an
atom in the space, although this is an important special case since it means that for
chains on countable spaces, or for chains such as queueing systems with identified
regeneration points, we do have a complete solution to the problem in principle. The
result we prove is
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Theorem 2.4 Suppose again that (17) holds, and that there exists an atom o such
that for some N > 1 and ¢ > 0

N
Y Pl(z,0) >6c, =z€C. (29)
7=1
Define the constants
6y = 6c/N?;
b, = bo(l+ 65k, k=0,...,N; (30)

Moo= 1-(1-A0)/ T+ bi/dn),  k=0,...,N.
Then there exists a function Vy with
V<SVN<V+bn/bn

such that
PVy < AnVn +by1,. (31)

Thus Theorem 2.1 holds using Ay, by and with Vi in place of V; so that in terms of
V we have p
I1P™ — Il < [1+ bN/5N]19—_pP”, neZ,. (32)

for p > ¥ where ¥ is defined as in Theorem 2.1 using Ay, by .

This result is not quite explicit. It still involves {, for the atom in (29) and the
theorem contains no assumptions that will bound this: we need either special pleading,
or extra conditions such as the strong aperiodicity in Theorem 2.2, for a completely
computable bound.

3 Bounding the convergence rate for a bounded operator

Theorem 2.1 is a consequence of two sets of observations, the first using the spectral
theory of operators and the second using probabilistic bounds most of which are
inherent in Chapters 14-16 of [16].

As we saw in Theorem 1.1, (10) implies V-uniform convergence of the operator P :=
P — II at some geometric rate. It therefore follows that the norm of the inverse
(I—2zP)~!is bounded for |z| in some region containing the unit circle, and so at least
for |z| on the circle itself. To use this fact we will generalize a result of [22], which
enables us to move explicitly from a bound M on the unit circle to a bound in a larger
circle, as given in (13). This is the operator-theoretic observation. The probabilistic
observations then come in generating the bound on the unit circle, which will give
the form of M, in (11).

Let D(r) C € denote the open disk centered at the origin of radius 7; when r = 1 we
set D = D(r). We extend a remark given on p. 416 of [22] in
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Theorem 3.1 Suppose that A: LY — L3P is a bounded operator, that the inverse
(I — zA)™! ezists for each z in the closed unit disk D, and that for some finite M

I —2A)"ly <M, ze€D.

Then (I — 2zA)™! ezists in the larger open disk D(%), and for any 1 < r < %,

DI — 2 Y, < M .
O I =24y < =gy =
. M .

(ii) A"y < mr ) nesZ,.

Proor  Suppose that M = sup, 5 ||(I — 2A) " *||;,. The function (I — zA)~'V ()
of z is analytic in the open unit disk for any fixed z € X. By the maximum modulus
principle, we must have

sup |(1 — 24) 7'V (2)] 2 |(1 — 2A) 7'V (2)]|,_, = V()
|z|=1
which immediately implies that M > 1.
For any z we have
(- 2A) = (2 -y — (2 - g2 21y (33)

z z z z

The first factor (|Z|I — A) is invertible by assumption, and the second is invertible if

z

Ed l2l 1

W2 — 4y

By the conditions of the theorem, this holds if M(|z| — 1)/|z| < 1, or equivalently,
if |2| < M/(M — 1). Hence we have established that (I — 2.4)~! exists for z in this

range.
Now we have from (33), whenever |z| = r < M/(M — 1),
1 1
e B B
o= - AT 2y
1 1
M
1
r—(r—1)M’

— - 1.
: ly <

I = 24)7 My <

IN

which is the desired bound.

As also observed by Spieksma [32] for countable chains, (ii) now follows from (i) and
Cauchy’s inequality. For if we have for some M,

I(L = 24)lly < M,

when |z| = 7, then averaging over the circle of radius 7 in the complex plane we obtain
for any |f| <V,
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1 2w , .
%/ (I—re ®A) fe™ dh < M,V
0

and since the integral is precisely »™A™f,
A f (z)| =< r "M,V (z)

which proves (ii). O

4 Bounding (I — 2P)* on |z| < 1

To apply Theorem 3.1 to the operator P = P — II we now obtain an upper bound
M, on the norm of the inverse (I — zP)~! for |z| < 1 when the drift condition (10)
holds.

This bound follows from the Regenerative Decomposition Theorem 13.2.5 of [16]. We
have in convolution notation

Pz, f) = oP™(z, )+ ag xuxts(n) (34)
where for n > 1, writing 7, for the first return time to «,
oP™(2, f) = Eo[f(®n)1(7a 2 n)]
az(n) = Pelra=n)
u(n) = Py($n=a)
ty(n) = Ealf(®n)l(7a 2 n)]
and for convenience we set t£(0) = 0. For any f € L'(r) define f = f — = (f).

We first bound the V-norm [|(I —zP)~!||;, in terms of these quantities, and then move
to bound the quantities themselves using (10).

Proposition 4.1 If an atom a € X ezxists then for |z| < 1,

I(Z = 2P)y <1+ sup oo { [Z|f }+caEa[§:n|7<¢n>|}} (35)

n=1
wG

where (o = sup, .5 | >(w(n) — u(n —1))z"| as in (12).

