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1 Introduction

These lecture notes are a self contained treatment of the solution of equi-
libria equations and ergodicity for “i-irreducible Markov chains”. For a bit
more depth, and in particular the treatment of general state spaces, see [12]
(available at black.csl.uiuc.edu/ meyn), or see [11].

The Markov chains that we consider evolve on a countable state space,
denoted X. The chain itself is denoted {X(¢) : t € Z}, with transition law
denoted P:

P{X(t+1)==z|X(t) =y} =Py, ), z,y € X.



2 Equilibria equations
There are two linear equations that we would like to solve:
(i) Invariance equation:
7P =m, (1)
where 7 is seen as a row vector, P as a matrix. Hence

> w(z)P(z,y) = n(y), yeX
reX

We hope that the solution is positive, 7(z) > 0 for € X, and finite
so that m(X) =Y 7(z) < oo.

(ii) Poisson’s equation: Given a m-integrable function f : X — R,

where we write

Here f is seen as a column vector

Y P(z,y)f(y) =fz)— f(@)+n zEX
Yy

Letting A = P — I denote the difference operator, the two equations can
be written,

TA =0 and Af=—f+n.

Solving either equation amounts to a form of inversion, but there are two
difficulties. One is that the matrices to be inverted are not finite dimensional.
The other is that these matrices are not invertable! For example, to solve
Poisson’s equation it appears that we must invert A. However, if there exists
an invariant probablity m, then 7 is a member of the left null space of A
which means that A cannot be invertible.
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Figure 1: Sample path of a stable M/M/1 queue (p < 1).

2.1 Who cares?

The existence of 7 is equivalent to a form of stability, so that the sample
path behavior looks like that shown in Figure 1, and this leads to ergodic
theorems such as,

1 N-1
N ; f(X@®) — n, N — o0 (3)
E[f(X(#)] — n,  t— oo

The existence of f leads to finer results:

(1) The solution to Poisson’s equation is central to optimal control where f
is a one-step cost function, and f is called the ‘relative value function’
[5, 6, 1, 16, 12].

(2) Approximate solutions to Poisson’s equation lead to direct performance
bounds (estimates of 7) [8, 15, 7, 3, 4].

(3) The solution to Poisson’s equation allows us to construct the useful
martingale:



This leads to the central limit theorem,

where

Hence Poisson’s equation provides tools for addressing performance of
simulators [3].

Example M/M/1 queue When the arrival stream is renewal, and the
service times are i.i.d., then the waiting time for a simple queue can be
modeled as a Markov chain with state space X = IR;. The dynamics take
the form of a one dimensional linear state space model, where the state
space is constrained to the positive half line. The queue length process
is itself a Markov process in the special case where the service times and
interarrival times are exponentially distributed. By applying uniformization
(i.e. sampling the process appropriately - see [10]), the queue length process
X obeys the recursion

X(t + 1) = X(t) + (1 - It+1)7r(:vt) + Iy, teZ,,

where I is a Bernouli, i.i.d. random process: A = P(I(¢t) = 1) is the arrival
rate, and py = P(I(t) = —1) is the service rate. Time has been normalized
so that A 4+ pu = 1.

When p = A\/pu < 1 then the invariant probability is given by

7(i) = (1 — p)p, i€ X

A sample path of the process is shown in Figure 1 for this particulr model
with p = 0.9. When f is the identity function, (f(i) =4 for ¢ € X), then the
solution to Poisson’s equation is given by

N =
—

1-p)

We see that f is quadratic, which one could have guessed from looking at
the equations: On iterating the formula Pf = f — f + 7,

Pf=f—f-Pf+2y = P f=f—f-Pf-Pf+3 = -

4



one might expect the solution to take the form,
A o0 -
F=2 P(f—n)
0
This is true in the M/M/1 example, and one can also show that

T9—1
fl@) = Eq [Z (f(X(®) - 77)]

0

where 79 = min(¢ > 1 : X(¢) = ). The function f is linear, so its “inte-
gral” f is quadratic. This qualitative result carries over to general network
models, and is a useful observation when developing the theory of network
optimization.

