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Abstract

In this paper we connect various topological and probabilistic forms of stability for
discrete-time Markov chains. These include tightness on the one hand and Harris
recurrence and ergodicity on the other. We show that these concepts of stability are
largely equivalent for a major class of chains (chains with continuous components),
or if the state space has a sufficiently rich class of appropriate sets (‘petite sets’).

We use a discrete formulation of Dynkin’s formula to establish unified criteria for
these stability concepts, through bounding of moments of first entrance times to
petite sets. This gives a generalization of Lyapunov-Foster criteria for the various
stability conditions to hold. Under these criteria, ergodic theorems are shown to be
valid even in the non-irreducible case. These results allow a more general test
function approach for determining rates of convergence of the underlying distribu-
tions of a Markov chain, and provide strong mixing results and new versions of the
central limit theorem and the law of the iterated logarithm.
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1. Introduction and background

1.1. Structure of the paper. The paper is structured into nine main sections. In this
introduction, we first introduce a number of related topological and probabilistic
concepts of stability for a Markov chain @. The term ‘stability’ is not commonly
used in the Markov chain literature. In dynamical systems literature, it is commonly
used to mean ‘asymptotic stability’, i.e. convergence of sample paths to a fixed,
stable, point. With Markovian systems, convergence is most likely in a distributional
sense, and we use the term here to denote a range of behaviours, all of them
implying the system is to some degree stable. In general terms, we say the chain ® is
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topologically stable if there is a positive probability that it does not leave the
compact centre of the space (which we call ‘non-evanescence’), or, using a stronger
condition, if the distributions of @ as time evolves are tight (which we call ‘bounded
in probability’); we say the chain is probabilistically stable if @ returns to sets of
positive measure (‘Harris recurrence’) or if there is a unique invariant probability
measure for ® (‘positive Harris recurrence’). Conceptually, these concepts are very
similar, and most have been widely studied. We study conditions under which the
various stability concepts are equivalent or related.

In Section 2 we identify a class of chains for which the various concepts are closely
related: these ‘T-chains’ are those which admit an everywhere non-trivial con-
tinuous component T, as defined in [33]. For T-chains, we show that a topological
stability condition (the tightness hypothesis of [5]) is equivalent to a probabilistic
stability condition which is a generalization of positive Harris recurrence. Speci-
fically, if the underlying distributions are not tight, then we show that the
trajectories of the Markov chain @ are either recurrent in a strong sense, or leave
every compact subset of the state space.

In Section 3, the class of petite sets is introduced, and their properties explored.
We show that when all compact sets are petite, the two sets of stability conditions
are similarly related. Further, we show that all compact sets are petite if and only
if the chain is an irreducible T-chain, under a mild stability condition; whilst, for
irreducible chains, all compact sets are petite if the chain is Feller and the
irreducibility measure satisfies mild conditions.

In Section 4, we demonstrate that stochastic stability is intimately connected with
the return times to petite sets. Section 4 is perhaps the most important in the paper.
Here it is shown that various versions of probabilistic stability criteria [13], [36] are
in fact special cases of a discrete form of Dynkin’s formula. Exploiting this fact, we
derive much more general versions of the Lyapunov-Foster criteria, which allow for
time-varying test functions. These extended versions can be necessary in evaluating
the behaviour of complex systems (see [21], [19], [20]).

In Sections 5 and 6 we review and strengthen the known forms of ergodic
behaviour for various types of stability for irreducible chains. Lyapunov-Foster
criteria are developed for the various stability concepts, and to obtain rates of
convergence for the underlying distributions of .

In Section 7, we prove a general ergodic theorem for T-chains even if the chain is
not irreducible, using an improved Doeblin decomposition theorem.

Finally, the existence of a test function is used in Sections 8 and 9 to develop
strong mixing results, a new version of the central limit theorem and a law of the
iterated logarithm for Markov chains.

1.2. Markov chain notation. We concentrate on discrete time here, and deal with
Markov chains in, typically, the setting discussed in [31] or [26]. The results of this
work are extended to the more technically difficult case of continuous-time processes
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in Parts II and III of the paper [23], [24]. In contrast to the purely probabilistic
contexts of [26], our results also exploit the topology of the space on which the
chains evolve.

The following is a minimal description of the systems we study. We consider a
Markov chain ® = {®,, ®,,- - -,} evolving on a locally compact separable metric
space X, whose Borel o-algebra shall be denoted %. We use P, and E, to denote
probabilities and expectations conditional on ®, having distribution u, and P, and
E, when pu is concentrated at x.

A Markov transition function is an example of a positive kernel K = {K(x, A):x €
X, A € B}, which is a measurable function of its first argument for any measurable
set A, and a o-finite measure of its second argument for any point x. For two
kernels K and S, the product KS is a kernel which is defined for x € X and A € & by

KS(x, A) = J’ K(x, dy)S(y, A).

We assume that the transition probabilities of @ are defined by a Markov transition
function denoted by P = {P(x, A), x € X, A € B}, where the iterates P*, k e Z,, are
defined inductively by

P°£1,  P*RPP*,  kZ1;

here I denotes the identity transition function defined for x e X and Ae 3 by
I(x, A)=1,(x). Foreach k,jeZ,, x € X and A € B we have

R\:{‘pk+j €A | O'{q)(), tty, (Dk}} = Pj(‘pk, A) a.s. [R\,].

The transition law P acts on measurable functions f by the operation

PI@)2 [P d)f (), xeX.

1.3. Probabilistic stability. In this paper we consider the probabilistic stability
conditions of Harris recurrence and positive Harris recurrence, which is often also
called (under slight extra conditions) Harris ergodicity. To define these, we need a
little further notation. Letting I; denote the kernel defined as Iz(x, A) =1,~5(x),
we write P,{t1, = k} =[(PL,)* 'P](x, A), where the stopping time 7, is defined for
aset AeBbyr,=inf{k=1:P, A} ForxeX, Ae B we let

L(x, A) =P{1, <}

=P, {® enters A};

o6, )=f{ A U (#.ca)]

=P {®PeAio.};
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G(x, A)= D P*(x, A)
k=1

=Ex[§] 1{<I>keA}].

Standard identities involving these quantities may be found in [26], [29]. In
particular, we will frequently use the following well-known result (cf. [29]).

Lemma 1.1. Suppose for some sets A and B, inf, ., L(x, B)>0. Then
1) {PecAio}c{®PeBio.} as.[P]
and hence Q(z, A) = Q(z, B), for all z € X.

Following [29], a set A € B is called inessential if Q(x, A) =0 for all x € X; otherwise
it is called essential. If A is essential, and cannot be written as a countable union of
inessential sets, then it is called properly essential.

We say @ is @-irreducible if there exists a finite measure @ such that G(x, A) >0
(or equivalently L(x, A)>0) for all x € X whenever ¢{A} >0, and in this case @ is
called an irreducibility measure. The chain @ will simply be called irreducible when
the specific irreducibility measure is irrelevant.

We investigate reducible chains in Section 2. Here we first define stability
concepts for irreducible chains.

Stochastic stability condition 1. Suppose that ® is @-irreducible, and Q(x, A)=1
whenever ¢{A} >0. Then @ is called Harris recurrent [26], [35].

A subset B c X is called absorbing if P(x, B) =1 for every x € B. If B is absorbing,
then the Markov chain @ may be restricted to the set B, and B is called a Harris set
if the restricted chain is Harris recurrent. A o-finite measure & on % with the

property
n{A)=naP{A} 2 f a(dx)P(x, A) forall Ae®

will be called invariant. 1t is called subinvariant if we have & = xP. It is shown in
[26], [29] that if @ is irreducible, then a subinvariant measure exists, and if ® is
Harris recurrent then an essentially unique invariant measure s exists. We shall use
the following characterization of & (cf. [26], Proposition 5.9).

Lemma 1.2. If ® is Harris recurrent with invariant probability measure &, then
for any measurable A and f 20, with 7(A4) >0,

@  wn=] wang| 3 @)= [ aane[ 3 s@o]
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In particular, choosing f=1, we see that s is finite if, for some A with
o> m(A) >0,

3) sup E,[t4] <o
yeA

If the invariant measure is finite, then it may be normalized to a probability
measure, and in practice this is the main stable situation of interest.

