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Abstract— This paper concerns error exponents and the struc- distribution has a finite number of mass points, or in the case

ture of input distributions maximizing the random coding expo-
nent for a stochastic channel model. The following conclusns are
obtained under general assumptions on the channel statiss:

(i) The optimal distribution has a finite number of mass points,
or in the case of a complex channel, the amplitude has finite
support.

(i) A new class of algorithms is introduced based on the
cutting-plane method to construct an optimal input dis-
tribution. The algorithm constructs a sequence of discrete
distributions, along with upper and lower bounds on the
random coding exponent at each iteration.

(iii) In some numerical example considered, the resultingade
significantly out-performs traditional signal constellation
schemes such as QAM and PSK for all rates below the
capacity.

Index Terms— Information theory, channel coding, error ex-
ponents, fading channels.

I. INTRODUCTION

of a complex channel, the amplitude has finite support:

(i) The AWGN channel under a peak power constraint [54],
[51], [46], [16].

(i) Channels with fading, such as Rayleigh [1] and Rician
fading [34], [33]. Substantial generalizations are given i
[37], [36].

(iii) Lack of channel coherence [40]. For the noncoherent
Rayleigh fading channel, a Gaussian input is shown to
generate bounded mutual information as SNR goes to
infinity [17], [55].

(iv) Under general conditions a binary distribution is epti
mal, or approximately optimal for sufficiently low SNR
([29], and [56, Theorem 3].)

The finiteness of the support of the optimal input distribu-
tion bodes well for implementation of optimal constellatsdan
communication systems, but the matter of the specific choice
of points remains. The problem of selecting such a constella
tion is one of nonlinear optimization when channel capaisity

The problem of constellation design has recently receivednsidered [13], [30], [9], [37], [18]. While capacity prioles

renewed attention in information theory and communicatian fundamental characterization of channel performance, th
theory. While many techniques in information theory such assue of how to achieve rates close to capacity with low
coding have readily found their way into communication agrobability of error can also be characterized in a rigorous
plications, the signal constellations that informatioedhy en- fashion through the use of error exponents. In this paper, we
visages and those generally considered by practitionéfer di pose the constellation design problem in the context ofrerro
significantly. In particular, while the optimum consteitat for exponent optimization.

an additive Gaussian noise (AWGN) channel is a continuouswWe consider a stationary, memoryless channel with input
constellation that allows for a Gaussian distribution oe thalphabetX, output alphabeY, and transition density defined
input, commonly used constellations over AWGN channelby

such as quadrature amplitude modulation (QAM), are not only

discrete, but also generally regularly spaced. This gawédei
theory and practice can be explained in part by the difficul‘

of deploying, in practical systems, continuous constielet. agsume thaX is a closed subset GR. Let M denote the

However, there is also a body of work that strongly sugge set of probability measures on the Borefield B(X). For a

the continuous paradigm favored by theoreticians is inappr. . . L ; .
priate for realistic channel models in the majority of tot#ayglven input distributiony: € M, the resuilting output density

o . g g denoted
applications, such as wireless communication systemsetJn
any of the following conditions the optimal capacity acligy

PY edy|X=z)=p(ylr)dy, zeX yeVY. (1)

{ is assumed that is equal to eitherR or C, and we

puly) = /u(dw)p(ylw), yevy. 2
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Complex channel models in whicK is equal toC are
treated by viewingu as the distribution of the amplitude of
the input. In this case the channel input is dendtednd the
outputV, with U € U = a closed subset @, V € V =C. It
is always assumed thétis circularly symmetric, and that the



Er(Bsu) () The average power constrairthat

3- Point Capacity-Achieving Distribution

N e QAM <:u7 ¢> < U?D
where(, ¢) := [ ¢(z) p(dzx), andg(z):=2? for = € R.
00s (i) The peak power constrainthat 1. is supported orK N

[—M, M| for a given M < oo.
The constraints on the input distribution are expressed

Fig. 1: The random coding exponeft.(R) for the two input distributions 2 M. X). where 2 M. X is defined b
shown in Figure 2. The-point constellation performs better tha6-point M(op, M, X), M(op, M, X) ¢ M Y:
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QA for el rtes i = € M(o, M X) = {+ {1, @) < o, p{[=M, M|} = 1}. (6)
. To construct a tractable optimization problem we focus on
. . . ' - the random coding exponent, (R) rather than the channel

reliability function, where for a giverR > 0,

E.(R):= sup |—pR+ su — log(G” 7
—— : e (R) nggl[ p HeM(U;MX)( g(G (1)) (@

' . . . ) N | with  G* () ::/[/‘u(dx)p(mx)l/(lﬂ)}1+de. (8)

This is just one representation, based on [11, Theorem 18].
Fig. 2: The plot at left shows the 16-point QAM signal coristn, and Other representations are given below in Section 11-A.3e Th

at right is shown a three-point constellation. The respeqgtirobabilities are _ ; ; ;
uniform for the QAM code, and given b0.5346,0.1379,0.397) for the random-coding boundholds under the assumptions imposed

respective codewords in the three-point constellation. in this paper,
pe(N, R) < exp(—NE,(R)), N>1,R>0.

transition density orC x C satisfies the symmetry condition,Moreover, the equality®(R) = F,(R) holds for rates greater
than thecritical rate R, [13], [30].

The random coding exponent serves as an important means
Under (3) we define, of establishing the trade-off between code length and code-
() X =|U| andX = UNR,. word error probability both for chapnel coding [30], [53],
(i) For any u € M, we defineu, as the symmetric [4], [26], [25], [31] and source coding [38], [22]. The ex-

distribution onC whose magnitude has distributiqn istence o_f co_des prOV|d|_ng poth positive error exponents an

That is, we have the polar-coordinates representation: fof€codability in polynomial time was established early [25]

Pe(v|11) = po(e?v|e?u), u,veC, aeR. (3)

£>0,0<a<2r, Explicit c_ode cpnstructions were also available earlycesin _
1 low-density parity check codes themselves have exporentia
te(dz x dot) = ——p(dz)dar, 4) decay in error with code length [28], [27]. However, minimum
T distance rather than error exponent was, for a long time, the
and u({0}) = pe({0}). predominant measure of performance. Recently, the viresal

