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Abstract

Geometric convergence of Markov chains in discrete time on a general state has been studied in
detail in [15]. Here we develop a similar theory for e-irreducible continuous time processes, and
consider the following types of criteria for geometric convergence:

a) the existence of exponentially bounded hitting times on one and then all suitably “small”
sets;

(b) the existence of “Foster-Lyapunov” or “drift” conditions for any one and then all skeleton
and resolvent chains;

(c) the existence of drift conditions on the extended generator A of the process.

We use the identity .%TRQ = ((Rp — I) connecting the extended generator and the resolvent
kernels Rg, to show that, under a suitable aperiodicity assumption, exponential convergence is
completely equivalent to any of (a)—(c). These conditions yield criteria for exponential conver-
gence of unbounded as well as bounded functions of the chain. They enable us to identify the
dependence of the convergence on the initial state of the chain, and also to illustrate that in
general some smoothing is required to ensure convergence of unbounded functions.
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1 Introduction

In this paper we consider a continuous time Markov process @ = &;,¢ € IR, on a topological space
X. Our goal is to characterize exponential convergence for the process: if P'(z, A) = P.(®; € A),
and 7 is an invariant measure for P!, then we will give several sets of equivalent conditions each
of which imply @ is “exponentially ergodic” in the sense that there exists an invariant measure 7
satisfying

|Pa, ) = w < M(@)p!, 120, 1)

for some finite M (z) and some p < 1, where || - || is the total variation norm.
These characterizations of exponential ergodicity, as given in Section 5, Section 6 and Section 7,

are in terms of

(a) geometric ergodicity of the embedded skeletons and the resolvent chains; that is, the discrete

time chains with transition laws defined respectively as P (z, A) for fixed T > 0 and
Ry(z, A) = / Be=Pt P (e, A)dt, @ € X, A€ B(X); (2)
0
(b) drift conditions on the extended generator of the process, and on the skeletons and the resolvent
chains, all of which are shown to be equivalent themselves;

(c) behaviour of hitting times for the process on suitable small sets, and in particular exponential

bounds on those hitting times.

Some initial results related to (a) were developed in [25], where it was shown that exponential
ergodicity of the process @ follows from the geometric ergodicity of the embedded skeletons or,

under appropriate continuity conditions (in ¢) on the semigroup P?, of a form of simultaneous
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geometric ergodicity of the resolvent chains. These simultaneity and continuity conditions are shown
to be redundant in Section 6.

In [17] it was shown that, as in (b), a drift condition on the generator is sufficient to guarantee
exponential ergodicity for the process. This generalized results known for countable spaces [27] and
for diffusion processes [8] to quite general models, and as shown in (for example) [17, 24], the con-
ditions on the generator then provide practical criteria for evaluating the exponential convergence
of specific models. Here we show that such a drift for the extended generator is also necessary for
exponential ergodicity.

The conclusions in this paper thus strengthen the known results considerably, since they show
all of these approaches to be essentially equivalent. Moreover, once the connections between the
drift and regularity conditions are established, we may then deduce continuous time ergodicity
results stronger than those in (1) from their discrete time counterparts; and in particular we can

show that for appropriate (unbounded) functions f we have
1Pz, ) = =ll; < M(2)p", t20, (3)
where 7 is an invariant probability measure, and the f-norm || - || ¢ is defined for any signed measure

p by [[pll s == supy<s | [ 1(dy)g(y)l-

2 Discrete time analogues

In order to place these results in context, and because we will use the discrete time results directly,
we first review briefly the analogous equivalences known in discrete time. Let {®,,,n € Z,} denote
a Markov chain on a space (X, B(X)) with the o-field countably generated: the theory of such chains

is developed in [15].
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Suppose the chain has the @-irreducibility property that ¢(A) > 0 implies Py(74 < 00) > 0 for
all z € X, where 74 is the first hitting time on A and P, and E, denote probability and expectation
for the chain with initial state 2. For such a chain there always exist “small sets” [15, Chapter 5]:
that is, sets C such that for some non-trivial probability measure v and some n > 1, > 0 the

n-step transition probability kernel P"(z, A) := P.(®,, € A) satisfies, for all z € C,
Pz, A) > ev(A), A € B(X). (4)

We then have [15, Theorem 15.0.1] the following result linking drift towards small sets, hitting

times on small sets and rates of convergence of the overall chain.

Theorem 2.1 Suppose that the chain @ is p-irreducible and aperiodic. Then the following three

conditions are equivalent:

a) There exists some small set C', some constant Tc > 0, some o < 1 and MC < 00 such that
’ ’ p
fOT all x € C

|P"(z,C) - 70| < Mol (5)
(b) There exists some small set C € B(X) and k > 1 such that the hitting time T¢ on C' satisfies

sup E;[7] < oo. (6)
zeC

(¢) There exists some small set C', constants b < oo, A < 1 and a function V > 1, with V (zq) < oo

for some one xzq € X, satisfying the drift condition

/ P(z,dy)V(y) < AV(z) + blo(z), zeX. (7)
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Any of these three conditions imply that the set Sy = {z : V(z) < oo} is absorbing and full (that
is, satisfies P(z,Sy) = 1, z € Sy, and 7(Sy) = 1), where V is any solution to (7) satisfying
the conditions of (c); and there then exists a unique invariant probability = and constants r > 1,

D < oo such that for any x € Sy
Sl [ P, ) = wllv < DV (a). Q

Thus in the discrete case geometric ergodicity, as defined in (8), follows from local geometric con-
vergence as in (5) or geometrically bounded return times as in (6); and, of even more practical
importance, is actually equivalent to the existence of a Foster-Lyapunov or drift function V satis-

fying (7), and that function identifies

(a) a set on which convergence takes place, namely Sy;

(b) the state-dependent bound M (z) asin (1) or (3) as a constant multiple of V;

(c) the convergence as holding for all “moments of order less than V” as in (8).