Proor  From the first entrance last exit decomposition (34) we have for |s| < 1,
fI<V,

(I-2P)7'f(z)

I
(]
N:
&
~
O

z)+ i_": 2"P"f(z)

f(z) 4+ P(I — 214 P)" f(z) (36)

+4.(2) (1 - 2)U(2)) 5
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where

= i_o: 2"u(n) A(z) = i_": 2"Pp(70 = m).

We have that |A(z)| < 1for any z € D, z € X. The term P(I — 21, P)~! f(z) is less
than or equal to E; [Z;“Zl |7(515n)|] for |z| <1, and |[(1 — 2)U(z)| < (4 for any |z| < 1.
Hence the proposition will be established if we can obtain appropriate bounds on

(=)= - e _P(I — 21 P) ' F (o)

Writing Bn = Ea[?(én)ﬂ(n < Ta)] = aPn(aaf) we have that f(z) = :»o:l IBTL%
Since, from Theorem 10.0.1 of [16], -2, B, = 7(a) tx(f) = 0, it follows that for
|2 <1,

Z)IZIZﬂn |<Z|ﬂn|n—ZE [1F(2n)|1(n < 7a)n

This combined with (36) proves the proposition. 0

The most difficult term to handle in (35) is the final one. The following result, which
is a generalization of Corollary 3.1 of [6], enables us to control the second expression
in this term.

Proposition 4.2 For any positive function h and any set A € Bt (X) we have
TA
/ E2 3 nhe 3,)] v(d / [Z h(®a)] 7 (d

Proor By Fubini’s Theorem first, and then using the Markov property and the
fact that {ra > k} € FZ | we have

AEz[gnh(sﬁn)]r(dm) = /E ZZh n)| 7(d

n=1k=1

TA TA

= [ > h@a) n(d

k=1n=k
_ /A Ez[kgl Eg_. [;h(qsn)”w de

By Theorem 10.0.1 of [16] the right hand side is equal to

TA

/X B[ h(2,)| 7 (do)

n=1
which proves the proposition. O

We are now able to use (10) to relate (35) to the required bound M, in (11).

Proposition 4.3 If (10) holds then the following bounds are satisfied for all z € X:



4 BounpinG (I —zP)7! on |2| < 1 11

7r(V< b

mla) — 1-X"

~—r

()

A b

(i) Ep [ni::l V(én)] < ﬁV(m) + ﬁ]la(:c);

- A ow(V) b
(iif) E“[Z nv@")] S1o An(a) LY

n=1

(iv) Eafra] < m {log V(z) + ;]la(:c)};

o 1 n(log(V)) b
) €30 < o { t3)

n=1

Proor (i) This follows directly from Theorem 14.3.7 of [16] with f = (1 - A\)V
and s = b1,,.

(ii) From an obvious extension of the Comparison Theorem (Theorem 14.2.2) of

[16] with f = (1 — M)V, s = bl,, and 7 = 7,, we have the bound
Ta—1
(1= NE| Y V()] < V(2) — E[V(2.)] + blla(2)
n=0
Subtracting (1 — A)[V(z) — Ez[V(®,)] from each side gives

(1- A)Ez[i V(@) < AV(2) = AE[V(2,,)] + blla(2),

and this gives (ii).
(iii)  This follows from (ii) and Proposition 4.2.

(iv) By Jensen’s inequality and (10),
b
PlogV <logV +log(A) + X]la'

Hence the result again follows from the Comparison Theorem of [16].
(v)  As in the proof of (iii), this follows by combining (iv) and Proposition 4.2. O

By putting together these estimates we now have

Proof of Theorem 2.1: From Proposition 4.1 — Proposition 4.3, we have for |z| < 1,

7= 2Pyl < 14 s s {5 V(o) + Ty tale) (14 7(V))
1

A

A w(V)

( b
—A7(a)

+a(g ()}

(AN
—_
+
+
+
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A b b b
+C°‘(1—>\1—>\+1—>\)(1+1—>\)

_ b N b2 N b2
1= 1= (1220 (1-))2

b b
+C°‘1—>\(1+ 1—>\)

- (1_1”2 (1= 24402+ Ca(b(1 - 2) +67)].

The result then follows directly from Theorem 3.1 on letting A = P. O

5 Bounding the renewal variation and (,

The bounds in the previous section are in general relatively tight, as can be seen from
their derivation. The only term which is not explicitly controlled here is (., and in the
this section we consider bounds on (, in terms of the known quantities for a model
satisfying (10).

To do this we introduce the renewal variation Var (u) [16, Chapter 13], defined by

Var (u) = i_": lu(n) —u(n — 1), (37)

where u(—1) = 0 by convention. It is immediate that Var (u) is a bound for (4:

Ca = sup | D 2"(u(n) — u(n - 1)) < i_o: |u(n) —u(n —1)|.

|z2|[<1 "

We will use Var (u) as the bound for (, in what follows. In the case of stochastically
monotone chains with a at the “bottom” of the space as in [12] this is exact since
u(n) | 7(a). We note that in Assumption A of Spieksma [32] it is in effect assumed
that the quantity | Y, 2”(u(n) —u(n—1))|is bounded on a suitably large disk D(r) C
C and thus the need to find a bound on (, is avoided.