We can similarly write,

provided Ey[ry] < 0.
We next develop operator-theoretic formula which generalize easily to
general state space processes.

2.2 The resolvent

These foundations are most easily formulated in terms of the resolvent,
o
22 1) pt(z, ), z,y € X. (4)
t=0

The following minorization condition is basic:

Assumption A There is one state 94 € X with

R(z,9) >0 for all x € X.

That is, there is a single communicating class, reachable from any initial
condition.

Assumption A will be satisfied in models on a general state space where
there is an atom. For example, in a queueing network model, the state 9



might represent the network state where every buffer is empty. A rewriting
of this condition brings Assumption A to a form which can be generalized
further. Let v denote the probability on X which is concentrated at 4.
Assumption A implies that there exists a function s: X — (0, 1) with

R(z,y) > s(z)v(y) all z,y € X. (5)

We can in fact take s(z) := R(x,9), ¢ € X. However, the inequality (5) is
all that we require. When (5) holds for a positive s and a probabilityr then
the chain is called vy-irreducible.

The inequality (5) is a matrix in equality when R is viewed as a matrix.
We can write this compactly as,

R>s®vu

where the right hand side is the outer product of the column vector s, and
the row vector v.
We have the relolvent equation

PR = RP = 2R—-1I. (6)

From this it follows that any « is P-invariant if and only if it is R-invariant.

From the resolvent equation and the lower bound assumed on R we
can now give a roadmap for solving the desired equations. As motivation,
suppose that we already have an invariant probability 7, so that

TR =m.
Then, on subtracting s @ v,
T(R—s®v) = wR—7m[s®V]
T—aX)-v=m—v
Rewriting these equations gives
[l —(R—s®v)]=w.

We can now attempt an inversion. The point is, the operator Ag:=1 — R
is not invertible, but by subtracting the outer product s ® v there is some
hope in attempting an inversion. Define the potential kernel as

Gzi(R—s@y)n

n=0



Under certain conditions we do have G = [I — (R — s ® v)]~!, and hence
™=vG

Now we can attempt the ‘forward direction’. Given a pair s, v satisfying
the lower bound (5), we define p:=vG. We must then answer two questions:
(i) when is p invariant? (ii) when is u(X) < co? If affirmative, then we do
have an invariant probability measure, given by

7T(A):M AcCX

p(X)’

We will show that y always exists, and that it is always subinvariant,

w(A) > > p(z)R(z, A)
zeX

Invariance and finiteness both require some form of stability for the process.
The following is the key step in establishing subinvariance, and criteria for
invariance. For N > 0, define Fy: X — R4 by

N

Fy = Z(R— s@v)"s.
0

Lemma 2.1 Under Assumption A, provided (s,v) satisfy (5) we have
(i) By :=supFn(z) <1 for all N.
(ii) Fy 1 Gs, as N 1 0.

(iii) p(s) < 1.

PROOF The proof of (i) is by induction: For N =0, f = s, and s < 1
by assumption.
If true for N then

Fyii(z) = (R—s®V)Fn(z)+ s(x)
< (R—s®v)l(z)Bn + s(x)
= [R(z,X) — s(z)v(X)]AN + s(x)
= By +(1-pn)s(x)
< 1

where in the last equation we have again used the fact that s < 1.



The proof of (ii) is then the definintion of G, and (iii) is the definition
of u:

p(s) =vGs = lim v(Fy) <1
N—o00

It is now easy to establish subinvarance:

Theorem 2.2 For a -irreducible Markov chain, the measure p = vG is
always subinvariant. Writing « = vGs, we have

(i) a<1;
(ii) p is invariant if and only if a = 1.
(iii) w s finite if and only if vG(X) < oo.