In this paper we aim to bring this same level of coherence to the continuous time case.

3 Continuous time Markov processes
We need to develop the appropriate analogues of the drift condition (7) and the hitting time criteria
in (6), and to do this we must first give a more formal description of the process structure; we then
consider drift conditions in Section 5, and the hitting time conditions in Section 6.

Formally, we assume that & = {®; : t € Ry} is a non-explosive Borel right process with

transition semigroup (P') on a locally compact, separable metric space (X, B(X)), and that B(X)
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is the Borel field on X. The reader is referred to [1, 23] for details of the existence and structure of
such processes; criteria for non-explosivity are given in [17].

The operator P! acts on bounded measurable functions f and o-finite measures y on X via

P = [ Padpf@)  aP'(4) = [ nldo)P' (e, 4).

A o-finite measure 7 on B(X) with the property 7 = 7 P! for all £ > 0 will be called invariant.

For any o-finite measure ¢ the process @ is called ¢-irreducible if ¢(B) > 0= E,[ng] > 0,z €
X, where np denotes the occupancy time, defined as ng:= [y~ 1{®; € B} dt. As in the discrete time
setting, if @ is -irreducible then there exists a mazimal irreducibility measure @ such that v is
absolutely continuous with respect to ¢ for any other irreducibility measure v [15, 28]. We shall
write BT (X) for the collection of all measurable subsets A C X such that 1»(A) > 0. When there is
an invariant probability measure 7, then 7 and % are mutually absolutely continuous, and we can
thus identify B (X) = {A € B(X) : 7 (A) > 0}.

We now describe sampled chains and the associated class of subsets of X called “petite sets”;
these play the role of small sets, as in Theorem 2.1, in describing the “center” of the space. To
define these, as in [16], suppose that a is a probability distribution on R, and define the Markov

transition function K, for the chain sampled by a as
Ka(z, A) = / Pz, A)a(dt), zeX, AcB(X). (9)

Two particular sampled chains with kernels K, which are fundamental in the continuous time
context are skeleton chains and resolvent chains, with K, = PT, Rg, respectively. We will consider

both of these in developing stability properties of the process itself, although we note that in [26]
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it is shown that other embedded chains may equally serve to characterize the behaviour of @. In
the special case of the resolvent with transition law Ry we denote the chain by & = {cfk}
A non-empty set C' € B(X) is called v,-petite if v, is a non-trivial measure on B(X) and « is a

sampling distribution on (0, c0) satisfying

Ki(z,?) >va(-), zeC. (10)

In the common situation where the specific measure v, is not relevant, we simply call the set petite.
When the sampling distribution « is degenerate, we will adopt standard discrete time usage and
call the set C' small.

Petite sets are not rare: for a t-irreducible chain every set in B*(X) contains a petite set
[17]. We note explicitly that if a set is petite for the process, then it is petite for any resolvent
simultaneously, with only the sampling measure changing.

In many applications, all non-empty compact sets can be shown to be petite, and this gives a
sound intuition for these sets. Criteria to ensure this identification of compacta as petite may be
phrased in terms of a “stochastic controllability” condition in models such as diffusion processes,
or analogous discrete time nonlinear state space models (cf. [15, Chapter 7] or [9, 20, 19, 12]). More
general continuity conditions which imply that compact sets are petite are given in [16].

A t-irreducible Markov process @ will be called aperiodic if for some small set C' € B¥(X)
there exists a 7" such that P'(z,C') > 0 for all ¢ > T, and all z € C. Under aperiodicity, any petite
set is small for the process, and is small for any T-skeleton (see the corollary to Theorem 8.1 of
[16]). Characterizations of aperiodicity which are (apparently) much weaker than this definition are

given in [16], where the structure of periodic chains is also described in detail. Below, it will be
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appropriate to assume aperiodicity whenever we consider convergence of transition probabilities as
in (1) or (3).

The Markov process @ is called f-exponentially ergodic, where f is a measurable function from
the state space X to [1,00), if the f-norm converges as in (3). The Markov process is called simply
exponentially ergodic if it is f-exponentially ergodic for at least one f > 1, asin (1). Note that any
exponentially ergodic chain is automatically a w-irreducible positive Harris recurrent chain [7, 16].