To bound Var (u) we will use a variation of the coupling technique in [16, Chapter 13].
For convenience let 7 denote the time of first return to «, and let the corresponding
return time distribution be given by

p(n) = Fo(T = n). (38)

Asis usual in coupling arguments, we will consider two independent renewal sequences
with the properties of u: that is, consider S1(n) and S2(n), where the initial variables
S1(0), S2(0) may have arbitrary distributions, and where the increments Y;(n) =
Si(n+ 1) — Si(n) are independent and each have the distribution
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for each copy i = 1,2 and each n > 0.

Next suppose the first component commences with zero delay (i.e. 51(0) = 0) and the
second is a delayed sequence with deterministic delay of one time unit (i.e. S3(0) = 1).
Let To; denote the coupling time of these two sequences: that is, the first time that
both sequences renew simultaneously. Then we have as in Proposition 13.4.1 of [16]
that

Var (u) < E[To1]. (39)

We now recast this bound in terms of the forward recurrence time chains for these
renewal sequences. For 1 = 1,2, let

V-"'(n) = inf(S;(m) — n: Si(m) > n), n>0

K]

denote these chains, and construct the bivariate chain V*(n) = {Vi"(n), V;"(n)}. If
we put

71,1 :=inf(n : V*(n) = (1,1))
then in the specific case of an initial delay V;*(0) = 1 and V;"(0) = 2,

Tor = T1,1

so that from (39),
Var (’U,) S E1,2[T1,1]. (40)

(Note that in (13.70) of [16] the less accurate bound E[To1] < Eq (7 1] + 1 is used.)
The key calculation is the following, which expresses Eq 5[y 1] in terms of Eq 17y 1].
We have by symmetry

YR oo Era[ma I{Y1(1) = Y2(1) + k}]

Ey1[ri]
= Eia[ra1{Vi(1) = Y2(1)H + 2 282, BralraI{¥1(1) = Ya(1) + k}]
= Yaiinp(n)? +235%2, 300 p(n)p(n + k)Er14k(n + 71,1
= Yalinp(n)? +23002, Y02, np(n)p(n + k)

+ 2302 p(n)p(n + 1)Ero[mia] + 23552, 307 p(n)p(n + k)E1 1 4k[71,1]
(41)
so that in particular, using only the fact that Eq14k[71,1] > % in the last term, we
have

Eralma] > Sp2inp(n)? 42382, Yo, np(n)p(n + k)
(42)

+2 3720 > onzg kp(n)p(n + k) + 23021 p(n)p(n + 1)E1 a[71 1]

Thus if we can control the terms p(n) we will be able to bound E; 371 1] in terms of
E11[m1,1]. We can then use the fact that if 7* denotes the invariant measure for the
bivariate forward recurrence time chain V*(n), then from Kac’s Theorem (Theorem

10.2.2 of [16])
-1

T(1,1) = [Exalra)] (43)
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But since the bivariate chain consists of independent copies of the forward recurrence

time chain, we further have

7 (1,1) = [r(e). (44)
Thus we will be able to bound Var (u) in terms of 7(a).
In the examples below we show various model-dependent ways to do this: here we
will develop a bound that holds for arbitrary strongly aperiodic renewal sequences,
although this introduces some undesirable inequalities that can be avoided by direct

use of (42) if we are able to assume knowledge of, say, higher values of p(k), and in
particular of p(2) as well as p(1).

With the structure above, we proceed to the

Proof of Theorem 2.2: Suppose only that (10) holds and that P(c,a) > §. Then
(15) will hold if we can show

32 — 862 b 2
Var (u) < =3 (1 — A) (45)

In order to bound Var (u) in this way, using only the minorization bound on P(«, ),
we need a further and somewhat artificial construction on the original chain. Let us
“split” the atom a (in the simplest possible way) into two equal parts ag and a; by
tossing a fair coin each time « is reached, and by putting, for all A C a¥,

Play,A) = P(a, A), 1=0,1.

Rather than using a formal split chain we will assume for convenience of notation in
this proof that this is the structure of the original chain, so that in particular

(o) =m(a)/2, 1=0,1 (46)

and
Play,05) = Play, o) = 6/2, 1,7 =0,1. (47)

Now focusing on «g, let us consider the renewal sequence u*(n) given by
u*(n) = P"(aw, a0) (48)
corresponding to returns to e, with corresponding renewal times
p*(m) = Py (Tay = m), meZ;: (49)
this is related to our original renewal sequence by
u(n) = P"(a,a) = 2P™(a, o) = 2u*(n), n>1,

and so we have

Var(u) = 2Var(u*). (50)

Our reason for this somewhat tortuous construction is simple: (47) enables us to
assert for n > 1 that

p*(n) > P, a1)[P(a1, o))" *Play, ap) = [6/2]" (51)
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and this control of p*(n) allows us to control Var (u*), using (42).

If we now consider 77 ; to be the return time to (1, 1) for the process of returns to cvp
we have as in (42), using (47) and (51)

Eralrii] > So2inp*(n)® + 2382, Yok, np*(n)p*(n + k)

+ 2352, i kp*(n)p(n + k)* + 23707, p*(n)p*(n + 1)E1,2[7'1*,1]

§/2%[1+2[5/2]° 2[6/2]° .
= PG + aea el
(52)
Thus we have successively from (50), (40), (52), (43), (44) and (46)
Var(u) = 2Var(u*)
< 21 [r] ]
(53)

< Epalry (8 —26%)/8°

< (4/m(a)?)(8 - 267)/6°

where we have ignored the possible increase in accuracy from the first term in the
last line of (52). We now need one last step. From Proposition 4.3 (i), and the fact
that V' > 1, we have

w(a) > (1—-X)/b (54)
and so, finally, from (53) and (54) we find (45) as required. g

These bounds involve at least two approximations which are likely to be very poor.
The first is the bounding p*(n) by [6/2]", which ignores a great deal of the probability
of the event {7,, = n}. The second is the bounding of E; 5[7{ ;] as in (52), which is
clearly not tight, although it does perhaps pick up the main part of the bound in
(42).