(i) The transition density(-|-) onC x R, is defined by  discovery of LPDCs and the advent of further codes with a
2 ‘ pseudo-random structure has provided a further impetus to
p(ylr) = 2—/ pe(ylzel?), yeC, x e R;. (5) considering error exponents for codes such as Turbo codes
T Jo [39] or expander codes [7], [8]. This phenomenon is well
Symmetry is a natural assumption in many special cases, sé@racterized in [6]: “The performance of random codes is
as Rayleigh and Rician channels. When this condition hdfldsone of the earliest topics in information theory, dating kbac
follows from [37, Proposition 2.4] that the input distrimn  to Shannon’s random code ensemble (RCE). Our interest in
maximizing mutual information can be assumed symmetigis topic has been reawakened recently by the development
without loss of generality. A similar result is obtained the of ‘random-like’ Capacity-approaching codes.”
error exponent in Proposition 1.1 below. To illustrate thedramaticimprovements that can be obtained
For any rateR > 0 the channel reliability functions, using a carefully designed signal constellation we conside
the normalized Rayleigh channel. This is the complex chlanne
model V. = AU + N, with A, N, each complex Gaussian,
circularly symmetric, and mutually independent with = 1
ando? = 1. It is shown in [1] that the transition density for
the corresponding real channel is given by,

1
E(R) = lm |-~ logp.(N.R)],  R>0,

wherep. (N, R) is the minimal probability of error, over all
block codesof length N and rateR. If one can design a
distribution with a large error exponent, then the assediat
random code can be constructed with a c_or_regpondingly s_mallp(yu,) _ 1 . exp(_ L 5 y)’ z,y R (9)
block-length. This has tremendous benefit in implementatio 1+ I+

The main goal in this paper is to maximiZé(R) for a Shown at left in Figure 2 is the signal constellation f6rpoint
given rateR, subject to two linear constraints: QAM. The input distribution on this constellation is unifoy




which corresponds to the average powér = 26.4. Shown Proposition 1.1: Suppose that (3) holds for a complex
at right in Figure 2 is the input distribution constructed irthannel, and that (A1)—(A3) hold for the real channel with
[37] that achieves the maximal capacity over all distribo§ transition density given in (5). Given any input distritmrti
with average power constraint?, = 26.4 and peak power u, for the complex channel with transition density, let ;2
constraint| X| < 8. The mutual information is abouf’ = denote the symmetric distribution defined by,
0.5956 nats/symbol for the optimal input distribution, which 1 e
is about3 times larger than the mutual information achieved  ;3{A} := —/ pe{Ae’}do, A€ B(C).
by 16-point QAM. 2m Jo
With these two distributions fixed, we computed the errafrhen G (u2) < G*(u.) for any p. O
exponent,
Instead of studying individual channel models, which have
Er (s ) = Oiggl[_pR_log(Gp(u))] been the topics of numerous papers, we take a systematic
" approach to study these problems under very general assump-
tions on the channel. Many common channel models such
S L _ as Rician, Rayleigh and phase-noise channel models fall int
in Figure 1 S.hOW significant performance improvement thﬂese settings as shown by examples in [37]. We believe this
compgred with QAM for all rate_s less _than the Chann_%‘ewpoint will clarify our applications of optimization #ory
capacity. These results are consistent with other nume”?@information theory.

rcisdueltigisi‘sgﬁa ds?rircetuargd ;gt[i?;7(1;53#;{5";23{pag;f'gﬁﬂ The theory and algorithms developed in this paper are based
- . : . th t itivity functiplefined f R
traditional signal constellation schemes such as QAM or PS eerror exponent sensitivity fUnciohietined forw <

for values of R < C. Although the three point distribution
does not maximize the error exponent for edghthe results

ol @)= [[ [ udptul) ) piyle) /149 ay. 1)

N\ B, =005 R=0175 The objective function in (10) can be writt€#? (1) = (1, gf,).
. . Similarly, mutual information can be express&g) = (1, g,.)

. ! . where thechannel sensitivity functiois defined by

gu(x) ::/p(ylx) log[p(yle)/pu(y)] dy, = €R, (12)

wherep,, is defined in (2) as the marginal &f. The following
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Fig. 3: Random coding exponenk,(R) for the real AWGN channel, . . A Rt
expressed as the maximum of supporting linear functiongs&mumerical limit follows from LHOpItal s rule and elementary calous,

r_esults were obtained using the cutting plane algorithmoéhiced in Sec- log g” (:c)
tion Il. —gu(z) = lim —+— z eR.
p—0 P
Optimization of the random coding exponent is addressedthe sensitivity function,, is easily computed numerically
as follows. Rather than parametgnze the optimizationlerab o, the Rayleigh or phase-noise channels (see [36].) For the
by the given ratelz > 0, we consider for each € (0,1] the  general Rician model, computation of appears to be less
convex program, straightforward since this requires computatiorygf, which
inf G (u) involves i_ntegration over the complex pla_ne. N
subject to 1 € M(o, M, X) (10) The existence of a solution to (10) requires some conditions
o on the channel and its constraints. We list here the reninin
Corresponding to the minimum valug”* is the line in the assumptions imposed on the real channel in this paper.
“E.—R plane” given by, (A1) The input alphabeX is a closed subset @&, Y = C
L,(R) := —pR — log(G**), R>0. or R, andmin(afp, M) < cc. .
(A2) Y is large whenX is large: For eaclm > 1,
Equation (7) asserts thdf,.(R) is equal to the maximum
of these lines ovep € [0,1], evaluated at the given rate
R. Figure 3 illustrates this representation in a numerical ) _ )
experiment using the AWGN channel. The parameters us&33) The functionlog(p(-|-)) is continuous orX x 'Y and,
in this experiment are given in Section IlI. for anyy €Y, log(p(y| -)) is analytic within the interior
For a complex channel the expressions #r(R) and of X. Moreover,g,, and g, are2analyt|c functions ofR
G* (1) are identical to those given in (7, 8). However, for [oF anyp & (0,1] andp € M(ap, M, X).
a symmetric channel satisfying (3) we instead consider th¢e occasionally also assume,
convex program (10) based on the real channel (5), which (84) For eachp, if 1% # p' then, forsomey, [[u°(dz) —
justified by Proposition 1.1. The proof follows directly fro  p'(dz)|p(y|z)"/ 7 £ 0.

convexity of G*, exactly as in the proof of the corresponding Conditions (A1)-(A3) are also the standing assumptions in
result [37, Proposition 2.4]. [37]. It is shown there that these assumptions are satisfied i

lim P(JY|<n|X=2)=0

|| — o0



all of the standard models, including the AWGN, phase-noisa [37] is also seen in all of the examples considered in this
Rayleigh, and Rician channels. paper and in [36] for computation df..