Stochastic stability condition 2. Suppose that @ is Harris recurrent, and 7 is finite.
Then @ is called positive Harris recurrent.

The rationale for these classical recurrence conditions being thought of as stability
conditions comes from Section 2 and Section 3, where we see that they are related
to the following results of a topological stability nature.

1.4. Topological stability. With probabilistic stability one has ‘finiteness’ in terms of
return visits to sets of positive measure of some sort, where the measure is often
dependent on the chain; with topological stability the sets of interest are compact
sets which are defined by the structure of the space rather than of the chain. In this
section we introduce stability concepts which relate to such links between the chain
and the topology on the space.

We say that a sample path of @ converges to « (denoted ®— ) if the trajectory
visits each compact set only finitely often.

Since X is locally compact and separable, it follows from Lindelof’s theorem [15]
that there exists a countable collection of open precompact sets {O,:neZ,} such
that

(B>} = fjo (®ecO,io)

In particular, then, the event {®— =} lies in B(X*").

Topological stability condition 1. A Markov chain ® will be called non-evanescent if
P.{®— »} =0 for each x € X.

This is a recurrence-like condition: the terminology is loosely based on Vere-Jones
[38]. Note that such chains are called non-explosive by Meyn [17], and non-
dissipative by Tweedie [34], but both of these terminologies have other implications
in related literature.

Our second topological condition is more closely related to the distributions of
{®,} as k—> .

Topological stability condition 2. The chain @ will be called bounded in probability
if for each initial condition x € X and each £>0, there exists a compact subset
K c X such that

liminf P,{®,eK}=1—¢.
k—o
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The chain @ will be called u-bounded in probability if, for some measure u, this
condition holds for u a.e. initial condition x € X.

The chain ® is bounded in probability by definition if its distributions {P*} are tight
for each fixed initial condition: the consequences of this are well known (see [5]).
The nomenclature of boundedness in probability is derived from dynamical systems
literature (see [22] for a detailed discussion). The concepts appear to be relatively
unexplored in discrete-time Markov chain theory, although [16] uses the idea of
non-evanescence and actually calls it recurrence. These conditions, in the
continuous-time context, have also been called ‘recurrence’ conditions: see, for
example, [14]. It is this sort of plurality of nomenclature that had led us to adopt
the term ‘stability’ to cover the various related concepts: as a justification we note
that non-evanescence is related to the concept of Lagrange-stability in the
dynamical systems literature [4], whilst a Markov chain induces a dynamical system
whose state space consists of probability measures, and in this context tightness is
equivalent to Lagrange ‘stability’.

We show in the next section that non-evanescence can be closely connected with
Harris recurrence under suitable conditions. Clearly, though, since the stochastic
stability conditions we use require irreducibility, they are not in general equivalent
to the topological conditions. In Section 2 we define a class of chains (‘T-chains’) for
which the stability conditions are equivalent in the irreducible case, and we show
that for T-chains which are reducible, the topological stability conditions imply,
essentially, a decomposition of the space into a countable number of appropriately
stochastically stable subsets, namely Harris sets.

In Section 3, we give a different approach. We define a class of sets (‘petite sets’,
extending the idea of small sets of [26]) which we show to have the property that, if
all compact sets are petite, then these and other stability conditions are closely
related. We also indicate conditions under which all compact sets are in fact petite.

2. Continuous components, T-chains and stability

2.1. The definition and existence of T-chains. Here we show that, for a class of
chains introduced in [33], the forms of stability above are closely related. For a
probability a on Z, we define the Markov transition function K, as

C)) K,2 i a(i)P'.

For two probabilities a and b on Z, we have K, K, = K, .,, where a x b denotes the
convolution of a and b. We let a,£(1—-¢)7'(1, ¢ €% ---) for 0<e<1, and e
denote the probability on Z, which is supported on je Z,. We let K, denote K, in
the specific case where a =a,, and a * ¢ denote a x a.. In this situation we always
assume ¢ is a fixed positive number. We begin with a definition.
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A kernel T is called a continuous component of a function K: (X, 8)—> R, if
(i) For A € & the function T(:, A) is lower semi-continuous;
(ii) For all x € X and A € 94, the measure T'(x, -) satisfies K(x, A) = T(x, A).
The continuous component T is called non-trivial at x if T'(x, X) > 0.

In this section we will be particularly interested in continuous components of the
Markov transition function K,, as defined in (4).

A chain will be called a T-chain if, for some a, the Markov transition function K,
admits a continuous component 7 which is non-trivial for all x € X.

Three important classes of Markov chains are those evolving on a countable state
space, those which are essentially random walks, and those obtained from stochastic
systems: from Proposition 3.2 below we see that a Markov chain on a countable
state space is always a T-chain. It is shown in [33] that random walks are T-chains if
and only if the increment distribution is ‘spread out’ with respect to the Haar
measure on the space.

If X is a smooth (C*) manifold and the Markov chain is generated by the
Markovian system

®) D1y = F(DPi, Wes1), keZ,

with w an i.i.d. sequence, and F:X X R”— X smooth, then ® is a T-chain if the
distribution of w, possesses a lower semi-continuous density, and an associated
control system is forward accessible (combine Theorem 2.1(iii) of [18] with
Proposition 3.2). Forward accessibility is a generalization of the controllability
condition from linear systems theory. Hence if X = R“ and the function F appearing
in (5) is linear, so that ®,,, = A®d, + Bw,,, for matrices A and B of appropriate
dimension, then @ is a T-chain if the controllability matrix [A*"'B|- - -|AB| B] has
rank d. In practice, then, many chains of interest are indeed T-chains, and the
results below can be widely applied.

We first show that for a T-chain, either sample paths converge to « or they enter
a ‘stochastically recurrent’ part of the space. For a set Ae®, we let A=
{x eX:L(x, A)=0}. It is easy to show that the set A’ is either empty or absorbing.

Proposition 2.1. Suppose that ® is a T-chain. If A € 3 is not properly essential,
then for each x e X, P,{{®— =} U {® enters A°}} = 1.

Proof. Let A=\ B;, with each B; inessential; then from Lemma 1.1, the sets
B,;={xeX:L(x, B))>j"'} are also inessential, for any i, j. Thus A” = A, where
each A, is inessential. Since T is lower semi-continuous, the sets O;=2 {x €
X:T(x, A;)>j"'} are open, as is U2 {xeX:T(x, A°) >j7'}, i,jeZ,. Since T is

everywhere non-trivial we have for all x e X, T(x, (U A,-) UAO) =T(x, X)>0 and

hence the sets {O;, U;} form an open cover of X.
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Let C be a compact subset of X, and {Uy, O;x:1=i= N} a finite subcover. Since
A, is inessential, and

6) L(x, A)ZK,(x, A))=T(x,A) =" x €0y

we may conclude from (1) that each of the sets O;; is inessential. It follows that, with
probability 1, every trajectory that enters C infinitely often must enter Uy infinitely
often. That is, {® € C i.0.} c {® € Uy i.0.} a.s. But since L(x, A% > 1/N for x € Uy
we have by (1) again, {® € Uy i.0.} c {® € A® i.0.} a.s., and this completes the
proof.

Corollary. If @ is a non-evanescent T-chain, then X is properly essential.

In fact, as we now show, a much more explicit statement linking recurrence to
non-evanescence is possible for T-chains.

2.2. The Doeblin decomposition. It is known that T-chains admit a version of the
celebrated Doeblin decomposition theorem, as shown in [33]: we now strengthen
this result, linking it to our topological stability conditions. The Doeblin decom-
position breaks X into a countable union of Harris sets as defined in Section 1.3, and
a countable union of inessential sets.

Theorem 2.1 (decomposition theorem). Suppose that @ is a T-chain. Then
(i) X can be decomposed into the disjoint union X = }};.; H; + E where the index
set I is countable, each H; is a Harris set, and E is not properly essential;
(ii) For each compact set C c X, H; N C = for all but a finite number of i € I.
(iii) For each initial condition x € X,

Px{{(b——-) o} U {(b enters , H,}} =1,
iel
and hence the index set I is non-empty if and only if P,{® — »} <1 for some initial
condition x € X;
(iv) If @ is non-evanescent then L(x, ¥, H;) = 1. For each i € I, the Harris set H,
is positive if and only if lim sup,_... P*(x, C) >0 for some x € H;, and some compact
set CcX.