PROOF Result (i) is already given in the lemma, and (iii) is just a re-
statement of the definition of u. For (ii), write

uR = V(R-s®v)"R

o
V(R—5®z/)"+1—I—Zu(R—s@z/)is@z/
0

=[Mzg =[]

= pu—v+av < p.

O

It turns out that the case where o = 1 amounts to a form of recurrence.

In the countable state space case considered here, under Assumption A, one
can show that & = 1 if and only if P(1y < oo | X(0) =) = 1.

Finiteness of p is a positivity condition which, under the conditions
imposed here, is equivalence to a finite mean return time to 9:

Eg[ﬂg] < 0.

This will be explored further in Section 3.

2.3 Solving Poisson’s equation

To solve Poisson’s equation (2) we will again use the resolvent. From (2) we
have

RPf=Rf - Rf +1



and on combining this with the resolvent equation (6) in the form RP =
2R — I we arrive at

Rf=f—Rf+n. (7)

If we do manage to obtain a solution to (7), then this solution will also solve
(2). )

The solution f is not unique since we can always add a constant. This
gives us some flexibility: assume that v(f) = 0, so that (R —s® v)f =
R f = f — Rf + n. This leads to a familiar looking identity,

- (R-s®v)f=Rf-n
so that we can hope to write
f=I-(R=-s@v)] ' (Rf —n),
which is equivalently expressed,
f=G(Rf —n).

Provided the right-hand side is finite, this does solve (2).

3 Criteria for stability

For the M/M/1 queue, an invariant probability exists if and only if p =
A/p < 1. This means that the process drifts downward. In fact, X (¢ A 79)
is a supermartingale:

EX(L4+1) | X=X~ (- N, t<m.

We can also define a Lyapunov function,

which satisfies
PV (z):=E[V(X(t+1)) | Xy =2z] =V(z) — 1, xz #9.

The existence of a Lyapunov function is known to be equivalent to pos-
itive recurrence. This is summarized in the following.



Figure 2: V(X (t)) is decreasing outside of the set S.

Theorem 3.1 (Fosters Criterion) The following are equivalent for a -
irreducible Markov chain

(i) An invariant probability © exists
(ii) Eg[my] < oo for one 9.

(iii) There ezists V : X — (0, 00], finite for one ¥ € X, a finite set S C X
such that

EV(X(t+1)) | X(t) =z] <V(z) -1, x €S
If (3) holds then
Ez[m] < V(z), z €S
PROOF We just prove the implication (iii) — (i). We can write (iii) as
PV <V — f+0blg,
where f = 1, and b < co. Hence,

RPV <RV - Rf +bR1g

10



By t-irreducibility (¢ is reachable), there exists an integer n, and € > 0 such
that

n
ZPi(x,ﬁ) > elg(z), z€X.
i=1

Applying R to both sides then gives

Rlg < ¢! zn:RPi(x, )
< conszt:.IR(:v,ﬁ)
If we set s(z) = R(z,9) then we can thus find a b; < oo such that
RPV <RV — Rf + bys.
From the resolvent equation (6) we then have
RV <V — Rf + bys.
and hence also,

(R—s®v)V <V —Rf +bs.

Iterating this inequality gives

(R-s®v)’V < (R—s®v)(V —Rf +bs)
< V—-—Rf+bs
—(R—-s®vV)Rf
+(R—-s®v)s.
0<(R-s@uv)"V z_: R - sQ®v)'Rf
0
n—1

+by Z(R —s®v)'s
0

~ >
~~

<1 all n.

Rearranging terms then gives,

Z —s®v) Rf<V—I—b1,
0

11



and thus
GRf <V +1b;.
Since f =1 we can then write GRf () = G(z,X) <V + b;. Thus,
u(X) = vGL < (V) + by,
The minorization and the drift inequality (iii) give
(s®v)(V) <RV <V —1+4bs,

which establishes finiteness of v(V). O
In the same way we can prove,

Theorem 3.2 Suppose that f : X — [1,00), V : X = (1,00) and that for a
finite set S, and b < o0,

PV <V — f + blg.