It is shown in Proposition 2.5 that the function@¥ IS the remainder of the paper is organized as follows: Sec-

strictly convex unde_r (’,M)', o tion 1l reviews recent as well as classical results from hy-
The cgpacny—achevmg input d|st_r|bgt|_on is d|screte.e||nd pothesis testing, along with results from [37] showing that
the conditions imposed here whe is finite. The following e capacity-achieving input distribution is discrete akigous

result is taken from [37]. results are then established for the distribution optingjzhe

Theorem 1.2:Consider a complex channel model satistying o exponent. Based on this structure, algorithms are pro
the symmetry condition (3), whose transition density defing,,sq in Section 11l to compute the optimal input distribati
in (5) satisfies Assumptions (A1)—(A3), with/ < co. Then, gaction IV concludes the paper.

there exists an optimizes} of the convex program defining

capacity, II. CONVEX OPTIMIZATION AND CHANNEL CODING
_ sup - I(p) (13 The focus of this section is to characterize optimal input
subject to  p € M(op, M, X), distributions in three central areas of information theory

hypothesis testing, channel capacity, and error exponents
One foundation of this section lies in the theory of convex
optimization [10], [15]. In particular, the structural merties

We prove in this paper that the distribution optimizing thebtained for optimal input distributions are based on ca&nve
error exponentt,.(R) is alwaysdiscrete in the real channel,duality theory and the Kuhn-Tucker alignment conditions.
with or without a peak power constraint. In the symmetriRelated approaches to duality theory for error exponents is
complex channel, the distribution is symmetric and the digentained in [9], [18], [42].
tribution of its magnitude has finite support. The following A second foundation of this section is entropy. Recall that
result provides a summary of results for a symmetric compléar two distributions 4,7 € M, the relative entropy, or
channel. The proof follows from Propositions 1.1, 2.7 ar@l 2.Kullback-Leibler divergence is defined as,

with 5 symmetric, and with magnitude” possessing finite
support.

Theorem 1.3:Consider a complex channel model satisfying log 1Y if
the symmetry condition (3), whose transition dengityefined D(u || ) = {<“’ 08 gr) 1 p < ™
in (5) satisfies Assumptions (A1)—(A3). Then, for the chdnne 00 otherwise,

model with densityp, where (i, log %) := [ p(dz)log % and the notation: <

(i) For eachp there exists an optimizen” achieving the  means thay is absolutely continuous with respect 49 so
minimal valueG**. The optimizer has finite support in that u(dz) = r(z)m(dz), with r equal to the Radon-Nikodym

B Ry. derivativer = du/dm. Relative entropy plays a fundamental

(i) For eachR € (0,C), whereC denotes the value of (gle in hypothesis testing and communications, and it arise
(13), there existp™ achieving the supremum in (7) SO a5 the natural answer to several important questions iri-appl
that, cations in data compression, model-selection in statistiod

_ s p_ P N xp 0 (" signal processing [41], [23], [19], [9], [5], [20], [21], B3,

Er(R) = —p"R—1og(G” ") = —p"R—1log(G” (1”")). (50], [14], [24], [43].

(iii) The value E,.(R) obtained in (ii) is also the random
coding exponent for the complex channel, and the sym-A. Hypothesis testing and reliable communication

metric distribution with magnitudg”” achievesk, (R) In Section II-A.1 we survey some results from [35], [11],
for the complex channel. [57] on asymptotic hypothesis testing based on Sanov’s Theo
DU rem. These results will be used to set the stage for the convex
The Blahut-Arimoto (B-A) algorithm is a well-known analy.tic methods and geometric intuition to be applied | th
method for computing channel capacity [12], and a relat&@mainder of the paper. , _
algorithm can be used to compute the random coding exponenf/e first recall Sanov's Theorem: IX' is a real-valued
[3]. Evidence is presented in [44] that the B-A algorithnf€duence, the empirical distributiof$'y : N > 1} are
has linear convergence, and based on a comparison with dedined as the sequence of discrete probability distribstio
gradient algorithm they obtain a new algorithm which alse h&" B(X),
linear convergence, but the convergence is faster than B-A i 1 M=t
the examples considered. Recently, in [37] we have intreduc ~ I'n(4) = Y H{Xpe A},  AeB(X). (14)
a specialized algorithm based on the fact that the optimizin k=0
input distribution is discrete. One version of the algarith Suppose thaiX is i.i.d. with marginal distributiorr. Sanov’s
can be implemented on channels with continuous input amtieorem states that for any closed convex.4et M,
output alphabets. T_he convergence is remarkably fast iofall lim —N~"'logP{T'y € A} = inf{D(u||7) : p € A}.
the examples considered. N—oo
The cutting plane algorithmsntroduced in Section Ill are The relative entropy is jointly convex aM x M, and hence
an extension of these algorithms to compi#ie along with computation of the minimum oD (u||7) amounts to solving
the optimal input distribution. The fast convergence obsér a convex program.



1) Neyman-Pearson Hypothesis Testingonsider the bi- er(wo) and Qg‘* (=') are separatedby the following set,
nary hypothesis testing problem based on a finite numberwlfiich corresponds to the test sequence (17) obtained using
observations from a sequendé = {X, : t = 1,...}, taking the region (24):
values in the seX = R?. It is assumed that, conditioned on .
the hypothesedl, or H;, these observations are independent H={yeM:(y,logl) = (v"logl)}, (21)
and identically distributed (i.i.d.). The marginal proli#p \yheres denotes the Radon-Nikodym derivative (or likelihood
distribution on X is denotedr’ under hypothesist; for ratig),

j = 0,1. The goal is to classify a given set of observations dr®(dx)
into one of the two hypotheses. (z) = F(dff)’

For a given N > 1, suppose that a decision testy _ o oo
is constructed based on the finite set of measuremehtdS geometry is illustrated in Figure 4.
{X1,...,Xn}. This may be expressed as the characteristic p
function of a subsetty c XV. The test declares that hypothe- o ™ )
sisH; istrue if o = 1, or equivalently( X, Xo,..., Xn) € e v
AY. The performance of @equenceof tests ¢ := {¢n :
N > 1} is reflected in the error exponents for the type-I error QL

probability and type-Il error probability, defined respeely

by, Fig. 4: The Neyman-Pearson hypothesis testing problem ik&léood ratio

test (17) with.A defined in (24) is interpreted as a separating set between the
convex setsQ;f (x°) and Q. (w!).

r e R% (22)

nllog(6)) = " (0g ()

Jg = —lim inf % log(Pro(¢n(X1,...,XN) =1)),

N —o0

1 (15) Theorem 2.1:Suppose tha{r", 7'} have strictly positive
Iy == —lim inf = log(Px1 (¢n (X1, ..., Xv) = 0)), densities onX = R?, denoted{p°, p'}, and suppose that the
ptimal value ofl, in (16) is finite and non-zero. Then the
ollowing statements hold,
(i) The optimal value of (16) is given by the minimal

Kullback-Leibler divergencg™ given in (20).