Proof. Result (i) is taken from [33].

To see (ii), let D;={x:T(x, H)>0}, i€el, and let Dp={x:T(x, E)>0}.
Clearly by (i), C is covered by U;D;UDg, and so there exists N such that
C cUY D, U Dg. Since H; is absorbing we have H, N Dy = and H,ND; =@, i #j.
Hence C N H; = for i > N, as required.

The result (iii) follows from Proposition 2.1, with E=A, and (iv) is a direct
consequence of Proposition 3.4 of [33] (which states that compact sets have finite
m-measure) and Corollary 6.7(iii) of [26].
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Remark. We note explicitly, since we use it in Part II, that this decomposition
relies only on the hitting-time probabilities L(x, A) possessing an everywhere
non-trivial continuous component, as was the case in [33], rather than on the full
power of the T-chain assumptions. In the irreducible case this gives the following
connections immediately.

Corollary. Suppose that @ is an irreducible T-chain. Then
(i) ® is non-evanescent if and only if @ is Harris recurrent;
(ii) @ is bounded in probability if and only if @ is positive Harris recurrent.

Proof. (i) follows immediately from (iii) of Theorem 2.1. To see (ii), note that if
® is bounded in probability, then from (iv) of Theorem 2.1, the Harris set H is
positive, whilst if @ is a positive Harris-recurrent chain, then the standard limit
theorems show that for all initial values the distributions P* are tight.

From the decomposition theorem we also see that in the reducible case, if @ is a
T-chain, then ® is non-evanescent if and only if every trajectory enters some Harris
set with probability 1. Again, a stronger result is in fact true.

Theorem 2.2. Suppose that @ is a T-chain. Then ® is bounded in probability if
and only if it is non-evanescent, and every Harris set is positive.

Proof. The proof of Theorem 2.2 in [18] can be adapted, given the results of the
decomposition theorem, and we omit the details.

3. Petite sets

3.1. Petite sets and stability conditions. We now define a class of sets which will be
critical in linking stability properties of the chain with various criteria for those
properties to hold.

A set A € B and a sub-probability measure @ on B(X) are called petite if for some
probability @ on Z., K,(x, -) = @(-) for all x € A.

If @ is positive Harris recurrent with invariant probability sz, then the class of petite
sets which have positive wr-measure extends the class of small sets, defined by [26],
which are petite sets with a =e; for some j. We can immediately show that the
existence of sufficient compact petite sets implies that @ is a T-chain.

Proposition 3.1. If an open petite set A exists, then K, possesses a continuous
component for some a, non-trivial on all of A.

Proof. Since A is petite, there exists a probability a on Z, and a sub-probability ¢
such that K,(-, )Z1,(-)@{-}. It is easy to see that T(-, - )21,(-)p{} is a
continuous component of K. It certainly satisfies the first and third conditions of the
definition of a T-chain. If B € 8, then T(:, B) = ¢{B}14(:) and since the set A is
open, the second condition is also satisfied.
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Proposition 3.2. Suppose that for each x € X there exists a probability a, on Z,
such that K, possesses a continuous component T, which is non-trivial at x. Then @
is a T-chain.

Proof. For each x € X, let W, denote the open set W, ={yeX: T, (y, X)>0}.
Observe that by the given hypotheses, x € W, for each x € X. By Lindel6f’s theorem
there exists a countable subcollection of sets {W;:i € Z,} and corresponding kernels
T; and K, such that [ W, = X. Letting

T =

»
1M

2757, and a= D 27% g,

k=0

it follows that K, =T, and hence satisfies the conclusions of the proposition.
Theorem 3.1. If every compact set is petite, then ® is a T-chain.

Proof. Since X is o-compact, there is a countable covering of open petite sets,
and the result follows from Proposition 3.1 and Proposition 3.2.

In what follows we require the following preliminary result, the proof of which we
leave to the reader.

Lemma 3.1. Suppose that A is petite, and that for some probability a on Z, and a
set B e B, inf, .5 K,(x, A) > 0. Then B is also petite.

We now use Theorem 2.1 to give a stronger link between the existence of petite
compact sets and T-chain properties.

Theorem 3.2. (i) Suppose that P.{®— »} <1 for one x. Then every compact set
is petite if and only if @ is an irreducible T-chain.

(ii) Suppose that P, {®— ~} <1 for all x € X. Then @ is a T-chain if and only if
every compact set admits a finite cover by open petite sets.

Proof. (i) Suppose that ® is g-irreducible. Let A be a g-positive petite set, and
let K, have an everywhere non-trivial continuous component 7. By irreducibility
K.(x, A)>0, and hence K, (x, A) = K,K.(x, A)Z TK,(x, A) >0 for all x € X. The
function TK,(-, A) is lower semi-continuous and positive everywhere on X. Hence
K, se(x, A) is uniformly bounded from below on compact subsets of X. Lemma 3.1
completes the proof of the ‘if’ part.

Conversely, if every compact set is petite, then by Theorem 3.1, @ is a T-chain.
Moreover from the Decomposition Theorem 2.1(1)) X =YX H; + E. If P,{®— ©} <1
for some x, then from the Decomposition Theorem 2.1(iii), ¥ H; #. Let y € H,,
and x € X arbitrary. Then the set {x} U {y} is compact and hence petite. Moreover,
if @ is an associated petite measure then since H,; is absorbing, @{H{}=
K,(y, H7) =0 and hence L(x, H,) Z @{H,} > 0. This shows that L(x, H,) >0 for all
x, so that ® is m;-irreducible, where 7, is the invariant measure for H;.
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(ii)) Under the given conditions it follows from (iii) of the Decomposition
Theorem 2.1 that L(x, ¥ H;) >0 for all x. Let &; denote the invariant measure on
H;, and let {A;} denote m;-positive petite sets with A, = H,.

Without loss of generality we can assume that T(x, ¥, A;) >0 for all x. Indeed, we
have K, .. =K,K. ZTK, = T' (say). Since K.(x, ¥ A;)>0 holds for any x € X, we
may replace a by ax €, and T by T’ to give the desired continuous component. If C
is compact, then there exists N such that

N A N
CclUONE U {x:T(x, A)Z1/N}.
i=1 i=1

Since by Lemma 3.1 each OY is petite, this completes the ‘only if’ part. The
converse of (ii) is a direct consequence of Propositions 3.1 and 3.2.

Finally, we link the properties of petite sets, T-chains and stability conditions in the
following theorem.

Theorem 3.3. Suppose that every compact subset of X is petite.
(i) A Harris set H c X exists and is unique if and only if P,{®— «} <1 for some
x €X, and if this is the case, then for all y € X,

P{{®—>x}U{® enters H}} =1;

(ii) @ is Harris recurrent if and only if it is non-evanescent;
(iii) @ is positive Harris recurrent if and only if it is bounded in probability.

Proof. Since every compact set is petite, we see from Theorem 3.1 that ® is a
T-chain.

(i) If H exists and is unique, then from Theorem 2.1(iii), for some x € X,
P.{®— ~} =0, and then as required, forally e X, P,{{®—x} U {®enters H}} = 1.

Conversely, if for some x € X, P,{®— «} <1, then ® is an irreducible T-chain,
from Theorem 3.2. Hence there is exactly one Harris set, from Theorem 2.1(iii)
again.

(ii) follows directly from (i), and Theorem 2.1(iii).

(iii) follows from (i) and from Theorem 2.1(iv), as in the corollary to that
theorem.

We have shown that in general, chains for which all compact sets are petite are
T-chains. We now show that a more conventional class of chains, Feller chains, also
give a rich set of petite sets under suitable auxiliary conditions.

3.2. Feller chains and petite sets. A Markov chain ® is said to have the Feller
property if Pf is continuous for every bounded and continuous function f: X — R.
We require the following lemma for petite sets for Feller chains.