Then X is positive recurrent, and there exists a solution to Poisson’s equa-
tion
Pf=f—f+n
where n = 7w(f) < co. )
The solution satisfies |f(X)]
If m(V?) = Ygex V(@) (2)
Jor f,

< V(z) + by for some by < oc.
< 0o, then the central limit theorem holds

N-1

S (FX@®) — 1) -5 N(0,42).
0

3

4 The mean ergodic theorem

We conclude by showing that the existence of a Lyapunov function lead-
s to the ergodic theorems (3) which were cited as one of our goals in the
introduction. A necessary condition for the mean ergodic theorem is ape-
riodicity. Under Assumption A, the Markov chain X is aperiodic provided
P"(9,9) > 0 for all n sufficient large.

12



4.1 Coupling

Coupling is a way of comparing the behavior of the process of interest X with
another process Y which is already understood. To obtain ergodic theorems,
the process Y can be taken as the stationary version of the process, with
Y (0) ~ 7. The ergodic theorems (3) obviously then hold for Y.

Consider the bivariate chain

where X and Y are two copies of the chain with transition probability P,
and different initial conditions. We define

T=min(t: X(t) =Y (t) =9) =min(t: ¥(¢) = (g))

To give a full statistical description of ¥ we need to explain how X andY
are related. We assume a form of conditional independence for ¢ < T

P(X(t+ 1) =TI | YOt,XS,X(t) :330) = P(.’L‘(),.’L‘l)
PY(t+1) =y | Yy, X5, Y (t) =50) = P(yo,91)-

For ¢t > T we assume that the chains coellesce so that X (t) = Y (¢) for t > T

4.2 The coupling inequality
For any given f : X — IR we have the coupling inequality,
[E[f(X@)] - E[f(Y(@)]| < E[[f(X(#)) | [T > 8)] + E[f (Y () LT > ¢)].

One can show that T < oo a.s. if z is recurrent. Likewise, E[T] < oo if
X is positive recurrent. The latter can be proven by using the bivariate
Lyapunov function Va(z,y) = maz(V(z),V(y)), z,y € X.

If we assume Y is stationary and f is bounded we obtain,

Theorem 4.1 For any f, if |f| <1 then,

Eo[f (X(#)] — m(f)| < 2P:(T >1) >0, ¢ — o0

13



4.3 Geometric ergodicity

Define the total variation norm between two measures p and 7 by

lp — 7|l = sup |u(f) — ()l
IfI<t

Then Theorem 4.1 says
|P!(z, -) —=(-)|| < 2P(T > t| X(0) = x), zeX, teZy.

If we can control the tails of the coupling time T then we obtain a rate of
convergence.

The chain is called geometrically recurrent if Ejexp(eT")] < oo some € > 0.
For such chains it is evident that the total variation norm above vanishes
geometrically fast, in which case the chain is called geometrically ergodic.

The following extension of Theorem 4.1 shows that we can also move
beyond bounded functions of X when the chain is geometrically recurrent.
The V-total variation norm is given by

I =7llv = sup [u(f) == (f)I
fI<v

Theorem 4.2 The following are equivalent for an aperiodic, -irreducible
Markov chain

(i) The chain is geometrically recurrent.

(ii) There ezists V : X — [1,00] with V(z) < oo for some z, A <1, b < oo,
and a finite set S such that

PV <AV +blg
(iii) For some r > 1 and some M(z) < 0o
o0
D IP (@) =7 ()llr" < M(z) @ €X
n=0

If (i) holds then M can be taken as M = cV for some c.

If any of the above conditions hold, then with V given in (ii), we can find
r>1 and b < co such that

1Pz, ) = ()llv < br~'V(z), reX, teZ,.
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