B =sup{ly : subjecttoJ, > n}, (16) (ii) There existsp* > 0 such that the following alignment
condition holds for the optimize* achieving the infi-

The asymptotic N-P criterion of Hoeffding [35] is describe
as follows: For a given constant> 0, an optimal test is the
solution to the following optimization problem,

where the supremum is over all test sequenges

The optimal value of the exponefy in the asymptotic N-P mum in (20):
problem is described in terms of relative entropy. It is show ] dy* ] dy* < g* . e X
in [57] that one may restrict to tests of the following form 8 g () + p" log dnO (z) < 5"+ p™n, z ’

without loss of generality: for a closed sdtC M containing  with equality almost everywhere. Consequently, the opti-
m, mizery* € Qf (7°) has density,

on ={T'y € A}, 17) .
* _ 0 T (1 T
where {T'x} denotes the sequence of empirical distributions ¢ (@) = kolp (@)} o7 [p- ()] 757, veXx, (23)
defined in (14). Sanov’s Theorem tells us that for any test of wherek, > 0 is a normalizing constant.
this form, (iii) We have(g* =

I :mf D 7T1 : | Ac 5 P 1
o7 mAPOlm oA gy ma{ o (e nos( [P @) a)

Jy = inf{D(y||7°) : v € A}. ) . . N
) ) where the maximum is attained at the valuepdfin (ii).
For an arbitrary measure € M and for3 € Ry, consider (i) The log-likelihood ratio test (LRT) is optimal, desbed

the divergence set as the general test (17) using the set,
Q5 (m):={yeM:D(y| =) <3} (19) Ai={yeM:(ylogl) < p*—n},  (24)
The divergence seQz;(w) is a closed convex subset g#1 where? denotes the likelihood ratio (22).

sinceD(- || -) is jointly convex _and lower semi-continuous on  pyaof: Part (i) of is due to Hoeffding [35], and Parts (ii)
M x M. Consequently, applying (18), the smallest closed sgf 4 (iii) were established in [11].

A that gi\_/est >nis the divergence set* = Q;f (7), and Part (iv) follows from the geometry illustrated in Figure 4:
the solution* to (16) is the value of the convex programag gescribed above, the sét defined in (21) defines a

pr = separating set between the convex s@fs(’) and the set
sup{f: QF (r°) N Qf(x") =0} = inf D(y| 7). A containingQ}.. (x') since
€L, (m0) % %
(20) * loe £ = (v* Toe TN — (n* Toe Dy _ gr
Theorem 2.1 may be interpreted geometrically as follows. (77, log £) = (7" log dw1> (" log d7r0> g7 =n.

We havey* € Qf(x°) N Qf.(r'), and the convex sets 0



In typical applications it is unrealistic to assume precise < (1) l* Py

values are known for the two marginat8, r'. Consider the S A o (1, 10g(Co)) = (1*,1og(Co))
following relaxation in which hypothesi; corresponds to the o P, N
assumption that the marginal distribution lies is a closdfihe Qr (k)

subsetP; c M. A robust N-P hypothesis testing problem

is formulated in which the worst-case type-Il exponent isig. 5: The two-moment worst-case hypothesis testing prablThe un-
maximized overr! € Py, subject to a uniform constraint oncertainty classe®;, i = 0,1 are determined by a finite number of linear
} 0 . constraints, and the thickened regio@s; (Po), QE* (P1) are each convex.
the type-I exponent over alt” € Po: The linear threshold test is interpreted as a separatingrpigne between
. 1 . . 0 th twi ts.
sup inf I7 subject to inf JI >n. (25) ese two convex sets
& TleP, TOEPy

Atestis cgllgd (_thimal if it solve_s this optimiza_tion prebht. _ 2) Mutual Information: Channel capacity can also be ex-
The optimization problem (25) is considered in [48], [49] 'rbressed as the solution to the nonlinear constrained convex

the special case in which the uncertainty sets are defined imization problem (13). We derive this result based on
specifying a finite number of generalizedomentsA finite o asymptotic N-P criterion of Hoeffding, following ideas

set of real-valued ciont.inuous functio@?j_: J=1...,n}  Apantharam [2] (see also [19], [23].)
and real constantgc; : j = 1,...,n} are given, and Consider the classical decoding problem in which a set of
Pi:={reM:(mf;) = C;’,’ j=0,...,n}, i=0,1. [NN-dimensional codewords are generated by a sequence of
(26) random variables with marginal distributign The receiver
As a notational convenience we takg= 1 andc} = 1. is given the output sequendg?,...Yy} and considers an
It is possible to construct a simple optimal test based org#bitrary sequence from the code bopK,... X} }, where
linear function of the data. Although the test itself is ndbg- ¢ i the index in a finite se{1,...,e""*}, where R is the

likelihood test, it has a geometric interpretation thatrisirely ~ rate of the code. Sinc&* has marginal distributiop, Y has
analogous to that given in Theorem 2.1. Define for any closgtRrginal densityp,, defined in (2).
setP ¢ M and3 > 0 the divergence S@E(p):: For each fixedi, this decision process can be interpreted
as a binary hypothesis testing problem in which Hypothesis
U Qf () ={yeM:D(y| n) < for somer € P}.  H, is the hypothesis thatis the true codeword, an#, the

nEP alternative. Equivalently, we define
The valueg* in an optimal test can be expressed, Hy: {(X1,Y1),... (X%, YN)} has marginal distribution
g7 = inf{3: O (Fo) N Q5 (Py) # 0} 27) w'ldz, dy) := p ® py[dz, dy) := p(dx)p,(dy).

Moreover, the infimum is achieved by someé € O, (Py) N

Q{ﬁ* (P1), along withleast favorabledistributions7%* € Py, Hy: {(X1, Y1), (X}, Yv)} has marginal distribution

m* € Py, satisfying mlldx, dy] = p © p [dx, dy] = p(dx)p(y|z)dy.
*],,.0%\ *( 1%\ _ %
D(p™||7™) =n, D[|lm™) = 5" Suppose that the error exponept> 0 is given, and an
The distributiony* can be expressed, optimal Neyman-Pearson LRT test is applied. Then= 7
o e means that,
w(dz) = Lo(x)m " (dx) = {1 (x)7 " (dx) .
where each of the function, ¢, is a linear combination of 7 = — ]\}gﬂm N log(Pro(¢n(X1,..., XN) =1))

the constraint function$f;}. Each of these functions defines
a separating hyperplane between the convex@ﬁtﬁ?’@ and
Q;; (P1), as illustrated in Figure 5. Proposition 2.2 is taken
[Logr]n [[j% Proposition 2.4]. Further results may be found N here the index* denotes the codeword sent.
Note that the functiorlog ¢, used in the optimal test is
defined everywhere, yet in applications the likelihood rato
du* /dm®* may be defined only on a small subsetrof
Proposition 2.2: Suppose that the moment clasd&sand Qi ® py)
P, each satisfy the non-degeneracy condition that the vector
(ci,...,ch) lies in the relative interior of the set of all possible
moments{u(fo,..., fn) : p € M}. Then, there exists
{Xo,---,An} € R such that the functioy = > \; f; is non- Fig. 6: The channel capacity is equal to the maximal relagivzopy between
negative valued, and the test (17) is optimal based on the get® # and pu © p, over all input distributionsy. satisfying the given

constraints.
A= {yeM: (y,logly) > n}, (28)
O

= — lim %bg(P{Code word; is accepted i # i*}),
- (29)

pOP

1 ®py

Consideration ofe™N codewords, our interest lies in the
probability that at least one of the*~ —1 incorrect codewords



is mistaken for the true codeword. We obtain through themnioH,: {(X},Y;) : j = 1,..., N} has marginal distribution
bound, ali=pop.