As strong as f-exponential ergodicity may appear, we will find it appropriate to set our results
within the seemingly stronger context of V-uniform ergodicity, a recent generalization [6, 17, 15]
of classical uniform ergodicity (or quasi compactness, as it is often called [22]). When V > 1 is a

measurable function on X, we define V-uniform ergodicity by requiring that
IP'(a, )~ xlly < V(@)Dp', ¢20, (11)
for some D < 0o, p < 1: that is, (3) holds with M (z) = DV (z) for some constant D. This approach
has the advantage that convergence takes place in the operator norm defined for any “kernel” A by
Al := sup[V ()]~ |A(z, )llv;
z€X
for discrete time chains, as is shown in Theorem 2.1, V-uniform ergodicity is in fact equivalent

to seemingly weaker formulations of exponential ergodicity. As in the discrete time franework, the

exponential convergence (11) is equivalent to an exponential rate of mixing for the process (see [15,

Theorem 16.1.5]).

4 Generators and resolvents

Frequently, the characteristics used in practice to define the process are not couched in terms of

the semigroup P?, or of the embedded resolvent or skeleton chains, but rather of some form of
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generator for the process. There are several different versions of generators; for our purpose it is
convenient to adopt the following definition, which is a slightly restricted form of that in Davis [2].

We denote by D(A) the set of all functions f:X x Ry — IR for which there exists a measurable

function ¢g: X X IRy — IR such that for each z € X, t > 0,
t
E[f(®,,1)] = f(z,0) +E, [/0 9(®,,5) ds| (12)

/Ot E.[|g(®,, 5)[] ds < . (13)

We write Af := g and call A the extended generator of ®; D(fT) is called the domain of A.

This defines an extension of the infinitesimal generator for Hunt processes. When the process
is explosive then the expression (12) is difficult to interpret and may be meaningless: this is one
of our main reasons for restricting to non-explosive processes. Conditions for non-explosivity based
upon the extended generator are given in [17].

The generator and resolvent essentially characterize one another. This observation will be useful
when we develop converses to the drift criteria for regularity.

For a fixed constant 8 > 0 we also require the kernel Ug, defined by Uz = 37! Rj. These kernels

have the interpretations

Rp(z, f) = Eu[f(®e)] (14)
3
Usle, /) = Edl[ F(@)ds (15)
where £ is an exponentially distributed random variable, independent of @, with mean 1/3. We

now generalize the definition of g, Ug so that 3, the rate of the “sampling time”, may depend

upon the value of the state @;. Let h be a bounded measurable function on X, and set
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[ole] t
Balo,f) = E[ [ exp{- [ hi@,) dshhion (@ di] (16)

0 0

[ole] t
Une, ) = E[ [ exp{= [ h(@)ds}ria]. (17)

0 0
A function f: X — IR is in the domain of Ry, if Ry(z,|f|) is finite for all z € X. These kernels were
introduced by Neveu in [21] where A is taken to be strictly positive. Setting Uy (z, F) = Up1g(z)
defines a kernel on (X, B(X)), which takes on finite values if & satisfies inf ex h(z) > 0, although

such a bound on A is not necessary in general.

These kernels have an intepretation which is entirely analogous to (14)—(15) which will lead to

several new results below. Let £ denote an exponential random variable with unit mean which is

independent of the process, and define for any A, r > 0,
¢
Fr = inf{t > 0 :/ h(®,) ds > r'€). (18)
0

When h = 1l for some set €', we use 7¢,. We then have for any positive A, and any f in the

domain of R,, Uy,

Ri(e, f) = Eo[f(Ps,,)] (19)

Th,1
Unle, ) = Eol[ 1@ ds (20)
These formulae follow directly from the identity P(7,, >t | &) = exp(—r [ h(®;) ds).

Lemma 4.1 Let h, g be bounded, measurable functions on X with h > g and let f: X — R be in

the domain of U,. Then Uy, and U, satisfy the resolvent equation:
Ugf - Uhf - UhIh—gUgf - Uglh—gUhf7 (21)

where the “multiplication kernel” Ij,_, is defined as Iy_, (z, A) := (h(z) — g(2))14(z).
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Proor  Note that the theorem statement differs from Lemma 1.3.1 of Kunita [10] only in that
the functions h and g may take on negative values. However, a close examination shows that the
proof there is still valid with this modification. O

Lemma 4.1 immediately gives the usual resolvent identity, that Ug = U, + (a — 3)U,Up for

any a > (3 > 0. From this it follows that

« n=0

B~ (a—=B\"
These relations will allow us to transfer properties from one resolvent to another in several results

below. To then connect these results back to geometric ergodicity for the process, we will use the

kernel Uf,, which is defined for r > 1 by
Ut = Uy, for h = lg — [r — 1]1ge.

This has the sample path interpretation, just as in (20),

TC,r

UL (2, f) = E, [/0 D eV p () dt | (23)

As an immediate consequence of the resolvent equation, we obtain an analogous interpretation of
Uf in terms of the resolvent chain. Define the hitting time to a set C' by the resolvent chain (with
B=1) by

fo = min{k > 1: @y, € C'}. (24)

Lemma 4.2 Suppose C' is any set in B(X) and r > 1. The kernel U, satisfies the following identity

for any positive function f on X:

E, [ /0 T p@)er I dt] = Up (e, f) = E {E r’“-lf@k)] - (25)
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Proor  The first identity is just (23).
We will prove the second equation for |r| < 1; the general case follows by analytic continuation.