We see in the examples below that the weakness in this estimate of Var (u) warrants
every effort to improve this term in our estimate of M, in practical situations.

6 Bounding strongly aperiodic chains

We have from Theorem 2.1 and Theorem 2.2 a computable bound under the conditions
that

(i) there exists an atom with P(a, ) > §; and

(i) there is a known solution to (10) with drift to this same atom.

In this section we find bounds under the much more general condition that for some
A < 1, some b < oo and a function V > 1,

PV < AcV +bcle (55)
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for some (not necessarily atomic) set C satisfying
P(z,-)>6v(-), zel (56)
for a § > 0 and a probability measure v concentrated on C, and

sup V(z) :=v¢ < o0. (57)
zeC

Thus through (56) we assume that the chain is strongly aperiodic (see [16, Chapter
5]), and the conditions of Theorem 2.3 all hold.

We first consider a chain containing an atom o and a small set C such that a C C
and for some § > 0,

P(z,a) > 6, reC: (58)

this is the special case of (56) with « a singleton and v its Dirac measure, and will
be shown below to be an appropriate route to analyzing general strongly aperiodic
chains using the Nummelin splitting.

Let us further look at the bounding constant b separately on and off the atom in
(55) and define the two constants b}, < b¢, bg < be such that

PV < AV + b*c]].(jﬁac + b;]la. (59)

In practice we may often have b¢c = b, = by, but it is worthwhile separating them in
what follows.

With this structure we have

Theorem 6.1 Under (58) and (55), there exists a function V! with V < V' <V +
b, /6 such that

PV < AV'+ b1, (60)
where
A=[Ac +bg/8]/[1+0bp/8] <1 (61)
and
b=">b+b5/6 < . (62)

Thus Theorem 2.1 and Theorem 2.2 hold with this choice of A, b and with V' in place
of V; and so for p > 1

n * p T
|1P™ — Iy, < [1+ bc/ﬂmp ,  MEZy. (63)

ProoF  The construction we used is based on that in [34]. For a B to be chosen
later, set

Vi(z) = V(z), T € a;

Vi(z) = V(z)+ B, T € af, (64)
so that for z € C°
PV < PV 4+ B
< MV +B (65)
< AV
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provided A > [B + A¢]/[B + 1]. For z € o, we have

PV’ PV +B
AcV + b5+ B (66)

AV +b5+ B

ININIA

since A > A¢. Here we are ignoring a presumably small negative term (A — A¢)V(a).
In order to establish an appropriate value for B we calculate for z € C' N ¢,

PV'(z) P(V + B)(z) — P(z,a)B

< (A¢V + B)+b; — 6B (67)
< AV'4 b5 — 6B
< AV

provided we choose the value B > bt /6. Using the exact values B = bf /6 and
A= [B + Ac]/[B + 1], we get the values in (61) and (62) as required.

Since we now have drift to a as in (60), Theorem 2.1 holds, and from (58) with z = a
(14) holds and so Theorem 2.2 is also valid. Now in terms of our original function V'
we have for p > ¥ given by (13)

1P7(z, ) = 7llv < [|P™(2, ) —7llv

IN

V'(z) 550" (68)

IN

V(e)[1+bg /655"

so that (63) holds as stated. O

We now move from the atomic to the general strongly aperiodic case using a splitting
argument. Suppose that (55) holds but that C satisfies only (56) and (57). If we now
write 8 = §/2, then obviously we still have

P(z,-)>pv(-), =z€C (69)

and also, since v(C') =1,
P(z,C) - Bv(C) > B. (70)
Recall now the construction of the Nummelin splitting [16, Chapter 5] based on (69).

We define a “split” chain @ on a state space X = Xg x X1 consisting of two “copies” of
X. We write zg € Xg and z; € X; for the two “copies of z” and Ag C Xg and 4; C X4
for the “copies of A” for any set A in B(X). If u is any measure on B(X), then we
split x into two measures on each of Xg and X; by defining the measure

pr(4o) = [1—Blu(ANC)+u(ANCE), (71)
p(A1) = Bu(AnC),

where § and C are the constant and the set in (69). Rather more simply, any function

V on X is split by setting V(zo) = V(z1) = V(z).
The split chain is then governed by the transition law P which is defined by
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P(mo, ) = P(CE, . )*, Tg € Xo\Co; (72)
P(zo, ) = [1 - B [P(z, - )* = Bv*(-)], zo € Co; (73)
Pz, ) = (), 21 € X,. (74)

For A = Ag U A; we will use the fact that

P(zg,A) = [1-p0]7P(z,A) - Bv(A)] <[1l-pB]"1P(z,A). (75)

On C§ we have P(zg, -) = P(z, -), and we can essentially ignore P(z;, - ) on C§ and
shall do so, thus in effect putting X; = Cs.