Proposition 2.3 shows that the random coding exponent
E.(R) can be represented as the solution to the robust N-
<> Jim_P{Code wordi is accepted i # i"}, P hypothesis testing problem (25) with= R, P, defined in

i (32), andPy = {1 ® p}.

Proposition 2.3: Suppose that (A1)—(A3) hold. Then, for
each rateR less than capacity the error exponent can be

expressed,

P{The true codeword™ is rejected

from which we obtain,

J\}im %log(P{The true code word* is rejected) < R—n.
_ GO B (R)=sup(inf{: Qf (n© p) N Qf(Pe) £0}). (33)

We must haveR < 7 to ensure that right hand side is negative, w NP

so that the probability that the true codewairdis rejected Suppose that there exists a trifgle*, v*,v*) that solve (33)

vanishes asV — oc. in the sense that
One must also ensure thatis not too large, since it is . . .
necessary that the type Il error exponghtis strictly positive D(y* | p*©p) = E(R), DO | p" @v") =R

so that/, > 0 under the LRT. Hence an upper bound Bn Then, there exists a channel transition dengisuch that
is the supremum ovey satisfying5* > 0, which is precisely R R
mutual information: V' =ptOp, V=P, (34)

x
I(p)=D(poplp@p.) = //bg(p(y(' )))u(da?)p(ylw)dy-
Puly (31) R=1I(p"p):=Dp" ©p | p* @ py).
Proof: Blahut in [11] establishes several representations
for the random coding exponent, beginning with the follagvin

and the rate can be expressed as mutual information,

This conclusion is illustrated in Figure 6.

The channel capacity is defined to be the maximuny of
over all input distributions: satisfying the given constraints. E.(R) = Sup( inf D(popl| p ®p)) ’ (35)
We thus arrive at the convex program (13). n SuepeQ)

3) Error exponents:A representation of the channel-codingyhere the supremum is over all, subject to the given

random coding exponent is obtained based on similar reasggpstraints, and the infimum is over all transition densitie
ing. Here we illustrate the form of the solution, and showt tha satisfyingu o p € O}, where

it may be cast as sbust hypothesis testing problem of the

form considered in Section I1-A.1. Qf={nop:D(pep| pep,) <R}
L The optimization problem (33) is thus a relaxation of (35) in
pop BOP) which the distributiong»} in the definition ofP, in (32) are

constrained to be of the form,, and the distributionq~}

are constrained to be of the form® p for some transition
densityp.

It remains to show that these restrictions hold for any
P, solution to (33), so that the relaxed optimization probl&8)(
is equivalent to (35).

Fig. 7: The error exponent is equal to the solution of a roblst hypothesis For any distributiony on B(X x'Y), the two marginals are
testing problem. denoted,

) Y1 (dx) = vy(dx xY), 2(dy) =~(X x dy).
For a givenuy € M, denote byP, the space of product 1{d) ( ) 2(d) ( )
measures oiX x VY, For fixed 1 on B(X), denote the infimum oves in (33) by,

* UOD

O} (o)

P, = {u® v : v is a probability measure oW},  (32) B () = 1nf{B : Qf (n® p) N Qx(Po) # O} (36)
If (v*,~v*) solve (36) in the sense that

Dy | p©p)=p*"(n), DO |p@v*)=R,

then the distributiomy* solves the ordinary N-P hypothesis
testing problem with7® = y® v* andr! = u©p. It
Equivalently, 9 (Po) = {v : min, D(y | p ® ») < R}. then follows that the first marginaj; is equal tou by the
The robust hypothesis testing problem is binary, with as representation given in Theorem 2.1 (ii). The second matgin
defined in the channel capacity problem, but with defined of 4 is equal tov* since for anyv,

using Py:

Ho: {(X4,Y;) : j = 1,...,N} has marginal distribution

and define the corresponding divergence set for a giveno,

Qf(Po) = JQh(n®v).

D(y* || pov) = D(v* || p@y3)+D(vz | v) =2 D(Y* || p®73),
g i
70 € Py. with equality if and only ifv = ~;.



In summary, the optimizey* can be expresseg = n©p Let by denote the normalizing constant that makes

for some channel density satisfyingv* = p,.. That is, (34) bnp.(y)1(ly| > N) a probability density orY. That is,
holds, and it follows that* is feasible (and therefore optimal)

for (35), which establishes the desired equivalence betthes b]‘V1 = / Pu(y) dy. (39)
optimization problems (33) and (35). 0 lyl=N

The solution to the optimization problem (36) is illustrte AnOther application of Jensen’s inequality then givesiVas»
in Figure 7. The channel transition densjtyshown in the ©°

figure solves (p(y|x) ) ™
* . + + ~ plt(y)
B (n) = inf{B: Qf (n®p) N Qf(n@p,) # 0} =N\ Pu(y)
N _1
=Duop|pop). _ b]_vl/ (p(ylx)) Sy p(y) dy
The error exponent is equal to the maximal relative entropy =N Puly)
0*(u) over all u, and the rate can be expressed as mutual < p-l / = < T
information R = I(u*;p) := D(p* © p || pn* @ p,) wherep* < by { >N bap(yle) dy} Shy'T 0.

's the optimizing distribution. This implies the desired conclusion in (ii),

B. Allgnment 0 < lim gf(x) < lim | pu(y)”/**p(y|lz)"/1 7 dy = 0.
The Kuhn-Tucker alignment conditions are the simplest — z—o° 00

route to establishing the solution to the Neyman-Pearsonthe proof of (jii) is again based on truncation. Define for
hypothesis testing problem given in Theorem 2.1, as well as > 1, ; ¢ X,

the alignment conditions characterizing channel cap4a8ity. -

Here we construct the alignment conditions that charaeterig? ™ (x) ;:/ [/ (dz)p(y|z)*/( 1+P)} p(ylz)Y 09 dy.
the solution to (10) based on the error exponent sensitivity lyl<N

function gf, defined in (11). Under the peak power constraint, it follows from (A3) that
Boundedness of the sensitivity function is central to thg¢e funct,ons{g € M(o%, M, X)} are differentiable,

analysis that follows. _ and the derivative is uniformly bounded overand over: €
Theorem 2.4:The following hold under (A1)-(A3): [N, N]. Consequently, these functions are equicontinuous on

(i) 0 < ghi(x) <1 for eacha. [-N, NJ.