Substituting h =1 and g = ¢ — [r — 1]l¢ce in (21), we have
Ut =R+ UL(1 = (Mg = [r— 1lge)) Ry = Ry + rUfDlge Ry. (26)

Iterating (26) gives us

UL = r"Ub(IgeR1)" + Y r* [Riloe ] Ry,
k=1

and letting n — oo yields for |r| < 1

UL =Y r* Rl 'Ry, (27)
k=1

Now using the interpretation that
[Rilc<)* ' Ri(z, B) = P.(®y € Bj¥c > k)

we see that (27) gives the form (25) as required. O

The following key lemma characterizes the extended differential generator for the process @
in terms of the resolvent chains of the process, and allows us to compare continuous and discrete
time drift operations, as will be seen in Theorem 5.1, and other results below. This result may be

applied to many situations outside the scope of this paper.

Lemma 4.3 (a) For any 3, and any measurable f in the domain of Ug, the extended generator

satisfies the identity

AUsf = —f + BUs . (28)
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(b) For any bounded measurable g, and any measurable f in the domain of U,, the extended

generator satisfies

jUgf = _f + IgUgf (29)

Proor  For the strong or weak generator Lemma 4.3 (a) is known (see (2.4) in [5] or p. 342
of [11]). We have not seen a proof for the extended generator, although the proof of the result is
similar to Lemma 3.2 of [5, p. 174], and will not be included here.

Result (b) follows from (a) and the resolvent equation U, = Ug+ Uglg_,U,, where 3 is chosen

so that 3 > g(z) for all z. O

5 Stability in terms of drifts

In this section we consider forms of stability, analogous to (7), which involve a mean drift for some
function V(&;) towards the “center” of the space, as defined by petite sets.

Letting {P' : t € Ry}, {Rs : § € Ry}, and A denote respectively the skeleton kernels, the
resolvent kernels, and the extended generator for the process, three intuitively reasonable sets of

drift conditions towards a petite set €' may be written as follows:

(D7) Drift for skeleton chains For some T > 0 there exist constants A(s), bounded for s € (0,T]

and with A(T) < 1, some b < 0o, a petite set C' in B(X), and a function Vr > 1, such that

PVy < /\(S)VT—I— blg, s<T.

(755) Drift for resolvent chains For some A < 1, b < oo, f > 0, a petite set C' in B(X), and a

function Vg > 1,
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RgVs < AVz 4+ bllc.

(D) Drift for the extended generator For constants b,c > 0, a petite set C' in B(X), and a
Sfunction V> 1,

AV < —cV 4 b1,

We note that condition (ﬁ) is identical to the condition that AV < —00‘7—|—b0 for finite positive
constants cg, by, when the function V is unbounded off petite sets (that is, when the sublevel set
{z : V(z) < n} is either empty or petite for each n). The other two conditions have similar
counterparts.

In the next section we will identify a set of solutions to these three drift conditions, which
involve the hitting times on petite sets. Our goal here is to show that the drift conditions are all
essentially equivalent, and then to show that any one of them suffices for an appropriate form of

geometric ergodicity to hold.
Theorem 5.1 The following relations hold for any Markov process ®:

(a) Suppose that (Dg) holds for some one 3 and for some function Vg > 1. Then (D) holds with

V = RgV;.

(b) Suppose (ﬁg) holds for some one By and for some function Vg > 1. Then (D) holds for every

T with Vr = RgV3, and A(s) can be chosen continuous in s with \(T') < 1.
(¢) Suppose (D) holds. Then (25/3) holds for any 3 and with Vg = V.

(d) Suppose (D) holds. Then (D) holds for any T and with Vi = V.
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() Suppose (D) holds for some one T > 0. Then (Dg) holds for some By > 0, with Vg, = Vr;

and hence for all 3 with Vg = Rg,Vr.
(f) Suppose (D) holds for some one T > 0. Then (D) holds with V = R, Vr for some one .

Consequently, the three drift criteria (255)*(15) are all equivalent, although the function V and

the petite set C may differ at each appearance.

Proor  To prove (a), suppose that (135) holds and define V = RgVs. By Lemma 4.3,

AV = BAUsVs = B(Rs— 1)V

IN

—B(ATT =)V + A7 pblle, (30)

which gives (D). Conversely, to prove (c) note that if (D) holds for some V in the domain of the
extended generator, then using Dynkin’s Formula exactly as in the proof of Theorem 6.1 of [17],

we have for all ¢

- - 1
TPV <V + b/ P*(z,C)e*ds. (31)
0

Integrating the bound (31) gives

RgV(z) < [B/(B+0IV(z) + b6 f5° e 5 P*(w,C)ectD ds dt )
32
= [B/(B+ )V (2) +[b/(8+ )] R(x,C).

Now denote, for fixed €, the set C. = {z : Rg(z,C') > (8 + ¢)/b}. From Proposition 5.5.4 of [15]
we know that C. is petite, and with this choice of petite set, with ¢ sufficiently small, (ﬁg) holds
as required.

Using (31) we obtain (d) in a similar manner: for all ¢ we can write (31) as

- - 1
PV < etV b/ P (2, C)ec=0gs. (33)
0
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If for fixed ¢ > 0 we use the sampling kernel with density a(s) = ¢*=%) /[1 —e~!] then we have (Dr)
provided we use the petite set where K,(z,C) > ec/b[1 — e™"].