Lemma 3.2. If ® is a g-irreducible Feller chain, then the closure of every petite
set is petite.
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Proof. By Lemma 3.1, Proposition 2.11(iv) of [26] (which states that X may be
written as a countable union of small sets), and regularity of probability measures on
R (i.e. a set A € B may be approximated from within by compact sets), the set A is
petite if and only if there exists a probability a on Z,, 6 >0, and a compact petite
set C c X such that K,(x, C)= 6 for all x € A. Since the function K,(x, C) is upper
semicontinuous (Lemma 4.1 of [9]), we have inf, _; K,(x, C) = inf, 4 K,(x, C), and
this shows that the closure of a petite set is petite.

We can now provide the auxiliary conditions under which all compact sets are petite
for a Feller chain.

Theorem 3.4. Suppose that @ is @-irreducible. Then either of the conditions
below implies that all compact subsets of X are petite:

(i) @ has the Feller property and an open @-positive petite set exists;

(ii) @ has the Feller property and supp @ has non-empty interior.

Proof. The proof is similar to Theorem 4.1 of [9] or Theorem 1 of [30].

(i) Let A be an open petite set of positive ¢-measure. Then K,(-, A) is lower
semicontinuous and positive everywhere, and hence bounded from below on
compact sets. Lemma 3.1 completes the proof.

(ii) Let A be a g@-positive petite set, and define A, 2cl {x:K.(x, A)=1/k} N
supp . By Lemmas 3.1 and 3.2, each A, is petite. Since supp ¢ has non-empty
interior it is of the second category, and hence there exists k € Z, and an open set
Oc A, csupp . The set O is a @-positive petite set, and hence we may apply (i)
to conclude (ii).

4. Criteria for stability

4.1. Petite sets and stability conditions. It is well known that forms of stochastic
stability are closely related to the return time behaviour of the chain on sets in the
‘centre’ of the space: individual points on countable spaces, compacta on topological
spaces, and so on. By deriving conditions for appropriately finite return times to
such sets, criteria for stability have been found in [35], [36] and [26]. We show here
that petite sets play this same role, and then proceed to develop criteria for them to
have finite return times.

Theorem 4.1. (i) The chain ® is Harris recurrent if and only if a petite set A
exists with L(x, A) =1 for all x € X.

(ii) The chain @ is positive Harris recurrent if and only if a petite set A exists with
L(x, A)=1 for all x e X, and sup, 4 E, [14] <c°.

(iii) If @ possesses a sub-invariant measure 7, then every petite set has finite
JT-measure.

Proof. We first prove (iii), which does not depend on any irreducibility
hypothesis. If A is petite we have K,(x, B) = ¢{B} for all x e A, B € . Suppose
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that s is a sub-invariant measure with w{A} #0. It is easy to see that ¢ <z, and
since s is o-finite there exists a set B such that 7{B} <® and @{B} > 0. In this case
we have > x{B} = (xl,K,){B}Z n{A}@p{B}. To see (i), note that the chain is
irreducible if a petite set A exists with L(x, A)=1 for all x € X. By (iii), and the
results of Sections 3 and 5 of [35], the chain is Harris recurrent. The converse is
well known. To see (ii), assume that the chain is positive recurrent. From
Proposition 5.13 of [26] there is an increasing sequence of petite sets satisfying the
conditions stated. Conversely, since the chain is irreducible as in the proof of (i),
from (iii) and Section 5 of [35], it is straightforward that the chain is positive
recurrent as required.

In this sense petite sets mimic the behaviour we would expect of compact sets, and
they play very much this role for the chain ®. As in the proof of Theorem 4.1(i) and
(i), Theorem 4.1(iii)) implies that petite sets are status sets for the class of
irreducible Markov chains [35], and for irreducible chains it also follows from
Theorem 4.1(ii) that petite sets are special instances of the test sets used in [37].

Having thus indicated that finiteness of hitting times for petite sets implies
various forms of stability, we give criteria for such hitting times to be appropriately
finite.

4.2. Dynkin’s formula. The key result of the paper is a discrete form of
Dynkin’s formula. This provides the appropriate tool to bound the hitting times on
sets, as required by, for example, the results of Theorem 4.1. This approach allows
us to use much more general ‘test functions’ (which depend on the whole history of
the chain rather than on the present position alone) than have appeared previously
in the literature.

Dynkin’s formula will be shown to yield necessary and sufficient conditions for
positive recurrence and recurrence; criteria for geometric rates of convergence of
the distributions of the chain; connections between stability and mixing conditions;
and sample path ergodic theorems such as the central limit theorem and law of the
iterated logarithm. Define

(7) gk = O{q)o, RS q)k}’
let A denote a measurable subset of X, and let
®) o,=min(k=0:d, € A).

Let {Z,, %.} be an adapted sequence of positive random variables. We shall assume
that for each &, Z, is a fixed Borel-measurable function of (®y, - - - , ®,). We abuse
notation by letting Z, denote both the random variable and the function of ®. For
any stopping time 7 define 7" £ min {n, 7, inf {k 20:Z, =Zn}}. The random time "
is a stopping time since it is the minimum of stopping times, and the random
variablelz,il Z,_, is essentially bounded.
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Discrete Dynkin’s formula. For eachxeX andneZ,,
ElZ.=ElZ)+E|3 B1Z,| 7 1-2,)]
i=1
Proof. ForeachneZ,,

Ztn = ZO + 2 (Z, - Zi—l)
i=1

=Zy+ 2 W1">iN(Z, - Z;-y).
i=1
Taking expectations and noting that {t" =i} € %_,, we obtain

E(Z.)=ElZ)+E[3 E(2,- 2.\ | #.1(v 21}

=E,[Z(] +Ex[§4 (ElZ:| F-1]- Zi—l)]-

i=1
The following result is an easy consequence.

Corollary. Suppose that there exists a sequence of positive measurable functions
{&c:k =0} on X such that

(1) &+1(x)=Cgi(x) for some C <o, and all ke Z,, x € A°;

(ii) E[Zis1| )< Zi — e(Pi), 04> k.
Then

A Zy(x), X€EAS
Ex[ &_1(P;_ ] é{
,-=21 1(@ic1) go(x) + CPZ(x), xeX.

Proof. Let Z, and ¢, denote the random variables Z,(®,, - - -, ®,) and & (P,)
respectively. By hypothesis, E[Z, | Fi |- Z_1=—¢g_, whenever 1=k=o0,.
Hence we have by Dynkin’s formula

2
OéEx[Zﬂ]ézo(x)—Ex[z si_l], xeA nel,.

i=

By the monotone convergence theorem it follows that for all initial conditions

Ex[z 8:-1] =Zy(x), x € A

i=1
This proves the corollary for x € A°. For arbitrary x, we have
TA

Ex[;il e,-_,] =g+ EX[EM(Z :;‘,~(<I>,~_1))1{<I>1 € Ac}]

i=1

= &+ CPZO(x).
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4.3. A criterion for non-evanescence. We first consider a criterion for non-
evanescence, which extends the results of Section 10 of [35]. This will provide a drift
condition as in Theorem 10.1 of [35], but instead of considering a fixed test function
V of the state ®,, we let {V,:k € Z,} denote a family of positive Borel-measurable
functions V,:X**'—> R.. This generalization is of more than academic value: see
[21], [19], [20] for applications where a fixed function does not suffice.

In order to derive criteria for non-evanescence, which is defined in terms of
compact sets, we need to adapt the sequence {V,} more strongly to the topology. A
function V is called norm-like if V(x)— « as x — o: this means that the level sets
{x:V(x) = B} are precompact for each B >0. The usual choice for such functions
on Euclidean space is the norm itself, or monotonic functions of the norm, hence
our terminology. By imposing the appropriate ‘drift condition’ on the stochastic
process V, =V, (®y, - - -, ®,), we obtain bounds on moments of first entrance times
to certain subsets of X.

Assume that there exists a norm-like function V :X — R, with the property

(9) Vk(xO, sy, xk) = V(xk) 30

for all keZ, and all x; e X. The criterion we consider for such a {V,} is the
following.