This splitting introduces an atom & = €7 C C into the split space. Moreover, because
we have split using 8, we have from (70), (73) and (74) that for z € C

P(z1,&) = Bv(C)=0;

P(zo,a) = [B/(1-P[P(z,C)— Br(C)] (76)
[6%/(1 - B)]

which shows that, since § < 1/2, é& is reached from every point in the split represen-
tation Co U C7 of C with probability at least

5= B2/(1- B). (77)

Note that if we had used a splitting using ¢ rather than § we might have had
P(zg,&) = 0 from (56). The choice of § = §/2 can be shown to be close to opti-
mal in this argument, although it is likely that as in the examples below, we can

often use 6 itself in practice to improve the constants in the bound.

v

We now consider the drift inequalities for the split chain. We still have trivially that
(59) holds for z € C§, from (72). Since v¢ = sup,eeo V(z) < oo from (57), and v is
concentrated on C, we have from (74) that for z; € Cy

V(@) = [w(dn)V(y) < AoV (@) + vo (78)

whilst for zg € Co, from (75)

PV(zo) < [1—B"'PV(a0)
(79)
< AcV(zo) +[1 8] oo + BAcvel.

Thus writing
& =01-0""bc+Bxcvel, b =ve, (80)
we have that (59) holds for the split chain with A¢ unchanged and b, b%, replaced by
bc, bk that is, ] ]
PV < AV + b*c]l(jndc + b;]la. (81)

We can now put these calculations together with Theorem 6.1 to give
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Proof of Theorem 2.3: From (81) and (77) we can now use Theorem 6.1 for the
split chain to find that for some V < V' <V +b%/6

PV <AV 4 bl (82)
where now we have
5 _ Ac + ¢
I+v¢

with y¢ given by
Yo = b*c/5 = 5_2[4bc + 25>\ch]

from (77) and (80); and from (80) also
b=1b%+b5/8=ve+c.
Thus we have immediately that (20) will hold with A, b as in (21).
Hence from (63)
IB™ — Il < [1+5/8]520", neZy (83)

and since
|pm -, < ||P* - Iy, (84)

we have shown that (19) holds with p > ¥ given by (20), provided (¢ > Var (4) where
Var (%) is the total variation of the process of renewals to ¢ in the split chain.

We finally show that (22) provides such a bound for Var(u). If we put p(n) for the
return time distribution for this process, then since

P(zo,Co) = P(z,C) - pv(C) > B
from (71) and (73), we have (essentially as in (51)) from (76) and (70),
p(n) > fco .. .fco ]-:’(d, d:ccl))f’(:ccl), dz?).. .P(mg_l,d)
> (1-p8)p"28%/(1-B) (85)
- B
Now we note that by the splitting construction
(&) = én(C). (86)
Moreover, integrating the the original drift equations against 7 we have
(1 =2c)m(V) < ben(C)
and since V > 1 we have
[7(6)] 7 < [be/6(1 = Ae))*. (87)

Emulating (53) we thus have
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462, 4-62 b 2
—5 (@) < —g (5(1—C>\c)) (88)

Var (@) <
which is the required bound; and the theorem is proved for the bounds in (21) and
(22).

To prove the bounds using (24) and (25), we refine these calculations when n > 0 in
(23). To show (81) holds with b7, b}, defined as in (24), note as in (78) that for z; € &

PV(21) = /y(dy)V(y) < AoV(er) + b,

whilst for zg € C\&, refining (79),

PV(zo) = [1-6]7YPV(z) - év(V)]

< [1-6" AV (2) + be — 6u(V)).

As in (76), we also have for each z € C'\& that

Pla,&) > §:= [6n]/[1 - 4]. (89)

From (81) and (89) we can now use Theorem 6.1 to find that for some V < V' <
V +b% /6, (82) holds with b = b%,+ b7 /6 and A = (Ac+7v¢)/(1+7¢) with y¢ = bg /6.

It remains to prove the bound on (.. We now have that p(n) > 7! and as in (53)
and (88) this gives

v 1- 712 < \1—2
(¢ < W[T(a)] : (90)
Combining (90) and (87) gives the required result. O

7 Bounding general aperiodic chains

In the general aperiodic case we assume only that C in the drift condition (3) sat-
isfies the m-step minorization condition (2). In principle we can reduce this to the
strongly aperiodic situation solved above, since the m-skeleton is strongly aperiodic.
In developing computable bounds in practice this presents some problems, since the
drift condition is typically available for the one-step chain and the strong aperiodicity
is for the m-skeleton.

In this section we develop computable bounds in two situations of practical interest
and a general solution which requires more information than we have so far assumed.

Our first result indicates how to deal directly with the m-skeleton.

Proposition 7.1 For a general aperiodic ¥-irreducible chain assume that for some
m > 1, § > 0, and a probability measure v concentrated on C,

P™(z,-)>bv(-), zeC (91)

and that there is a function V > 1 and constants \¢ < 1,bg < oo such that the
m-step drift
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PV < AgV + belg (92)

holds. Assume also that for some d < oo
PV <dV (93)

which certainly holds if V is also a solution to (3).
Then defining ¥ and y¢ as in Theorem 2.3, we have for any p > ¥

n 1+¢ b¢  m njm
P —H|||V§(p_19)[d+ ™™/ (94)

1- )¢

Proor  From Theorem 2.3 applied to the m-skeleton, for any p > ¢

m 1+
1P ’“—mnvs((pﬂ)p’z keZ,.