To prove (b), we have that if (Dg) holds, then from (a), (D) holds with V = R3Vj, and then

from (d) we obtain the result; note that we can in fact take, for any ¢ and appropriate choice of C,

A(s) = PO 1ot

which gives the required structure on the function A(s).

To see (e), observe that if (D7) holds then by iteration one can show that

Mb
PV < MA\"Vp + T +b

where A = A(T'), M = maxo<s<t A(s), and ¢ is taken of the form ¢ = nT" + s for some 0 < 5 < 7.

It then follows that for §y sufficiently small,

Mb
RﬁOVT < /\ﬁOVT + ﬁ + 57

for some Ag, < 1.

Any function satisfying (D7) is unbounded off petite sets as in Lemma 15.2.2 of [15]. It then
follows from the above bound on Rpg, that (Dg,) holds by applying Lemma 15.2.8 of [15].

Finally, we have (f) by combining (e) with (a). O

Drift in any of these senses towards a petite set implies exponential ergodicity for an aperiodic
process, and conversely exponential ergodicity entails that all of these drift conditions are satisfied,

as we now show. Thus the continuous time analogues of the discrete time criterion (c) in Theorem 2.1

all hold.

Theorem 5.2 For a ¥-irreducible, aperiodic Markov process:
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(a) If (bﬁ) holds then @ is RgVg-uniformly ergodic;
(b) If (Dr) holds then @ is Vr-uniformly ergodic;

(¢) If (D) holds then & is V-uniformly ergodic.

Proor  First suppose that (b) holds. Then by aperiodicity, the set C' is small for the skeleton

chain {®y7 : k € Z,} (see the corollary to Theorem 8.1 of [16]). Hence from (D7) and Theorem 2.1
|77~ mly, < Dp", ez,
where D < o0, and p < 1. By (D7) we also have for some constant M,
PV <MV, 0<s<T,

and it follows from the submultiplicative property of the operator norm that for any ¢ € IRy, with

t taken of the form ¢t = nT + s for some 0 < s < T,
nT s n
IP" = =lly, <IP™ = =lly, 1Py, < MBp",  neZs,

which implies that the process is Vp-uniformly ergodic.

If (a) or (c) holds, then (b) holds with Vp = RV or Vg = V respectively from Theorem 5.1,
and hence Vp-uniform ergodicity holds in these cases also. O

Result (b) was used to establish geometric ergodicity for a class of generalized Jackson networks
n [13]. Several queueing models and diffusion models are analysed in [16] using a formulation of
(c).

As a consequence of Theorem 5.1 and Theorem 5.2, we have a number of further criteria for
exponential ergodicity extending in particular those in [26], where it was required that all resolvents

be “uniformly” exponentially ergodic to deduce properties of the process.



6 DRIFT CONDITIONS AND EXPONENTIAL REGULARITY 17

Theorem 5.3 For a ¥-irreducible, aperiodic Markov process the following are equivalent:
(a) the T-skeleton is geometrically ergodic for some one and then any T > 0;
(b) the Rg-resolvent is geometrically ergodic for some one and then any 3 > 0;

(c) @ is exponentially ergodic.

Proor  To infer (c) from (a) one may apply the contractivity of the total variation norm, as in
the proof of the previous theorem. That (c) implies (a) is immediate.
Now from criterion (c) of Theorem 2.1, for any 3 we have (b) for the resolvent Ry if and only
if we have (Dg); this implies (c) from Theorem 5.2 (a). Finally, one can calculate directly that (c)
gives (b), or instead use the fact that (a) implies (D7) which implies (Dg) from Theorem 5.1. O
We note that if there exists some small set C', some constant 7¢ > 0, some po < 1 and Mg < o0
such that for all z € C'

|Pt($7c) - 7TC| < MCptCH (34)

then by applying criterion (a) of Theorem 2.1 to any 7-skeleton we have that (a) holds on some
full absorbing set Sy. It immediately follows that (b) and (c) also hold with the process restricted

to Sy.
6 Drift conditions and exponential regularity
In this section we consider relations between the drift conditions above and forms of stability in

terms of “exponential regularity”, or boundedness of the mean return time to the center of the state

space, again defined in terms of petite sets. In the final section we will then establish a suprisingly



6 DRIFT CONDITIONS AND EXPONENTIAL REGULARITY 18

strong solidarity between regularity for the resolvent chain and the process, and this then gives
new criteria for V-uniform ergodicity.

Our first result shows that the drift conditions in the previous section provide explicit bounds
on the exponential behaviour of the hitting times on the sets € involved. To do this we need
appropriate definitions of hitting times on petite sets in continuous time. The hitting times to a set

A are defined as
Ta=1inf{t >0:®, € A}; TA(8) =inf{t > 8§ :P; € A}. (35)
We now have

Theorem 6.1 Suppose that (ﬁ) is satisfied for some V > 1 and some set C'. Then for any n < ¢,
TC
Vi(z) > Efe"] + (- m)E| / eV (@) di| (36)
0

ProOF  As in the proof of Theorem 6.1 of [17], the product rule applied to the extended space-

time generator for the function g(z,t) = €V (z) gives

Ag(z,t) e AV (z) + ne™V (z)

; (n —c)e™V (z) + blgem (37)

from (D). Now use Dynkin’s formula (see [17, Section 1.3]) with the stopping time 7% =

inf(r¢, n,sup(t: V(&) < n) for fixed n to get

E eV (®n)] = V(z)+ [y Ag(w,t)dt

V(z)+ (n—c)E, f7 €V (Py)dt.