(i) g/ — 0asz — oo. Suppose that,, — p weakly asn — co. Then the uniform

(iii) Suppose that there is a peak power constraint, so thagonvergence (37) holds for the truncated functions:
M < oco. For each finiteN > 0, the mappingu — g,

is continuous fromM (0%, M, X) t0 L[N, N]. That sup g (@) — g™ (@) = 0, n— oo
is if 1, — p weakly, with 11, € M(o2, M, X) for all n, =<
then This follows directly from equicontinuity.
lim sup lgh, (x) — gh(z)] = 0. (37) Finally, it follows from weak convergence thaf,, — p,

n—oo |

pointwise, and hence in the weak topology. From the previous

. o itive-
Proof: It prove (|) |t is obvious thay?/, is positive-valued, arguments we have the uniform bound,

and by Jensen'’s inequality we have for any

90N (@) = g, (@)] < b (pa)] T, zEX,
gp(z) < /pu(y)”“*”p(ylw)l“*p dy ' o
» whereby = by (uy,) is defined in (39). Convergence §f,,, }
_ /p (y)(p(?ﬂx)) /i+e dy (38) implies that these distributions atight, which means that
w(Y) byt (tin) — 0 @sN — oo, uniformly in n. Hence (37) follows
plylz) , V1t from the uniform convergence for the truncated functions
< ([ pwEiay) " =1 s 0
pﬂ(y) {gﬂ/n }'
From the first inequality in (38) we obtain, for eagh> 1, It can be shown that the function@’ : M — R is convex
o o/14p 1/14p using the representation (8). The following set of resudtale-
gu(@) = /p“(y) plylz) dy lishes convexity and finer results based on a representation
plyle)\ 5 its derivative with respect tg. For u, u° € M andé € [0, 1]
= / (p W) ) u(y) d we denotes := (1 — 0)u® + Op.
ll<N ‘(L )N Proposition 2.5: The following hold under (A1)—(A3): For
+/ (p yix )pr,u(y) dy. any giveny, u° € M(o%, M,X) andp > 0,
=N P (y) () G*(n) = (1, 90).
The following limit follows from (A2) and the Dominated (ii) The functionalG” is convex, and can be expressed as
Convergence Theorem, the maximum of linear functionals,

. p(ylz)\ s P(11°) = max ° P\ _ (2P
lim. |y|§N(pu(y)) puly) dy = 0. G (1n°) = max{(1+ p) (", 972) = pG* ()}



(iii) Fix p > 0, u° € M. The first order sensitivity is given Theorem 2.7:Suppose that (A1)—-(A3) hold. Then,

by p (i) For eachp > 0, there existsu? € M(o%, M,X) that
=G ()| = (1 +p)(—p° gfe). achievesG:””.
df =0 (i) A given distribution u® € M(o%, M, X) is optimal if
(iv) If (A4) holds thenG? is strictly convex for each > 0. and only if there exists a real numbgt and a positive
Proof: Part (i) follows from the definition. real number\; such that
To prove (iii), we differentiate the expression fa¥ with ) . . o
respect tod, Gpo(T) = AT — Aj27, z € X,
, B L1epy] and  gf.(z) = A} — A2, a.e. [p°]
G o) = /{/ Ho(d)p(y)2) } 2 If these conditions hold, then
vVin * * =2
J d J ) G/ :==min G’ (u) = G*(1°) = A 1 _:\QUP
oG (He) = /(1 +p) [/ Me(dz)p(y|2)1/(l+p)} g P

(iii) In the absence of an average power constraint 0.

% [/[M(dfc) _ /Lo(da:)]p(y|x)1/(l+p)} dy (V) If (A4) holds, then the optimizep~ is unique.

Proof: Existence ofu* follows becauseM (o2, M, X) is
_ o compact in the weak topology whenin(c%, M) < oo, and

= (L4 o) = 1%, g, ) G* is continuous. :
Evaluating at) = 0 then gives (iii). The proof of (i) is based on the Lagrangian relaxation with
Convexity of G* over i, together with the expression (iii) objective function,

for the derivative gives,

G (1) = GP(1) + (1 + p){p° — 1, g7)- L) =G+ 2 /(xz ~op)uldz), e M.

This combined with the expressidp, g4) = G* (1) gives (). Since the functionak”: M — R is convex, a distribution
To see (iv), suppose that’ # ;' are given, and that for #° € M minimizes £” over all probability distributions if

all 6 € [0, 1], and only if the first order conditions hold: Letting := (1 —
) o 0 N (.0 of 1 0)n° + 60u for a giveny € M and§d € [0,1], the derivative

G (po):=GP((L=0)p” +0p7) = (L =0)G*(17) +0G” (7). of £r(114) at® = 0 must be non-negative singe is a local

Elementary  calculus  implies  that [[u0(dz) — Minimum. _ _ o

p(d2)]p(y|z)Y/(+¢) is identically zero, violating (A4). O From the foregoing, this derivative can be expressed,
Continuity of G* easily follows: iﬁp ’ :/ 1+ 0)0" (2) + Ao (22 — o2 d
Proposition 2.6: Suppose that (A1)—(A3) hold. Then, givend? (ko) 6=0 [( )0 () 2 P)} wld)

p, the mapping=?: M(c%, M, X) — R, is continuous in the _/ 14 p)g” T+ Ao (22 — 02)] 10 (da).

weak topology. [(1+ p)ghe (x) + Ao (2® — 03)] p°(dz)

~ Proof: If p, — p weakly then the distributions aregpecializing toy = d, for = € X, we find that the statement
tight. Hence we can truncate all of these distributions @gat this derivative is non-negative for eaelis equivalent to

follows. Suppose that > 0 is given, and thatV is chosen the glignment conditions in (ii). 0
so that (aY)~! := u,{[-N,N]} > 1 — ¢ for eachn.
DenotingY¥ the distribution on— N, N] given by u (A) = Wheno? = oo so that the input distribution is only subject
a i, (AN[—N, N]) for measurabled c X, and defining,V t0a peak power constraint, then the Lagrange multiplieis
analogously, we have zero, and the alignment condition in Theorem 2.7 (ii) beceme
|GP(uy)) = G ()| < (1 =€) e, Gpo (@) Z A, w€X, and  gp.(z) =A], a.e. [u°] (40)
G (™) =GP (W) < (1 —e)le. Shown in Figure 10 are plots gf, for two distributionsuo, 11

This follows from convexity combined with the bougd < 1. With p = 0.5 for the normalized Rayleigh channel. The input
Theorem 2.4 (iii) gives* (1) — GP(uN) asn — oo, distributionp violates the alignment condition (40) and hence

and hence is not optimal. The alignment condition does hold fqr, and
) ) ) . we conclude that this distribution does optimize (10) oJer a
llgl_igp G* () =GP (W) < 2(1—€) e distributions on[0, 10] (without average power constraint.)