-9
Since || - |l is an operator norm, it is sub-multiplicative, and hence for any n =
mk+1i€Zy, '
I — iy, = (P — d)(P - Ty
< e =y IP - Tyl

IN

(LEredey k(1P — 1|y ).

Since PV < dV
be
1- )¢’

and hence the result is proved. O

17 = iy < 1Plly + 1]l < d+

In many situations we will be able to find a solution to the m-step drift equation and
this bound is then practicable.

However, in general we are likely to need to consider the case where we have only the
one-step drift equation (17) holding, for C satisfying (91), and we now indicate how
to control this situation.

As is shown in Theorem 15.3.4 of [16], by iterating we have

m-—1

P"V < )\TCnV + be Z Pi]lc <AV + mbC]lC(m)
0

where the set
m—1

C(m)={y: > P'(y,C) > [x¢ - AZ/bc}-

=0
Thus we do have an m-step drift equation holding, but the set C'(m) may not satisfy
(2) for the m-skeleton, and so we cannot use Proposition 7.1 immediately.

As shown in Theorem 15.3.4 of [16], however, C(m) is at least a small set for the
m-skeleton. Following the proof of Theorem 5.5.7 of [16], there must therefore exist
an integer N° and a 6° > 0 such that

PN'™(z, Yy > 68%(-), z€C(m) (95)
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where v is actually the measure concentrated on C in (91).

There is no general prescription that we are aware of for finding N° and §°: if this
situation occurs they will need to be calculated separately. However, if they are known
then by splitting the m-skeleton over C' and using the same arguments as in (81), we
can reduce the situation to one where (17) holds for a set C' (now given by C(m) in
the split space) satisfying, from (95), the condition that

PN'(z,&) > 6°6,z € C(m). (96)

Now we can find explicit bounds in this situation (as is shown in Theorem 2.4, which
we have yet to prove), and so we can construct a bound for the rate of convergence of
the m-skeleton as in the proof of Theorem 2.3, and then transfer this to the original
chain as in Proposition 7.1.

We will not try to identify the outcome of this program explicitly, and we feel it is
unlikely to be a task undertaken except in pressing circumstances. We conclude by
providing the missing link in the chain, which is of independent interest in many
practical situations for countable chains or for chains with a true atom in the space.

Proof of Theorem 2.4: Again we use a construction based on [34], and generalise
the calculations in Theorem 6.1, although here we will not try to specify the improve-
ment from differentiating between possible values for bg over different parts of C' such
as a and af.

We write Co = a, and Cy = {y : P*(y,) > kéx}; and we set
ék:UCJ C’k:ék\ék—la k:()::N

For z € C, from (29) there is some k < n such that
Pk(:c,a) > bc/N > kén
and so C C UYCy = Cy; thus from (17), we certainly have

PV < AgV + bC]léN- (97)

We will successively develop functions V; such that this drift equation holds with Cn
replaced by Cny_j;, and with A¢ replaced by A; and b¢ replaced by b; as in (30), based
on the method of Theorem 6.1. The final iterate of this operation gives the result we
seek.

The crucial observation we need is that forany k= 1,..., N—1, we have for z € C 1

(k+1)ény < P*l(z,a)

Jo, P(z,dy)P*(z,a) + Jo: P(z,dy)P(z, ) (98)

< P(z,Cr)+ kén

so that for k=0,...,N — 1,
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P(:E,Ck) > on, z € Cry1. (99)

In following the proof of Theorem 6.1, we will use (99) successively to play the role

of (58).
Let us define V7 by
Vl(CB) = V(CE), T E C’N—l;

Vi(z) = V(z)+bc/én, zecC%_,.

If we define Ay = [A¢ +b¢/6n]/[1+bc/én] and by = bc + bc /én then as in (64)—(67)
we find
PVi < MVi+bily, . (100)

Rewrite these constants in the form (30):

by = bc(l + 1/5N)

Al = [)\c -1+ (1 + bc/(sN)]/[l + bc/(sN].

If we iterate this construction we find that by induction we get constants g and by
given by

ber1 = bp(141/6n) =bo(1+ 1/6y)Ft?
Aet1 = [Me+bk/6n]/[1 + b /6N]

= {[ho — 1+ T+ be/6w)| / [TTE (L + i/ )]
L+ (14 baf) 1+ /o)

= o -1+ TTo(1 + biféw)|/ TTEo(1 + bi/6n)
so that (30) defines the coefficients for

PV < A\ Vi + bk]léN— (101)

k

where the functions Vi are defined successively by
Vk(:c) = Vk—l(m), T Cc éN—k;
Vk(:c) = Vk_l(:c) + bk_l/éN, T € é}:\f—k
Thus the result will hold as required for the Nt iteration, at which time we will have

the function

Vn(a) = V(a);

Vi (z) Vie)+ XN1b,, z € C; (102)

Vn(z)

V(z)+ SN 2b;,  zeC%
and so (31) holds.
Finally, note that (32) follows exactly as does (63), and the theorem is proved. 0
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8 Bounding the M/M/1 queue

In this and the next two sections we evaluate the general bounding procedure for three
types of chain: for the number of customers in the M/M/1 queue, or the Bernoulli
random walk on Z; for a general uniformly ergodic chain so that in effect the atom
in the space is easy to identify; and for an MCMC example where the chain is truly
continuous in nature.