IA

Since V > 1 we thus have

n

V() > E[""] + (c - n)E, /0 T ety (a,)dr.
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The process @ is non-explosive so that sup(t : V(@) < n) — oo as n — 00, and hence also 7" — ¢.
Hence our result follows by Fatou’s Lemma as n — oo. O

Our next result shows that the solutions to the drift inequalities not only provide bounds
to hitting times, but that functions of the hitting times themselves provide solutions to the drift

inequalities. This is identical to the situation found in discrete time [15, Chapter 15].
Theorem 6.2 Suppose there exists a function f > 1, and a closed set C' € B(X) for which
’Tc((s) +
Volz) =1+ Ex[/ M F (@) df] < 00,z € CF (39)
0

and

Vol(z) < M < o0, reC (40)
for some constants 6, > 0, M < co. Then for the function Vy(z)
(a) If C is petite then Vy satisfies (Dr) for any T > 0.
(b) If C is petite then Vy satisfies (135) for any 5 > 0.
(¢) For some ng, the lower bound Vy(x) > noRyf () holds for all z.

ProoF By assumption we have that V{ is bounded on ', and arguing as in Lemma 4.1 of [14]

we have for some ry < 00, dy < o0,
PTVy(2) <dir{, z€C, T20. (41)

This bound my be refined substantially. First write

’Tc(T)

PTVy(z) = e_”TEz{/

F(@y)em di] +1
T
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— T, [/TC f@)er dil(re > T)|

+e7E, | / et F(@)e dil(re < T)| +1. (42)
T

The last term is bounded as follows. First note that on the event {7¢ < T'},

’Tc(T) ’Tc(T)
/ F(@)e™ dt < 67 / F(@)e™ dt,

T 0

where 6 is the shift operator on sample space [15]. From this and the Markov property we have

c(T

E, [/Tcmf(@)em dtll(re < T)} < E, [E% Uo ( )f(@)em dt”

IN

diry, (43)

where we are using (41) and the assumption that C' is closed, so that &, € C.

Combining (43) with (42) gives
T
PTy, <e T (Vg — / P°f ds) + dlr?e_"T + 1, (44)
0

which proves (a).
Multiplying both sides of this bound by ae™®T and integrating over T > 0 we have, for any

«a > 1 sufficiently large, constants A < 1, b < o0, d < oo, such that

RoVo < AVo+b— dRsf, (45)

v

where # = n+ a > a. This shows that (D,) holds.

To obtain (Dg,) for ag < a, observe that by (22), with v(n) = (ao/@)[(a — ag)/a]”,

Roy = Yy (n)RET!
k=0

By replacing (45) with the cruder bound R,Vy < AVp+ b, and hence also
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b
RZVOS/\nVO‘l‘Ta n2>1

ji Y

we have

Ry Vo < Vo + b, (46)

where Ay = 302 v(n)A" < 1, which establishes (b).

We now prove (c). From (45) we have that R,Vp < Vo +b — dRgf, and hence also
0 < RAYW, < Vo+ (n+1)b—dR2Rgf,  n>0. (47)

Multiplying both sides of this equation by a=!(1 —a~1)?, summing over n, and applying (22) gives

for some dy, bg,

d;
6—1

0<Vo+by—doRiRgf =Vo+ by — (BR1f — Raf),

where the equality follows from the resolvent equation. By (47) with n = 0 we have that Rgf < c2Vp

for some constant ¢y, and this gives the desired relationship between Ry f and Vj:

-1 1
R f < ﬁ—(Vo + b)) + —caV < 3V, (48)
da3 B
where ¢3 is a finite constant. This establishes the theorem. O

As a corollary to Theorem 6.2 we obtain solutions to (D):

Theorem 6.3 Under the conditions of Theorem 6.2, either of the functions
T
Vi = / PVods  or  Vi=RsV
0

satisfy (D).
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ProorF  From the definition of the generator and Lemma 4.3 we have the pair of identities
~ T ~
A/ P =Pl I,  ARg=p(Rs—1I).
0

The result follows directly from these and Theorem 6.2 (a) and (b). O

The following result gives a more exact solution to the drift inequality (D).

Theorem 6.4 Suppose that for some r > 1, a measurable function f > 1, and a set C' € B(X) we

have that the function
’FC,T 1
Vi(z) = UL (2, f) = E, U =Vt f(&,) di
0
is finite-valued and bounded on C. Then
(a) If C is petite then V; satisfies (D).
(b) For some 1y, the lower bound Vi(z) > ni Ry f () holds for all x.
Proor  From (26) we have that UL f > Ry f, which proves (b).
To prove (a) we apply Lemma 4.3 with g = I¢ — [r — 1]l¢e:
AUGS = —F +9Up = =] = (r = DIo-Usf + IcUE .