There exists a compact set A cX, and an adapted sequence {V,, %}
satisfying (9), such that

(DD1) E [Vii | FI=Ve as. [Py),
when o,>k, keZ.,.
Here the term DD refers to ‘discrete drift’.
Theorem 4.2. If condition (DD1) holds then @ is non-evanescent.

Proof. Suppose that in fact P.{®— ~} >0 for some x € X. Then, since the set A
is compact, there exists N € Z, with

P{{®,e A k=N} N {®d—>x}}>0.
Hence letting u = P"(x, -), we have by conditioning at time N,
(10) F.{{oa=x}N{®—=}}>0.

We now show that (10) leads to a contradiction. Let m; = V,1{o, =Zi}. Using the
fact that {04 =k} € %_,, we may show that (m,, %) is a positive supermartingale:

E[m, | Fe1] =Y oa Zk}E[V, l Fial=ElHoaZk}Vir Smyy.
Hence there exists an almost surely finite random variable m., such that m, — m., as
k—> oo,

There are two possibilities for the limit m... Either o, << in which case m., =0,
or o4 = in which case lim sup;_... V(®;) = m. <« and in particular @ -+ . That
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is, we have shown that
P {{os<x}U{®—>}} =1,
which clearly contradicts (10). Hence @ is non-evanescent.

4.4. Criteria for boundedness in probability and positivity. It is perhaps surpris-
ingly easier to derive conditions for positive recurrence than for recurrence.

The criteria derived here extend the results of Sections 6 and 9 of [35], and again
we consider {V, = V,(®y, - - -, ®;)} to be a stochastic process of the form described
above, and let A and f be measurable. We consider here the Lyapunov-Foster drift
condition.

Positive drift condition. For some € >0,
(DD2) EViu | RISV —ef (@) as. [Py), keZ,
when o, > k.
Condition (DD2) is written in its general and hence most complicated form.

Suppose for example as in [35] that V, = V(®,) where V is a simple positive
measurable function on X: Condition (DD2) then becomes the following.

For some £ >0,
(DD2") PV=V —¢ on A

This hypothesis, with f =1, is well known to have powerful implications in stability
theory: see for example [26] and [36].

Theorem 4.3. Suppose that A and f=0 are measurable, and that (DD2) is
satisfied. Then

i £ Wo(x) x €A,
5[3 ro o] =[5 00 ,
,-=21f( 1) f(x)+ e 'PVy(x), =xeX.
Proof. Suppose that {V,} satisfies (DD2), and let Z, = V. Then E[Z, | % _,] -
Zy_1= —¢f(®r_1), and hence the result follows by the corollary to Dynkin’s
formula.

These results, together with the classification in Section 2, immediately give the
following result for reducible chains.

Theorem 4.4. Suppose that ® admits a sub-invariant measure u, and that (DD2)
is satisfied for some A € B with u(A) finite, and some f =1, with PV, bounded on
A. Then p is a finite invariant measure for the chain, and @ is u-bounded in
probability.

Proof. From Theorem 4.3, and imitating the proof of Theorem 1 of [37], we find
u is a finite invariant measure. From the o-compactness of X, the finiteness of pu,
and using Fatou’s lemma on the invariant equations, the result follows.
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Corollary. Suppose that @ is a Feller chain and that (DD2) is satisfied for some
compact A€ B and some f=1, with PV, bounded on A. Then there exists an
invariant probability p for the chain, and ® is u-bounded in probability.

Proof. This follows as in [37], and is also related to results of [12].
We can do much better if @ is a T-chain.

Theorem 4.5. Suppose that @ is a T-chain satisfying (DD2) for some compact
A € B, and some f =1, with PV, bounded on A. Then ® is non-evanescent, there
is a finite number of Harris sets all of which are positive in the Doeblin
decomposition, and hence @ is bounded in probability.

Proof. We see from Theorem 4.3 that under the conditions of Theorem 4.5,
L(x, A)=1. From Lemma 1.1 we have Q(x, A)=1 for all x, so that ® is
non-evanescent. Since Harris sets are absorbing, Q(x, A)=1, x e H; implies
H;N A# for any Harris set H;. Parts (ii) and (iii) of the decomposition theorem
then show that the index set [ is finite and non-empty. From Theorem 4.3, there
exists a finite M such that sup, 4 E,(74) =M, and hence from Proposition 4.1 of [35],
lim supy_,. P*(x, A) >0 for all x. From (iv) of the Decomposition Theorem 2.1,
then, the Harris sets are all positive as required.

If the set A in (DD2) is petite, we reach our strongest positivity statement.

Theorem 4.6. Suppose that A is petite, f =1 is measurable, and that (DD2) is
satisfied with f + PV, bounded on A. Then the chain is positive Harris recurrent
and n(f) is finite.

Proof. That ® is positive Harris recurrent follows from Theorem 4.1 and
Theorem 4.3. That n(f) is finite follows then from the representation of = in
Lemma 1.2.

5. Criteria for recurrence and ergodicity: irreducible chains

The topological conditions of non-evanescence and boundedness in probability do
not require any irreducibility. We have seen that, in the irreducible case, they
equate to Harris recurrence and positive Harris recurrence under mild conditions.

In this section we review and extend known results which refine these irreducible
chain concepts of stability, and which, in particular, relate the moments of hitting
times on petite sets to rates of convergence to stable regimes. We can then use the
Lyapunov-Foster approach to find criteria for these rates of convergence to hold.

We also turn to the consequences of positive recurrence in particular when the
chain is irreducible. Not only does a finite invariant measure 7 exist in this context,
but the distribution of {®,} tends to & as k— «, and does so in the total variation
norm [26]. Thus in linking boundedness in probability with positive Harris
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recurrence, we have moved from weak convergence of {P*}, which is often implied
by tightness, to a much stronger form of convergence. This becomes even more
apparent in Section 7 for reducible chains.

A criterion for Harris recurrence is easy to establish from our previous results.

Theorem 5.1. If there exists V satisfying (DD1) and every compact set is petite,
then the chain is Harris recurrent.

Proof. Note that ® is non-evanescent from Theorem 4.2; the result follows from
Theorem 3.3.

This Lyapunov-Foster result strengthens results of [16]; see also Theorem 10.1 of
[35]. The new approach has replaced the somewhat artificial requirements of [35],
[16] that the level sets of the test function be ‘status sets’ for ® with the more
natural requirement that the compact sets are petite, which is clearly more closely
allied to the structure of the chain itself.

Our next result considers criteria for, and consequences of, positive Harris
recurrence. We provide an extension of the standard convergence result, and for
this we need the following extension of the total variation norm. For any positive
measurable function f=1 and any signed measure u on % we write |lu||;=
supjg=s|1(g)|. Note that the total variation norm |[u|| is ||u||; in the special case
where f =1.

Theorem 5.2. Let f =1 be measurable. Then

(i) The following are equivalent:

(a) the chain ® is positive Harris recurrent with invariant probability measure 7,
and z(f) <oo.

(b) there exists a petite set A such that L(x, A)=1 and

(11) sup Ey[élf(fbk_l)] <o,

(ii) If either of the equivalent conditions (a) or (b) holds then

(12) Ex[é;f(q)k—l)] <®

for a.e. x e X [7];

(iii) If @ is positive Harris recurrent with invariant probability measure & and
period m =1 (cf. [29]), and if 7(f) <, then for any initial condition x satisfying
(12), the distributions converge in f-norm:

(13) ll% g Pt (x, ) — Jt||f—> 0.

Proof. (i) and (ii): If ® is positive Harris recurrent, then (11) and (12) hold for
some petite set by Proposition 5.13 of [26]. Conversely, if (b) holds, then Theorem
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4.1 implies that @ is Harris recurrent with invariant measure w. Theorem 4.1(jii)
together with (11) gives w{X} = &(f) < from the form of & in Lemma 1.2.

(iii) This convergence result follows from the case R =1 of [28]: note that the null
set N, in that result can be taken as the set on which (12) fails, when R =1, since the
set N, in that proof can be taken as empty in this case.

Most of this result is essentially known, although it is not always clearly stated in
the literature that (13) holds for all f, whether bounded or not, for which 7(f) <ce.

When @ is aperiodic (that is, the period m = 1), and (13) holds for some f =1 and
all x, then ® is called Harris ergodic.

