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Abstract—This paper addresses model reduction for a
Markov chain on a large state space. A simulation-based
framework is introduced to perform state aggregation of the
Markov chain based on observations of a single sample path.

The Kullback-Leibler (K-L) divergence rate is employed as a
metric to measure the distance between two stationary Markov
chains. Model reduction with respect to this metric is cast as an
infinite-horizon average cost optimal control problem. In this
way an optimal policy corresponds to an optimal partition of
the state space with respect to the K-L divergence rate.

The optimal control problem is simplified in an approximate
dynamic programming (ADP) framework: First, a relaxation
of the policy space is performed, and based on this a pa-
rameterization of the set of optimal policies is introduced.
This makes possible a stochastic approximation approach to
compute the best policy within a given parameterized class.
The algorithm can be implemented using a single sample path
of the Markov chain. Convergence is established using the ODE
method. Examples illustrate the theoretical results, and show
remarkably low variance and fast convergence.

I. INTRODUCTION

many applications, the Markov chain is so large that it
can only be used for simulations from an given initial
condition [17]. Due to the high dimensionality of the state
space, it may not be even possible to store the eigenvector
let alone compute it. This motivates methods for model
reduction via simulation and learning, the topic of this grap

In fact, a simulation based algorithm obtained as a variént o
Oja’s algorithm was introduced in [18]. Although considten
the algorithm suffers from high variance.

The paper builds on earlier work reported in our recent
paper [19]. There, we propose the use of Kullback-Leibler
(K-L) divergence rate metric (see [20], [21]) for aggreggti
stationary Markov chains. A reduced order Markov model
is obtained as a solution of an optimization problem with
respect to this metric. Taking the bi-partition problem as a
example, the solution is shown to be given by sign-structure
of the second eigenvector consistent with the spectraryheo
of Markov models.

To confront the complexity issues, in this paper, we

Markov chain models are important to a number of appliformulate the model reduction problem as an infinite-harizo
cations in biology [1], computer science [2], economics [3pverage cost optimal control problem. The control objectiv

and building systems [4]. A fundamental problem for manys to obtain the partition function (policy) that minimizes
of the Markov models that arise in applications is the largéhe K-L metric (average cost). For small problems, model
dimension of the state space. For example, Markov modeileduction can be obtained by directly using the methods of
of agent movement in a large building may have millions oflynamic programming (DP). The key advantage of a DP
states [5]. Aggregation of states represent perhaps thé mbased formulation, however, is that a number of simulation-
straightforward approach to model reduction for Markowased approximation methods exist to approximate the opti-
chains. It can be justified using a singular perturbatiomal value function and learn an optimal partition [22].
framework (see [6]) fornearly completely decomposable Based on these methods, the model reduction problem is
Markov chains (NCDMC) [7], [8]. simplified in an approximate dynamic programming (ADP)
In recent years, spectral methods have become popufeamework. First, a relaxation of the policy space is per-
for state aggregation problems [9]-[12]. These methods haformed, and based on this a parameterization of the set
been applied in diverse settings: [9] considers analysis of optimal policies is introduced. This makes possible a
the nonlinear chaotic dynamics of Chua’s circuit modelstochastic approximation approach to compute the best pol-
[10] concerns molecular models, and [4] treats transpoity within a given parameterized class. The algorithm can
phenomena in buildings. In each of these applications, thee implemented online by simulating a single sample path.
sign structure of the second eigenvector is used to obtain tht each step in the iteration, the algorithm requires only a
partition information for defining super-states. The taghe small number of calculations even for large problems. Con-
is closely related to the notion ofut in spectral graph vergence properties are established using standard stacha
theory (see [13]) and decomposition algorithms are popwpproximation arguments (in particular, the ODE method),
lar in image segmentation [14], clustering [15] and grapland illustrated with the aid of examples.
partitioning [16]. The outline of this paper is as follows. In Section I
The problem with a spectral-based solution of the aggrend 1ll, the K-L metric and model reduction formulae
gation problem is that it requires eigenvectors of the Markofrom [19] are briefly reviewed. Section IV introduces the
chain, a difficult task for large dimensional problems. Irdynamic programming formulation of the K-L metric based
model reduction problem. In Section V, a simulation-based
algorithm for the DP is outlined along with a discussion of
its convergence properties. In Sections VI and VI, exasple
and conclusions are described, respectively.
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of lllinois at Urbana-Champaign, 1308 West Main Street, Weall
61801. Email:kundeng2@uiuc.edu, mehtapg@uiuc.edu,
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Il. METRIC Definition 2 (u-lifting of Q) Let ¢ be a partition function
on A and i be a probability measure oP(N). Let M
denote the range ap and Q be a Markov transition matrix
on M. Theny-lifting of @ under the partition functiow is
a Markov matrix on\ defined as