If UZ f (z) is bounded on C' then this gives (D). O
We now connect the mean hitting times of @ with mean hitting times for the resolvent chain.

This result shows that the conditions of Theorem 6.2 and Theorem 6.4 are essentially equivalent.
Theorem 6.5 (a) For anyr > 1,6 > 0, and any set C,

< eE,

o (6)
E, U T p(@) el ay
0

i rk_lf((f)k)] , T EX (49)

k=1
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(b) Suppose that @ is V-irreducible, C € B¥(X) is closed and petite, and that for some 8y > 0,

7“021;

relo) o1y
sup E, /0 e\ f(dy) dt| < oo. (50)

rzeC

If ro > 1 in (50), then for all sufficiently small r > 1 and all 6 > 0, there exists b(§) < oo

such that for all z,

If ro =1 in (50), then (51) holds with r = 1.

Proor  To see (a), note that with n=1r — 1,
[ oo t
Usa ) = E| [ exp{ [ ~1c(@) + o (@) s} @) ]
[ rre(8)
; /0 exXp {/Ot _]10 (Qs) + 77]106(@5) dS} f(ét) dt]
/Se—sf(qst) dt] +E, UTC@ e f () dt]
Jo 5

o (5)
e=3+mE, [/ e f (@) dt]
0

v
m
8

v
m
8

v

which proves (49) from (25).
Result (b) is given as Theorem A.3.3 of [3], and we omit the rather lengthy proof. O
If one is willing to accept a slightly weaker conclusion, it is possible to remove the assumption

in Theorem 6.5 (b) that ¥(C) > 0. This may seem a somewhat technical improvement, but in

practice it is of some considerable value [4].

Theorem 6.6 Suppose @ is Pp-irreducible, and let C' € B(X) be a closed petite set, not necessarily

in BT (X). Let f > 1 be a function bounded on C, such that for somer > 1, > 0,
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< o0. (52)

70(5)
sup E, l/ f(@)elr=1 at
zeC 0

Then for some rg > 1, and b < oo, and a petite set Cy € BT (X),
%o ) .
Eo [ D rg™ ' f(Pr)| < b <1 +E, U F(®y)elr =11 dtD : (53)
k=1 0

Proor  Let Vy(z) = 1+ E.[f;¢ e[r_l]tf(@) dt]. By Theorem 6.2 we have that Ryf < ¢oVp for
some constant cg, and we have that (Dug) holds with this V for 8 = 1. By Theorem 15.2.5 of [15]

we then have a petite set Cy € BT (X), for which Vj is bounded on Cy, and for some rg > 1,

Yo, -1
E.[ > Vo(@u)rf| < avo(z),  weX.
k=0
Since Ry f < ¢gVp, we also have
Yo, -1 ]
B[ Y Rif(@)rb] < codVo(z),  weX
k=0

By the Markov property, the LHS is exactly E,. {ZZZOI ((ﬁk)rg_l}, which gives the desired bound.

ad

7 Exponential regularity and exponential ergodicity

The results of the previous section lead us to consider the following conditions, which describe
the existence of “strongly” regular sets for the resolvent and for the process. The final goal of
this paper is to show in rather more detail that, as suggested by the results above, these are
essentially equivalent to each other and to the drift conditions of the previous section. This gives a

full description of exponential ergodicity in terms of return times.

(7U€,n) Geometric regularity of the resolvent chain For some r > 1, and some petite set C' €

B(X), there exist b > 0 and a function V > 1 bounded on C' such that
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o

< bV (z), r e X

To
E. [Z rF =V ()
k=1

(R,) Exponential regularity of the process For some n > 0 and some closed petite set C' €

Bt (X), there exist constants 6,b > 0, and a function V, > 1 with V,; bounded on C, such that

Tc(9)
E. / V, (@,)¢™ ds| < bV ().
0

We will again show that these regularity conditions are equivalent. Recall that from Lemma 4.2
we have the identity UZ (z,V) = E, {EZil rk_l‘u/(qgk)}, so that when (R,) holds we have a solution
to (ﬁ), by Theorem 6.4. We will show that in fact the regularity conditions are equivalent to the
drift properties (D7)—(D) for petite sets. Perhaps the least intuitive part of this result is that (Ro)

or (7?1) actually suffices for the conditions with exponential or geometric weighting to hold.

Theorem 7.1 Suppose that @ is -irreducible, and let C be a closed petite set in BT (X). The

following are equivalent, for any function V > 1.
(a) The regularity condition (R4) holds for V =V ;
(b) The regularity condition (R.) holds for V.=V and some r > 1;
(¢) The regularity condition (Rg) holds for Vo =V ;
(d) The regularity condition (R,) holds for V,, =V and some n > 0;

(e) The drift condition (ﬁl) holds for a function Vi equivalent to V in the sense that for constants
0 < cp,c9 < 00,

Cl‘/ S Vl S CQ‘/. (54)
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Proor It is obvious that (b) = (a). In discrete time the fact that the “non-geometric” form (a)
implies the geometric form (b) is shown in [18], using the contraction properties of the V-norm as
first observed on countable spaces by [6].

For the discrete time resolvent we also have the equivalence (b) < (e) from Theorems 15.2.4
and 15.2.6 of [15].