Theorem 5.3. Suppose that A is petite, that f =1 is measurable, and that (DD2)
is satisfied with f + PV, bounded on A. Then ® is positive Harris recurrent, and (13)
holds for all x and for the same f, so that in the aperiodic case, ® is Harris ergodic.

Proof. This follows from Theorem 4.3, and Theorem 5.2. Notice that we do not
have to assume irreducibility when A is petite, and that the w-null set on which (12)
fails is empty under the conditions of the theorem, so Harris ergodicity does hold in
the aperiodic case.

This result extends Theorem 9.1 of [35] from the situation where V is a simple
function on X.

6. Criteria for geometric recurrence and geometric ergodicity

We now turn to the concepts of geometric recurrence and geometric ergodicity
which are refinements of the idea of positive recurrence and Harris ergodicity (cf.
[26], [27], [36))-

Stochastic stability condition 3. Suppose that for some measurable f =1, a petite
set A, and r>1,

(14) sup B 3 (@, )| <o,
xe k=1
and L(x, A)=1. Then @ is called geometrically recurrent.
Theorem 6.1. Suppose that the chain @ satisfies (14) for some A and r, and is

hence geometrically recurrent. Then there exists p <1, R <, and a probability
measure 7 such that

TA

1&
l; > P*(x, ) — Jt“ §RE,,[ > r"f(cbk_,)]p’, xeX, leZ,,
i=1 f

(15)
k=1

where the right-hand side is finite for a.e. x € X []. Conversely, if @ is Harris
recurrent and (15) holds for some r >1, R <o, p <1, & a probability, and A petite,
with the right-hand side finite for a.e. x € X [], then ® is geometrically recurrent.
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To prove the result, we consider the ‘split chain’ [25], [26], [1]. This device allows us
to shift our analysis from petite sets, to a recurrent atom lying in an enlarged state
space. An atom a is by definition a subset of the state space for which P(x, :) =
P(y, -) for all x, y € a. Hence an atom is essentially a single state, and by the strong
Markov property, the trajectories of the chain between visits to an atom are
independent and identically distributed. Such a splitting is only possible in the
strongly aperiodic case, for which we take the following definition from [1].

Strong aperiodicity. There exists a set C, a probability v with v{C} =1, and 6 >0
such that L(x, C) >0 for all x e X and P(x, A)Z 6v{A}, xe C, A€ B.

Under the assumptions imposed in this paper, the k-step chain {®,,:n € Z,} will be
strongly aperiodic for some k =1 if ® is irreducible and aperiodic (see [29] where
the set C is called a C-set).

In the proof of Theorem 6.1, and in the remaining results of the paper we
consider only strongly aperiodic Markov chains. The general case follows by
decomposing the state space into periodic classes and considering the k-step chain,
but there is some work in relating the two chains [26]. We refer the reader to [22]
for a proof in the more general case.

We require here, and in the proofs of several other results in the paper, the
following three lemmas which we give in general form.

Lemma 6.1. Suppose that @ is strongly aperiodic, that A c X is petite, f: X —
[1, ] is measurable, and that for a constant r > 1, the function

(16) LW 2E| Y f@cyrt|  xex,

satisfies sup,.4 Va(x) <. Then for a split chain with atom @, there exists a constant
C, < = such that

Ex[élf(cbk_l)r"] = CoVa(x), xeX.

Proof. The proof of this result follows from a straightforward extension of the
geometric trials argument used in [27] and so will be omitted. This technique
requires that the C-set satisfy @{C} >0, where @ is the petite measure associated
with A. This property may be assumed without loss of generality: replace @ with
@K, . By definition K, (x, C) > 0 for all x so that the petite measure @K, satisfies the
desired condition.

When the function V, defined in Lemma 6.1 is finite-valued we also obtain
bounds on moments of V,(®,) as follows.
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Lemma 6.2. Suppose that A c X and f:X— [1, ] are measurable, and that for a
constant r>1, B, 4 SUPyea Va(x) <. Then
() PVa(x)=r'Vy(x)+ B, x€X;
(i) supiez, E[Va(®r)] <», when V,(x) <o
(iii) If L(x, A)=1 then [ V, dx = B,/(r — 1) < for any invariant probability .

Proof. Results (ii)—(iii) follow easily from the bound (i) on PV. To obtain (i), we
condition at k =1:

TA

P SE S ror@, ez | +sipE| S @)

=r-'V,+B,.

Lemma 6.3. Let {a,:ke€Z,} be a sequence of complex numbers, and suppose
that the function f(z) 2 ¥ a,z* is analytic in a neighborhood of the closed unit disk
U cC, and |f(z)| = C for some C <, and all |z| =r <. Then |a,| =< Cr~* for all
keZ,.

Proof. By Parseval’s theorem and the boundedness assumption we have

2 1 R k ,i0
C —f > !
o A a,r-e

k=0
Proof of Theorem 6.1. The converse follows from Theorem 6.14 of [26], where it
is also shown that (14) implies a geometric rate of convergence in the ergodic
theorem. The main new result here is the upper bound on the rate of convergence
(see also [6]). We first note that under (14), ® is positive Harris recurrent with
invariant probability 7, and, from Lemma 6.2,

%

2 o
do =, |a*r*.
k=0

TA

a” E| 3 @, y|<e

=1
for a.e. x € X[x]. Suppose now that (14) holds, and fix x € X satisfying (17). Fix
|g| =f, and let § denote the centered function g — { g dz. Lemma 6.2(i) implies that
the function

(18) G@)= 3 Elg(@)"

is analytic in the open unit ball U = C.

By Lemma 6.1, we may turn to the split state space and assume that an atom a
exists, so that the function G may be written in the standard way as the sum of an
analytic function and the product of two analytic functions with domain U, where
the interchange of summation and expectation is justified by Fubini’s theorem:

G@)=E| 3 8@z |+ Bl 3 Eg(@)e"
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By Corollary 2.4 of [27] we have for some r,> 1, and all |z| =1,

S Efg@)]"|S 3 IP(@, )~ xly i<

Hence by Lemma 6.1, there exists Cy, C;<®, and a neighborhood N o U, all
independent of g satisfying the conditions of the theorem and x satisfying (17), such
that G is analytic in N and for each z € N,

IG(2)| = clEx[éof@k)rk]

= COCIEx[éO f(<I>k)r"].

Lemma 6.3 together with this bound completes the proof.

We now see that a simple and often easily verified extension of (DD2) gives a
general criterion for these stability regimes to hold.

For some €¢>0, A<1,
(DD3) E[Visi | BISAV, — f(Pr) as. [Po), keZ,
when o, > k.

Condition (DD3), like Condition (DD2), is given in a general form. Suppose for
example as in [36] that V, = V(®,) where V is merely a positive measurable function
on X: Condition (DD3) then becomes the following.

For some €¢ >0, A <1,
(DD3")
PV =AV —¢f on A°.

Theorem 6.2. Suppose that A and f =0 are measurable, and that (DD3) is
satisfied. Then with r& A1,

< ~ [£7Volx), x € A5
Ex[z rf(<I>i_1)] = {rf(x) + e rPVy(x), xeX.

Proof. Suppose that {V,} satisfies (DD3), and let Z, = r*V, where r = A~'. Then
E[Z, | F-1] — Zi, = —er*f(®,_,), and hence the result follows by the corollary to
Dynkin’s formula.

i=1

When @ is aperiodic and (15) holds with the right-hand side finite for all x, then
® is called geometrically ergodic.

These results, together with the classification in Theorem 6.1, immediately give
the following.

Corollary. Suppose that A is petite, f =1 is measurable, and that (DD3) is
satisfied with f + PV, bounded on A. Then the chain @ satisfies (14) and (17) with
the same f, and all x € X. Hence ® is geometrically recurrent.
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In the aperiodic case there exists R < and p <1 such that
I1P*(x, ) = 7lly S R(PVy(x) + f(x))p", neZ,, xeX
Hence in this case ® is geometrically ergodic.