For the first, we have
Plz,z—1)=p>1/2, Plz,z+1)=qg=1-p, z>1

with the boundary condition P(0,0) = p, P(0,1) = g.

For this model we know (see Chapter 15 of [16]) that in (10) with o = {0} we can
choose V(z) = (14 ) for some vy > 0: and for each choice of v we get for z > 1 the
value

Ay =p(L+7)7 +q(1+7).

Choosing v to minimize this parameter leads to

y=1/pla—1.

This then shows that (10) holds for V(z) = [p/q]*/? with the parameters

A=2pq, b=p—/p0 (103)

In this case we can get a considerably better bound on Var(u) than that given by
(15), since we do not need to create the artificial sequence p*(n) through splitting the
state {0}.

By just choosing the simplest term in (42) and using the facts that p(1) = p,p(2) = ¢p
and 7(0) = 1 — ¢g/p, we have

21 2[ma] < Bia[mal/p(1)p(2) -1
= [7(0)]7%/p(1)p(2) - 1

[p/(p— q)*/pPq -1

and hence )
2Var (u) < e 1. (104)

As examples let us consider two numerical cases.

Suppose firstly that p = 2/3. Then A = 0.943 which can be shown to be the best
possible rate of convergence (see [12, 32]).

Now we have in this case b = 0.195 and Var (u) < 13 using (104). Substituting in (11)
gives us
My ~ 88 + 15Var (u) < 283

so that we get by this method a bound of ¥ < 0.996 for the rate of convergence.
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Suppose secondly that p = 0.9. Then A = 0.6 and b = 0.6 also; whilst (104) gives
Var (u) < 7.3 . This time substituting in (11) gives us

Mo ~ 8.5+ 3.75Var (u) < 36

leading to a bound of ¥ < 0.972 for the rate of convergence.

Suppose that we had actually used the method of splitting {0} to bound Var (u) as
n (15). In the case p = 2/3 we would have found Var (u) < 1116; in the case p = 0.9
we would have found Var (u) < 79. In either case there is a severe deterioration of
the bound for Mo, and the value of more accurate estimates of Var (u) is obvious.

9 Bounding a uniformly ergodic chain

Let us consider next a generic uniformly recurrent chain. Suppose there is some atom
in the space such that
Plz,a)=1/2, zeX

and let the remainder of the transitions be arbitrary: here the value of 1/2 is for
convenience alone. From the coupling bound (9) we know that we can choose R =1
and p = 1/2 for this example.

In this case, since the renewal sequence corresponds exactly to geometric inter-arrival
times with rate 1/2, we have that u(n) = 1/2 for all n > 1, and so the only positive
term in Var (u) is the first: thus

Var (u) = »(0) — u(1) = 1/2. (105)

For this chain, choosing V(z) = 1 + ¢ for z € a® and V(a) = 1 we see that we can
take
A=[2+4+c]/[2+ 2¢], b=cA

n (10). This immediately illustrates the problem we will face in getting a tight bound
from (11): as ¢ — oo we have A — 1/2, but b will go to infinity thus giving very poor
bounds. By substituting in (11) we get from the expressions for A, b

My(c) = 6c ! +124 6¢+ ¢+ Var (u)[6 + 5c + c2] (106)

Thus at best, since ¢ > 0 we will get a bound of the convergence rate of p > 0.933.
Using Var (u) = 1/2 we see that (106) is minimized at approximately ¢ = 0.75, and
here we get an approximate best value of

M, (c) =~ 25.06 + 10.3Var (u) ~ 30.2

leading to a bound for ¥ =~ 0.967, and a bound on the constant of R = 323.3 at the
value p = 0.97.

Here we have been able to use the true value for Var (u). If we use the approximation
methods of Section 5 then inevitably we get less reasonable values. Indeed, since in
this special case we can follow through the argument for the atom « itself, rather
than splitting a artificially, we get as in (42)
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62 263
Eia[mi1] > (1 8) + 1= 52)E1,2[7'1,1] =4/9 + E12[111]/3

and since now 7(a) = 1/2 we find
Var (u) < 3/[r(a)]® — 12/9 = 10.67.

Using this value in (106) gives us a minimal bound on My(c) around 115 at ¢ = 0.3,
so that now ¥ < 0.991.

The effect of splitting the atom at zero and using the bound (15) is again large. We
have from this approach

Var (u) < 258(2 + c)?
for all ¢, so this method yields only Var (u) < 1032.

This again indicates, rather dramatically, the benefit that flows from attempting in
special cases to get a better estimate of Var (u) than that given in (15).

10 Bounding Metropolis algorithms

The examples considered in the previous two sections used results where the rates
depended on behaviour at a natural atom. Clearly the bounds in Theorem 2.3 on
continuous spaces will be larger, using only the minimal information and the methods
we employ. In this section we illustrate this by giving an application to Hastings
and Metropolis algorithms, which have recently received considerable attention using
general Markov chain theory [29, 33, 3].