The equivalence of (a) and (c) follows from the bounds obtained in Proposition 4.3 of [14],
provided C' is closed and petite.

Trivially (d) = (c), and if we can show (b) = (d) then we are done. Suppose then that (b)

holds for some r > 1. By Theorem 6.5 (a), for any §

v Tc oo Te(8) o
bV (z) > E, [Z rk_IV(¢k)] > e E, V V@) sds| . zex
k=1 0
and so (d) holds as required. O

We can now show that the existence of a single petite set satisfying the regularity or drift

criteria leads to regularity of the hitting times on all sets B € B¥(X).

Theorem 7.2 Suppose that any of the drift criteria (155)*(75) or the regularity criteria (7u€r)f
(R,) hold, and let V denote the function used in the assumed drift or regularity criterion. Then
& is V-exponentially reqular in the sense that for any B € Bt (X) and any § > 0, there exists

c=¢(B,d) < oo and n=n(B,s) > 0 such that
75(5)
E.| / V(@,)e™ ds| < eV ().
0
ProoF  If any of (Dg)~(D) or (R,)~(R,) hold, then (D;) holds with the function R;Vp, where

Vo is equivalent to the function used in the drift or regularity criterion. That is, for constants

0 < ep,cy <00,
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Cl‘/O S |4 S 62‘/0.

This is immediate from Theorem 5.1 and Theorem 7.1. Hence with V, :=~yVy+ R1Vp, v > 0, we

have for some A < 1 and a petite set C',

RV, vR\ Vo + 1B Vg
YRVo+ ARV + bl

[y + AV + blle

IANINA

We thus have that (D;) holds with the function V, whenever 0 < v < 1 — A.
Under (D;) with this function V, it follows from Theorem 15.3.3 of [15] that for any B € B (X)

there exists ¢ = ¢o(B) and r = r(B) such that
Ug(z, Vi) < coVi(z).
By Theorem 6.5 (a) it then follows that
E. l/OTB(é) Vo((ﬁt)e[r_l]t dt] < 7_1657"00‘/*(36).

Since by Theorem 6.2 (c) we have that Vi(z) < ¢;Vp(z), this implies the result. O
The equivalences given in Theorem 7.1 now yield new criteria for V-uniform ergodicity and

V-exponential regularity:

Theorem 7.3 For a -irreducible, aperiodic Markov process, if any of the equivalent conditions

(ﬁr)f(Rn) hold for some V, then the process @ is RV -uniformly ergodic.

Proor  This follows immediately on applying Theorem 7.1 to obtain (ﬁl), and combining this
with Theorem 5.2 (a). O
Theorem 7.3 has recently been applied in [4] to obtain exponential ergodicity for a class of

feedforward queueing networks.
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Finally we show that any function f which is sufficiently regular can be smoothed to give a

function f* for which the process is f*-uniformly ergodic.

Theorem 7.4 Suppose that @ is a P-irreducible, aperiodic Markov process, and that f > 1
satisfies(39) and (40) for a closed petite set C' € B(X) and constants 6, > 0, M < oo.

Then the process @ is f*-uniformly ergodic for some function f* equivalent to Ry f.

Proor

We will take f* to be the function Vj defined in (39), for some suitable < 1. From Theo-
rem 6.2 (c) we have that V{ is bounded below by a multiple of Ry f, and by definition Vj is less
than 14+ E; [;° € f(®;)dt <1+ Ry f. Hence f* is equivalent to Ry f as required.

By Theorem 6.2 (a) we see that Vj satisfies (Dr) for any 7' > 0 and so from Theorem 5.2 (b)
we have the required ergodicity. O

To conclude, we note that when considering f-exponentially regular processes, we have not
been able to establish f-geometric ergodicity without imposing additional assumptions on f. The
following counterexample shows that one must indeed “smooth” the function f in some way, for
example by considering fE = Rgf or f; = fOT P? fds as in Theorem 6.3, if one wants to infer
f-exponential ergodicity from f-exponential regularity.

Consider the Markov process @ on the unit circle X = S! in the complex plane, with deter-
ministic counterclockwise motion ¢4, = e2™t@_ up until the first time that = 1, at which time

a jump occurs with probability 1/2 so that
P(Pry € A Dr =1) =1/2[6:(A) + p(A)],

where p denotes Lebesgue measure on X, and 4y is the dirac measure concentrated on 1.



7 EXPONENTIAL REGULARITY AND EXPONENTIAL ERGODICITY 29
This process is p-irreducible and aperiodic, and the measure u is an invariant probability.
In fact, the state space S' is petite for this process, so that @ is uniformly ergodic.
Let {r,,n > 1} denote an ordering of the rational points on S!, and define V : S1 — [0, 00) as

Vie) = { 1 if z is irrational

n ifz=r,

We have that u(V) = 1, and moreover, using the petite set C' = S,

7c(8) §
Ex {/ r'V (@) dt} = / rldt < co.
0 0

This shows that the process satisfies (R,) with this V for any r > 1. However @ is clearly not

V-geometrically ergodic, since for any z, n,

sup  E[V(®)] > 27" sup V(™) = o0
n<t<n+1 0<¢<L1
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