Proposition 2.8: Suppose that (A1)—(A3) hold. Then, for
given p, any optimal input distributions* achievingG** is

For fixed p, the optimization problem (10) is a convexdiscrete, with a finite number of mass points in any interval.
program sinc&” is convex. Continuity then leads to existence  Proof: To see that the optimizeyﬁ* is discrete consider
of an optimizer. The following result summarizes the stuoet the alignment conditions. There exists a quadratic functio
of the optimal input distribution. It is similar to Theorem82 ¢* satisfyingq*(z) < g;.(z), with equality a.e[u*]. Theo-
of [37], which required the peak power constrait < co. rem 2.4 asserts th@g‘j* takes on strictly positive values and
We stress that this condition is not required here. vanishes at infinity. IfM = oo it follows that ¢* is not a

The result follows since > 0 is arbitrary. O
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— gul@)
---- qu(x) quadratic

%(ng Proposition 2.9: Consider a channel witX = R, satisfy-
N ing Assumptions (A1)—(A3). For a fixed > 0, suppose that

the following hold,
El AR ~ 2

L0 =0,

(ii) There is a uniquer; > 0 satisfying

Fig. 8: Optimal binary distribution for the Rayleigh chahméth p = 0.5.

The plot at right shows the derivative (41) along with thenpai; at which dlog(1 — gop (z)) —9

the derivative is equal ta. At left is a plot of the error exponent sensitivity dlog(z) s=x,

function g, for the optimal distribution supported at zero, and a poigarmn

x1. The sensitivity function is aligned with the quadratic étion shown. (iii) There is ‘non-zero sensitivity’ at; :

d (dlog(l—gé’(:v))) 40

constant function, and henegé(z) — —co asx — oo. This dx dlog(x) T=11

shows that the optimizer has bounded support, with Then, for all SNR sufficiently small, the optimal input distr
bution is binary with one point at the origin.

* Lk
supp (u°) C {z: ¢"(x) > 0}. Proof: Define A2 o > 0 via,
R . . .

More(zver, sincey,,. is an analytlcfynctlon ob(llt.then follows Ao = inf{A:1— gf(z) < Az? for all z > 0},

that g, (v) = ¢*(z) is only possible for a finite number of

points. and letgy, denote the concave quadratig(x) = 1 — A 022,

If M is finite the argument is similag*(z) = g;.(z) on x> 0.
the support ofu*. If this support is infinite, then the analytic We haveg)(z) > go(z) for all z, and this inequality is strict
assumption implies thaj*(z) = g/..(x) for all z, which is for z > 0 near the origin due to Assumption (i) and the fact
impossible. O thatg{(z) has zero derivative at the origin, and non-positive

second derivative. Define,
So we have shown that under our very general channel

models, the optimal distribution that achieve the errooegnt z* =inf{x > 0: g5 (x) = qo(x)}.
is always discrete. Next we show when SNR goes to zero,

i _ P —2 i *
optimal discrete distribution becomes binary. Ui]ﬁe functionlog((1 — g () ) has a local maximum at",

implying its derivative is zero. Equivalently,

dlog(1 — gg(x))

C. Optimal binary distributions
leg(I) T=x1

-9,
We now take a closer look at the alignment conditions to
establish conditions ensuring that the distribution ojting and hence:* = z,. That is,gg is aligned withgo (z) = Ao,0—
(10) is binary for sufficiently low SNR. Az 0%, With Ao = 1. . o
Gallager in [29] bounds the random coding exponent by Applylllng the Impll_cn Function Theorem (which is justified
a linear functional over the space of probability measure4nder (ii)) we can find: > 0 such that for eacl? € (0,¢],
The bound is shown to be tight for low SNR, and thufere isz:(e) nearz; and(o, A2) near(Xo,0, A2,0) such that
the error exponent optimization problem is converted to % aligned withgp., whereq,. = \o — X2, andp” is the
linear program over the space of probability measures. Atpique binary distribution supported g,z } with second
optimizer is an extreme point, which is shown to be binarjiomento. Consequently,* is optimal by Theorem 2.7.0

Similar arguments used in [37] can be generalized to the modeyye now turn to the Rayleigh channel to illustrate the proof

considered here. _ _ _ of Proposition 2.9. Given the channel transition probapili
We begin with consideration afero SNR, which leads us fynction (9), the sensitivity function is,

to consider the senstivity function using the point mass, at

denotedg) := g% (). It is easy to segy(0) = 1, and we o (@) = (1+p)(1+2*)TH >0

have seen thay{(z) < 1 everywhere. Given the analyticity 0 14+22)p+1 7 =7

assumption, it follows that this function has zero deriatat d its log-derivatived2e(1=96 (@)

the origin, and non-positive second derivative. We thusiobt 2"d 1S l0g-dervative;—azry=— =

the bound, dlog(1 — g(x)) 2p22(1 +22) T3 [1 + p(1 + 22)] — 2p22(1 + p)(1 + 22) 757
— 7 >2 £ :

dlog(z)  le=0 =" (L+p)[1+ p(1+22))(1+22) ™ — [1+ p(1 + IQ)]?M)
with equality holding if and only if the second derivative ofrrom the plot shown at left in Figure 8 we see that there exists
96 () is non-zero at: = 0. a quadratic function satisfyinggo(z) < g/ (x), with equality

Proposition 2.9 is analogous to Theorem 3.4 of [37] whicht the origin and precisely one, > 0. The plot at right
establishes that the distribution achieving channel dap&c  shows that (jii) holds, and hence that all of the assumptions
binary for sufficiently low SNR. However, unlike this prew® of Proposition 2.9 are satisfied. Consequently, with vangsh
result and the result of [29], we do not require a peak powgNR, the optimizing distribution is binary, and approxiest
constraint on the input distribution. the binary distribution supported o), z; }.



11

These conclusions are very different from those obtained or
considering the distribution optimizing capacity. It isdam
that the optimizing distribution is binary, for low SNR, Wit
one point at the origin, but the second point of support djger °
as SNR tends to zero. Similarly, one can show gfdbecomes
increasingly ‘flat’ asp — 0, and hencer;(p) — cc asp — 0. ,,

02

0

0 0.05 0.1 0.15 0.2 0.25 03 035

IIl. ALGORITHMS

The algorithms proposed here are motivated by the discré&ig 9: Random coding exponeti,(R) obtained using the cutting plane
nature of optimal input distributions. We find in exampleatth 29°1thm for the Rayleigh channel.
the convergence is very fast.
to a finite alphabet does not lead to a significant loss in
performance in this example.