Following the matrix definition as in [32] we define the f-operator norm, for a
positive function f and a kernel G, as

G(x, -
Gl = sup 15

f(x)

Corollary. Suppose that A is petite, f =1 is measurable, and that (DD3') is
satisfied with f + PV bounded on A. Then in the aperiodic case ||P" — &||;,y sy =
Rp" for some p <1, R<x,

Proof. For & small enough (DD3’) can be written as
PV=(A+¢e)V -V +f).
From the previous corollary and (DD3’),
IP" = wlipev =R(PV +V +f)p" =R'(V +f)p"
which is the result.

This equivalence of geometric ergodicity and the geometric rate of convergence in
the stronger operator norm is proved in [32] in the countable state space situation.
On topological spaces, the conditions of (DD3) are often satisfied, in practice, by
verifying the following slightly stronger condition.

There exists A <1, L <o and an adapted sequence {V,, %} satisfying (9),
such that

(DD4) Ex[Vk+1 ! 9:[(] = )'Vk + L a.s. [Pd’ol’
for all k € Z, and all initial conditions x € X.

Theorem 6.3. Suppose that for the Markov chain @, all compact subsets of X are
petite. If condition (DD4) holds, and if V; is uniformly bounded on compact subsets
of X, then the conclusions of the corollary to Theorem 6.2 hold with f=V +1,
where V is defined in (9). In the aperiodic case we may improve the upper bound on
the rate of convergence: there exists R <o and p <1 such that

IP"(x, -) = #lly =R(Vo(x) + 1)p", neZ,, xeX.
Proof. Let A<p <1, and define the precompact set A and the constant £ >0 by

p—A
5

2L
—_ . g =
A {xeX.V(x)_p_l+1} €
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Then forall ke Z,,
< p—A p—A
ElVien | 05Vt {IL+ (0 - D =252 V@0 + D} 252 (Vi@ +1).

Hence E[Viy, | %)= pVi — f (®:) when @, € A°. This shows that (DD3) holds.
We now show that the bound on Vj, implies (17) with f =V + 1.
Letr=p~!, Z, =r*V,, so that

E[Zk+1 | g:k] SZ- grkﬂf(q)k),

when @, € A°. Then we may use Dynkin’s formula to deduce that for all x € X,

0= B[z, = E[Z,] + Ex[(ézE[Zk | Fs]— Zk_1>1(r,, > 2)]

SE.[Z,]- Ex[ g 8"kf(¢‘k~1)l(fA = 2)]

k=2

This and the monotone convergence theorem shows that for all x € X,

TA

E[ 3 rf(@c )| se BV + V()
k=1

This completes the proof, since E,[V;] + V(x) =AVy(x) + L + Vo(x) by (DD4) and

9.

Theorem 6.3 is a generalization of Proposition 3.1 of [17].

7. Stability and ergodic theorems: non-irreducible chains

Here we combine the strengthened version of the decomposition theorem in
Section 2.2 with the stability concepts of Section 3 to indicate the strength of the
ergodic theorems which can be deduced in the non-irreducible case.

Let {H;:i € I} denote the Harris sets constructed in the decomposition theorem. If
each Harris set is positive and if L(x, E°) =1 for all x, then we define the Markov
transition function IT and the random probability 7 by

(x, A) £ 3 L(x, H)m{A)
(19) iel
a{A) 2 2 1{® enters H;}m,{A}

where 7; is the invariant probability supported on H,;. Observe that since H; is
absorbing, L(x, H)) = Q(x, H;). By Theorem 3.4 of [26] the function Q(:, H;) is
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harmonic, that is, [ P(-, dy)Q(y, H;) = Q(-, H;) and hence we have the relations
(20) IIP =PII=1I.

In Theorem 4.5 we showed how Lyapunov—Foster criteria can be constructed to
give boundedness in probability. We see in Theorem 7.1 that such chains have nice
ergodic properties.

Theorem 7.1. Suppose that @ is a T-chain, and is bounded in probability. Then
(i) L(x, ¥ H;)=1 and each Harris set H, is positive with invariant probability
measure ;. We have the relations

1) f{A} = ,Eim (P, A) as.and II(x, A)=E,[7{A}];
for each x e X

1 X . .
N > P*(x, -)—>TI(x, ) in total variation norm;
k=1

and for each g e L'(X, %, I1(x, -))
1 N
lim — = T .S. .
N'_'.‘lN,;l g(®x) fgdﬂ as. [P]

(ii) Suppose that the state space X is compact. Then there exists p <1, R <, and
m =1 such that

1z ‘
22) |23 P g -mes, o sRet, xex,  kez..
i=1
Proof. Under the conditions of (i) it follows from the decomposition theorem that

every Harris set is positive. The relations (21) follow directly from the fact that for
each x € X,

lim L(®,, A)=1{®eAio.} as. [P]

Let 7 denote the first-entrance time to E° = Y, H;. By the strong Markov property,
for each g e L'(X, %, I(x, *))

1 N 1 N
plim =3 g@0) = [gan}=E[P]im £ 3 g = [gax}]
N—= N 2y "IN N Ty
By a result of [2],
1 N
Po{lim + 3. g(@0)= [ gan}=1,
N—= N 2y

and this proves the sample path limit in (i).
The other limit in (i) is proved in a similar way, although the technical details are
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somewhat more difficult. Write the event that @, lies in a given set A as the disjoint
union

R,{deEA}=I-';{{<I>keA}n{t>k}UL:Jl{d>keA}ﬂ{t=i}}.

For ease of manipulation, translate this expression into operator-theoretic notation
[26], to obtain

k
23) P* = P*I; + > [(PIg)~'PIg.P*'],
i=1

which by (20) implies that
P —T1=P*(I-TI)

24) o i-1 k—i K
= Zl [(PIg)~'PIg(P*~* — II)] + P*I-(I — IT).
Hence forall M eZ,,
1 M B 1 M k
ngl (P n)——kZ1 21 [(PIg)~'PIo(P*~ ‘—n)]+ 2 P*I(I - T0)
=272 2 [(PLeY ™' PIe(P*~ = TD)] + - > P~
i=1 k=i M=

from which it follows that

w2 s

2 I

+=> P*x, E
ngl ( )

S

(25)

where ||-|| denotes the total variation norm. The second summand converges to 0 as
M — o since P"(x, E) converges to 0. As for the first term, write

- IPIEC[M—- 2 (P -10) “

N
<

- 1PIEC[M—— 2 -+ 3 1Py P

where N <M is fixed. The first term converges to 0 as M — » by a standard total
variation norm limit theorem for positive Harris chains (cf. [26]) and the dominated
convergence theorem. The second term is equal to P.,{7 > N} and hence converges
to0as N>,

We now prove (ii). Let K; denote the compact set K2 {yeX:T(y, HS)=0}.
The inclusion H; c K; follows from the fact that H; is absorbing. Let A c H; be a
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petite set of positive x,-measure. Then by the definition of Harris recurrence,
K.(y, A)>0 for each y € H;. Furthermore, since T is non-trivial, T(z, H;) >0 for
each z € K;. Hence by lower semi-continuity we have for some 6 >0,

Kewie, A2 [ T(, ap)K.(r, 4)25
H;

for all z € K;, and hence for z € H;. By Lemma 3.1 the Harris set H; is petite, and
hence by Theorem 6.1 there exists 7 € Z,, and p, <1 such that (22) holds for initial
conditions x € E° = H,.

Observe that since @ is necessarily bounded in probability, it follows from part
(iii) of the decomposition theorem that K, (x, E€) >0 for every x € X. Repeating the
previous argument, we may deduce that K, (x, E) is bounded away from 0 on X.
Hence for some N=1, and 4 >0,

1 N
1712 P*(x, E)Z6, xeX
k=1

and since P*(x, E) is an increasing function of k, it follows that P"(x, E) = 8. This
implies that P*¥(x, E)=(1—6)%, and since P*(x, E) is decreasing, there exists
M, <o, and p, <1 such that P*(x, E) = M,p% for all x e X, kK =0. Proceeding as in
the proof of (i), we may estimate as follows. For any /e Z,,

5 nfel 25 o)

k I1+1 k=I+1
(26) 1 I+m l+m )
+= > 2 WP I| + IP ).
k=I+1i=l+1

The second term is less than or equal to 2m || P'(x, E)|| = 2mM,p} for all x. As for
the first term, since (22) holds with p = po, M = M, for initial conditions x € E, we
have for all [=1,

5 errf2 S oo -m]|=3 po pow

!
= Z (Mlp'i—l(Moptl)—i)
i=1

Mp'

A

where 1> p >max (py, p,), and M is a suitably large constant.