We will indicate how the bounds are calculated in practice for such algorithms. We
do find, regrettably, that the order of magnitude of the bounds is not of practical
value and these techniques cannot be used at this stage to give bounds of value for
real applications.

Hastings and Metropolis algorithms ([9, 14]) allow simulation of a probability mea-
sure 7 which is only known up to an unknown constant factor: that is, if densities
exist, when only m(z)/7(y) is known. This is especially relevant when = is the pos-
terior distribution in a Bayesian context: see [2, 30, 29, 23, 33] for a more detailed
introduction.

To implement such algorithms on IR¥, say, we first consider a “candidate” transition
kernel @ with transition probability density g(z,y) which generates potential transi-
tions for a Markov chain. A “candidate transition” generated according to @ is then
accepted with probability a(z,y); otherwise the chain does not move. The key is that
a(z,y) can be chosen to ensure that 7 is invariant for the final chain.

We will consider here only the Metropolis algorithm: other examples are studied in
detail in [13]. The Metropolis algorithm utilises a symmetric candidate transition @:
that is, one for which ¢(z,y) = ¢(y, z). The most common usage of such chains occurs
(cf. [33]) if @ is not merely symmetric but satisfies the random walk condition

q(z,y) = q(z —y) = q(y — z) (107)
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for some fixed density ¢q. Thus actual transitions of the Metropolis chain with random
walk candidate distribution take place according to a law P with transition density

p(z,y) = q(z - y)(z,y), y#z (108)

and with probability of remaining at the same point given by

P(z,{a}) = [ (e = YL - ale,y)u"(dy). (109)
The acceptance probabilities then take the form
o(z.g) = {min{%, 1} 7(z)e(z,y) > 0 (110)
1 m(z)q(z,y) =0

The key observation for this algorithm is that, with this choice of a, the “target”
measure 7 is stationary for P. As an example of such an algorithm for which we can
calculate bounds on the rate of convergence, we will consider the case in which 7
is N(0,1). A natural choice of symmetric candidate distribution is then the centred
Normal: that is, @(z, - ) is a N(z, 1) distribution. In this situation we have

a(z,y) = min(l,e_l/z(yZ_EZ)), z,y >0,
and we know from Theorem 3.4 of [13] that the chain is geometrically ergodic. We will
apply the second set of bounds in Theorem 2.3 to generate bounds on this convergence.

It is intuitively sensible to apply (17) for the symmetric small set Ca = (—z4,z2)
for some £ > 0 to be chosen.

The size of the bound (28) seems best controlled by controlling z 4, which determines
b¢ and 7. If one were interested only in establishing existence of geometric ergodicity,
v could be chosen to be Lebesgue so that ¢ would be given by e™2%a. A considerable
improvement is obtained by choosing the Normal minorising distribution

V() = NzGCA(O: 1/\/5)/NA

with N the normalising constant

Na=[/vem [ edo

—zA

this gives 6¢ = Nae ®a. The infimum 1 occurs at € = z4, so that n = 1/2 —
2
@(—2CEA) — Npe %a,

To choose an optimal value of 4 we now need to focus on ¥V and A. We will take
the test function V(y) = e’ for some s to be chosen also. Then straightforward
calculations show

Mz,s) = [P(z,y)V(y)/V(z)dy

= /2 (D(—s) — B(—z — 5) + e 2%(B(—z + 5) — B(—2z + 5)))
+ o (SN AB((—32 + 5)/V2) + e 4B((~z + 5)/V2))

+ 1/2+ &(—2z) — %ezZ/‘l(@(—Sm/\/ﬁ) + &(—z/v?2))
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Now instead of specifying s and calculating A¢, it appears more effective to first
specify A¢ which controls the size of M¢ and determines the remaining constants.
Thus we first calculate s by equating SUPgece, Az, s) to the given A¢, which is easy

since the supremum occurs at z . Since PV (z) < AV (z) + (A(z,s) — A¢)V(z) for
all z € C 4 we then find

bo = supgec eIz, 8) — Ac)
which has a supremum at zero given by
bo = V28(s/v2)e*/* + 1~ 1/v2 — A
and then we can calculate
b = ((V2e1%)/(Na)) ((vV2(za — 5/2) + B(s/V2) - 1).

The terms b*,v., A, b, ¢, Mc then follow as in (24), (25) and (20).

The terms comprising (28) and M¢ are given below, for several combinations of z
and Ac.

TA Ao S bg 55_8 7]_5 (1 — )\)_4 Mg

1.10 0.75 19 b5bE2 7.1E5 4.1E2 2.6E2 4.6E13
130 0.75 1.4 0.14 2.1E7 1.4E2 2.6E2 1.0E13
1.15 095 048 6.1E-4 1.5E6 3.0E2 1.6E5 6.5E10
1.30 095 0.38 1.6E-4 2.1E7 1.4E2 1.6E5 9.0E10
1.20 099 031 14E-5 3.4E6 2.2E2 1.0E8 2.1E12

As indicated, we find a minimum value of M¢ = 6.5F10, obtained for z4 = 1.15 and
Ac = 0.95.

Although this bound is not useful for practical purposes, it is unfortunately relatively
close to the best that can be expected using these computations. We note that this
procedure gives §c = 0.17 and 1 = 0.32, so that §78p~5 = 1.4E9 in our best case;
(28) shows that with this constraint our final result cannot be improved greatly.
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