Also shown in the figure is the input distribution achieving
the maximum error exponent,.(R) = 0.05, subject tou

CUTTING PLANE ALGORITHM The algorithm is initial-
ized with an arbitrary distributiony € M(c%, M, X), and
inductively constructs a sequence of distributions afesl
At the nth stage of the algorithm, we are giverdistributions L X

" g 9 9 supported onX, for the rateR = 0.175. The optimizer is

o .
{.MO’/“’ o '.’M"_?} C_M(UP’M’ X.). We then define, symmetric on the four point§+4, +3} with p(X = —4) =
(i) The piecewise linear approximation, fpre M, p > 0, p(X =4) = 0.07, p(X = —3) = p(X = 3) = 0.43. This is

D0 oy op very different than the input achieving capacity which gssi

Grlu) = osl%affl{(l o gi) = Pl gp} (42) positive mass to the origin in this model [37].
(i) The next distribution, Results obtained for the normalized Rayleigh channel with
transition density given in (9) are shown in Figure 9. In
i = argmin{G? (u) : p € M(o%, M, X)}. (43) this experiment the input alphabet consisted of the sixtgoin

X = {0,1,2,3,4,5}, M = oo, and 0% = 4. At right is
shown the distribution achieving,.(R) = 0.05 at R = 0.2:

It is supported on the three points shown, with = 0) =
The optimization problem (43) is equivalently expressed @S- F;FEX ~ 3) — 0.2242 aI’Fl)dp(X gl (\)Mf(;)g(g )
the solution to the linear program in the variabless R, ’ ' : : -

O

e M: Allth(.)u_gh the cut'Fing-pIane. alg_orithm is f:onvergent even in
) the infinite dimensional setting in whicK is continuous, a
min e finite-dimensional algorithm is needed in any practicallapp
subject to e > (1 + p){u, g5,) — p{pi> 911.) cation. This is the reason why the input alphabet was taken to
i=0,...,n—1, peMod, MX). be fixed and finite in the numerical examples illustrated here

(44) Next, we introduce an extension of the cutting-plane method

It is evident thatG? () < G*(u) for all 4 € M. It may to recursivelyconstructthe input alphabeX.
be shown under conditions somewhat stronger than (A1)-Given a finite alphabek,, a sequence of finite alphabets
(A3) that the algorithm is convergent, in the sense that tH&» : » > 0} is obtained by induction. At theth state of the
sequence of distributiong.,, } converges weakly to an optimalalgorithm, the optimal input distribution,, on X, is obtained
distribution. The proof is identical to the proof of [37, Tirem Using the cutting-plane algorithm. The detail of this piaee
4.1], based on the continuity result Proposition 2.6. are described as follows.

Theorem 3.1:Consider the real channel model satisfyinGTEEPESTDECENT CUTTING-PLANE ALGORITHM The
Assumptions (Al)—-(A4). The cutting plane algorithm geneglgorithm is initialized with a finite alphabeX, C X,
ates a sequence of distributiofjs, : n > 1} C M(03, M, X) together with a distributionuy € M(0%, M,Xo). At the

such that nth stage of the algorithm, we are givem distributions

() pn — p* weakly, asn — oo; {10, 1y ooy -1} C M(0%, M, X) and an input alphabét,, .

(i) G?(un) — GP(u*); The next distribution and input alphabet are then defined as
(i) e1 <es <es...— GP(u*); follows,

(iv) p, can be chosen so that it has at mest 1 points of (i) The new distribution,
support for eactn > 1. i = argmin{GP (1) : 1 € M(0%, M, X)), (45)

. . . . where the minimization can be obtained by the cutting plane
Figure 3 shows results from implementation of this algoélgorithm or any other convex optimization method.
rithm for a range ofp > 0 for the real AWGN channel

Y = X + N, with X = {-10,-9,...,9,10}, 0% = 10, and
0% = 10. The dashed line represents the exponEntR) Tpy1 = argmin{gl(z) —rpa?: |z| < M,z € X}, (46)
achieved using a Gaussian input distribution. This verylgea
matches the upper-envelope obtained from the solid lin
obtained using the cutting plane algorithm. Hence restdct

O

(i) The new alphabeX,,; = X,, U {z,+1}, where

wheregs (r) := g, andr, is the associated Lagrange multi-
Sﬁer obtained in the solution of (45). O
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Fig. 10: The steepest decent cutting-plane algorithm #hgorconverges in
just two iterations in the normalized Rayleigh channel with= 0.5 and no
average power constraint.

The initial steps of the steepest ascent cutting plane
gorithm requirevery little computatiorsince the number of
constraints and the number of variables is small. At stltie
iteration, the alphabet contains at mé¥t:) symbols, so that
the complexity of the corresponding LP is polynomialsin
[45].
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this paper shows for the first time that the optimizealisays
discretewhen Assumptions (A1l)—(A3) are satisfied.

Although the optimization problem in each case is infinite
dimensional when the state space is not finite, in each exampl
we have considered it is possible to construct a finite dimen-
sional algorithm, and convergence is typically very fase W
believe this is in part due to the extremal nature of optimsize
Since optimizers have few points of support, this means the
optimizer is on the boundary of the constraint set, and hence
sensitivity is typically non-zero.
a|_There are many interesting open questions:

(i) In this paper we restrict attention to the random coding
exponent,.(R). However, for rates below the critical rate

R < R, there may be better bounds such as the sphere-

packing bound, the expurgated bound, or the straight-

line bound (see Section 5.8 of [30] and [52].) These

The algorithm is convergent for models with finite peak bounds have a representation similar to the random coding

power constraint: the proof is identical to the correspogdi

exponent. Hence it is likely that analogous theory can be

analysis of the steepest ascent cutting-plane algorithm fo developed in these cases.

capacity calculation introduced in [37].

1

gn(x)
———- qu(z) quadratic

Fig. 11: Computation of the optimal input alphabet for the/IRigh channel
subject to both average and peak power constraints with0.5.

(i) The theory described here sets the stage for further re-
search on channel sensitivity. For example, how sensitive
is the error exponentto SNR, coherence, channel memory,
or other parameters?

(iii) It is of interest to see if efficient constellations cae
adapted in a dynamic environment based on the cutting-
plane algorithm.

(iv) In some applications optimal distributions may not be
feasible due to the resulting ‘peakiness’ of the code
book. There are then tradeoffs, and resource investment
issues to be addressed. For example, one can consider if
increasing the number of transmitter antennas will reduce
the peakiness of the optimal random codebook.

(v) Finally, we are currently exploring extensions of the
results reported here to MIMO models.
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