8. Criteria for strong mixing

In this section we demonstrate that a Markov chain satisfies a mixing condition
when a suitable Lyapunov-Foster criterion is satisfied. The results of this section
will be applied to prove limit theorems in the final section.
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Suppose that for a measurable function f:X— R the process {V,} satisfies the
following condition.

For some A <1, £€>0 and a petite set A,
(DD5) E[Vii1 ' FI=AV.—€e(1 +f2(q)k)) a.s. [Py,
wheno,>k, keZ..

If (DD4) and (9) hold, and if £(1+f?) =V, then (DD5) may be obtained by the
same argument used in the proof of Theorem 6.3.

The stochastic process x is called strong mixing if there exists a sequence of
positive numbers {3(n):n =0} tending to 0 for which

sup |E[g(x)h(x,+1)] — E[g(x)IE[R (X, +0)]| = 6(n), nez,,

where the supremum is taken over all k € Z,, and all measurable g and h such that
lg)l, |h(x)| =1 for all x e X. Observe that when ® is a stationary Markov chain,
strong mixing becomes

sup IEn[g-(CDO)ﬁ(q)n)]l = 6(")’ ne Z+7

where 7 is an invariant probability, and g, 7 denote the centered functions
g — [ gdn, h— [ hdmn respectively.

It is shown in [3] that a positive Harris-recurrent Markov chain is always strong
mixing for some 6. The next result strengthens this result when condition (DD5) is
satisfied in two directions: a geometric rate of convergence for 0 is established, and
the supremum over the class of bounded functions in the definition of strong mixing
is extended to include any function which is dominated by f.

We consider here the strongly aperiodic case. We have recently learned that a
similar result has been established concurrently using different methods in [10].

Theorem 8.1. Suppose that @ is strongly aperiodic, that (DD5) is satisfied, and
that f>+ PV, is bounded on A. Then there exists a constant R <% and p <1 such
that
sup |E.[g(®i)h(Pn+i)] = Ex[8(POIE[A(®n+i)]| = R(PVo(x) + f2(x) + 1)p", neZ.
where the supremum is taken over all k€ Z., and all measurable functions g, h
satisfying |g|, |h| =f. In particular, @ is strong mixing for each initial condition.

Proof. Fix |g|, |h|=f, x e X, and with u, 2 5,, let u, denote the probability u,P*.
Recall that g, i denote the centered functions g — [ gd, h — [ h dx respectively. It
is easily shown that for alln, ke Z,,

E, [8(®)h(Pirn)] = Eu [8(Pi)E,[1(Pisn)]
= E,,[3(®0)A(®,)] - E, [8(Po)IE, [h(®,)]-

By the definitions, the corollary to Theorem 6.2, and Jensen’s inequality we have
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for some p <1,

B, [8(R)IE,, [A(®)N = l|oP” — 7|y luoP*™" — 7]l
= |luoP* — 7|7 + o P — |7
= |4oP* = wllpss + | 4P = 7ll24a
= O((PVo(x) + f*(x) + 1)p).

Hence to prove the theorem it is enough to bound E,, [g(®o)h(P,)] by a geometric
series.
We prove here that the function

(27) M, (z) = E LB (RA(D,)]2"

is analytic and appropriately bounded in an open ball containing the closed unit disk
UccC.

Let @ denote an atom on the enlarged state space. By conditioning at time 7, the
function M, may be written as the sum of an analytic function, and the product of
two analytic functions, where the interchange of summation and expectation is
justified by Fubini’s theorem:

oo

(28) Mi(2)= 3 E,,[8(@)h(@)1(n < 70)]2"
29) + (3 Bulg@1r = 21e")
(30) x @1 EJh(@,)2").

By Lemma 6.3, to prove the theorem it is sufficient to demonstrate that each of
these functions is analytic and bounded, uniformly in k, and g and h satisfying the
conditions of the theorem, in a fixed neighborhood of the closed unit disk in C. To
bound the functions on lines (28) and (29) we use the estimate xy = ex? + £ 'y%:

3 1B E @@ <l =2 E G g [$ e, ]

=0 1
3 8@t = rllr s @O g g

In both instances, the right-hand side is bounded by a fixed constant times
(PV(x) + f3(x) + 1) for some r > 1, where the constant is independent of k, g, and
h, by Lemma 6.1, Lemma 6.2, and Theorem 6.2.

The function on line (30) may be bounded as follows:

S EJH@I S 3 1P (@) =l "

which is finite for some r by the corollary to Theorem 6.2.
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9. The central limit theorem and law of the iterated logarithm

We conclude by presenting versions of the central limit theorem and law of the
iterated logarithm, two limit theorems which describe the asymptotic behaviour of
normalized sample path averages of the chain {f(®,)}.

An obvious necessary condition for either of these results is the existence of a
second moment for the random variable f(®,), with respect to an invariant
probability. The results of [8], [11], [5] show that these and related results may be
obtained under a mixing condition on the chain. From these considerations,
Theorem 6.2 and Theorem 8.1, we see that (DDS5) allows us to meet each of these
criteria, and in fact when (DDS5) holds we can prove both a central limit theorem
and law of the iterated logarithm.

We again consider the strongly aperiodic case and refer to [22] for extensions to
general irreducible chains.

Theorem 9.1. Suppose that @ is strongly aperiodic, that f : X — R is a measurable
function, and that (DDS5) holds, with f>+ PV, bounded on A. Then ® is positive
Harris recurrent with invariant probability measure &, and the limit

Q) r=tim LE.[(3 F@o) |

n—o

exists, and is finite. We also have

o

(32) Y% = Zm En[f(q’o)f (®0)]

k=—
where the sum converges absolutely.
If y7>0, then the following limits hold for each initial condition:

L 1 n ¢
(i) lim P,‘{\/n_y_2 > f(@) ét} =f VLZ;exp (—x%/2) dx
f k=1 —o0

n—oo

(ii) the limit infimum and limit supremum of the sum

1 no_
V2y}n log log (n) 2@

are respectively —1 and +1 with probability 1.

To prove these results we will again consider the split chain. We first use (DD5) to
obtain hypothesis (7) on page 102 of [7].

Lemma 9.1. If condition (DDS5) holds, and if f>+ PV, is bounded on A, then an
atom @ exists with

£(3 1@ <= Eisi<a

for any of the initial distributions g = 8., p =6, forx e X, or u= .
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Proof. Observe that for any measurable function g: X - R,

En[@lg(@k))z] [Z Z 8(®;)g(®; )]

j=1i=

=1/2E, [i i rig}(®;) + r'gH (@, )]

j=1i=

<15 [3 )

r j=1

where we have used the inequality 2xy = x>+ ¢ 'y%. Applying Lemma 6.1 with
=|f| and g =1 gives the desired result.

Proof of Theorem 9.1. Since an atom exists for the split chain, and since the
proofs of the central limit theorem and law of the iterated logarithm are based on
the existence of, and mean return times to, atoms, we may adapt the proofs of [7].
Lemma 9.1 shows that hypothesis (7) on page 102 of [7] is satisfied. This implies that
the hypotheses of both the central limit theorem (Theorem 1 on page 99 of [7]), and
the law of the iterated logarithm (Theorem 5 on page 106 [7]) are satisfied.
Similarly, (31) holds by Theorem 3 on page 102 of [7]. It is assumed in this result
that the initial distribution has finite support, which is used only to obtain the
bound

min(n, Tg—1)

ely=[("3 r@) <=

This bound is obtained for the stationary version of the chain by Lemma 9.1. When
® is aperiodic we have by a simple calculation [8],

e ( éof(¢k))z] =r(0)+§:§ R(K)

where r(i) £ E,[f(®)f (®i..)], which is independent of k by stationarity, and
R(k)2 T, r(i). By Theorem 8.1 the series ¥, r(i) is absolutely convergent, and
hence the expression (32) holds.
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