A. Preliminaries and notations

We consider a first-order homogeneous Markov ch¥in
defined on a finite dimensional state spAfe= {1,2,...,n}
(see [23] for terminology). The following notations are
adopted throughout the paper: The state value at time OV Hy o .
is denoted asX (¢), the initial condition X (0) is denoted Qi (9) = D kew(j) Pk Qoo HI €N (2)
aszy € N, and the sequencéX (1), X(2),...,X(1)} is
denoted ast! € A, whereN! £ N x---x N is then-fold ~ Where)(j) = ¢~' o ¢(j) C N denotes the set of states
Cartesian productP(N) denotes the space of probability belonging to the same group as t}i€ state.
distribution on A and vy € P(N) is used to denote the
initial distribution of z;y. The transition probability between ~ The definition of the K-L divergence rate is extended to
states is described byrax n stochastic matrix° Whoseijth two chains ondifferent state spacessing the lifted chain:
entry is given by

P, =ProbX(t+1)=j| X(t)=1i), i,jeN. Definition 3 Let (7, P) denote a stationary Markov chain
on A and (w, Q) a Markov chain onM. Then

Assumption 1 All Markov chains considered in this paper A _ .
are ergodicchains, i.e. they are irreducible and aperiodic. RO(P| Q)= i R(P || Q" (¢)), 3)

Under Assumptions 1, a Markov chain is further said to A . -
be stationaryif it has a uniquestationary distributionr such ~Where@'*(¢) denotes the:-lifting of @ under the partition
that function ¢.

- P; .. . .
=T The minimum of (3) can be obtained by takipg= ,
where r; > 0 for all i € N. We use the tuplgw, P) the stationary distribution of:
to denote a stationary Markov chaiR with a stationary

distribution . Theorem 1 (Theorem 1 in [19]) Suppose thatr, P) is a

B. K-L divergence rate for Markov chains o stationary Markov chain onV, ¢ is a partition function
with range M with m < n, and (w, Q) is a stationary
Markov chain onM. Then, there is a unique matrig(*")

that achieves the minimum {{8). The optimizen* can be
taken as the stationary distribution ét:

P
R(P || Q) = Z m;i Pijlog (Q,J) ’ @) 7 € argmin R(P || Q(#) (9)).
i,jEN & HEP(N)

To ensureR(P || Q) is finite, we requireP to beabsolutely
continuousw.r.t. @, i.e.Q;; = 0= P;; =0.

For two stationary Markov chaingw, P) and (w, Q)
defined on the same state spddethe K-L divergence rate
is given by following formula (see [21]):

Proof: See [19]. [ ]

C. K-L divergence rate for Markov chains on different state lIl. OPTIMIZATION PROBLEM
spaces

For model reduction, it is of interest to compare twoA. Problem statement
Markov chainsP and @ defined on\ and M respectively.
The relationship betweerV’ and M is described by a
partition function¢.

Let (w, P) be a given stationary Markov chain @i. The
m-partition problem is to find the partition functiony :
N — M and the optimal aggregated Markov chaim, Q)

- o _ such thatR(®) (P || Q) is minimized:
Definition 1 (partition function) Let N' = {1,2,...,n}

and M = {1,2,...,m} be two finite dimensional state min R@O(P | Q)

spaces withm < n. A partition functiong : N' — M is ¢.Q (4)
a surjective function frordV" onto M. For k € M, ¢~ (k) St Dem@u=1, keM

denotes th&™ group in . Qr 20, kleM

Since we already have a formula for comparing twovhereR@) (P || Q) = R(P || Q'™ (4)) and constraints arise
Markov chains on the same state space (see (1)), the stratély\e to stochastic property of the Markov transition matrix.
is to use the partition function to lift the Markov chainQ The optimization problem (4) is mixed-integer nonlinear
to the original state spac#/’. The lifted Markov chain is program In general, it is intractable for Markov chains with
denoted as). large state space.



B. Optimal solution of) For a stationary Markov chaifir, P), the average cost
It turns out that the main difficulty in solving (4) is A(%o; @) is well defined for any partition function < @
in finding the optimal partition functions. The following @nd does not depend on the initial statg It is given by,
) . " A
theor.em shows thgt for a fixed (say an optimal) part|.t|on Ao) & Z 7i9:(8). )
function, the solution of@) that solves (4) can be easily by

obtained. _ _ i
Substituting (7) into (8), we find that the average cbé&b)
is just the K-L metric with the partition function (see (1)
and (3)).
The optimization problem (6) now is,

¢* € argmin A\(¢),

Theorem 2 (Theorem 3 in [19]) Let (x,P) be a given
Markov chain onV. For a given partition functior : N/ +—
M, the optimal solution of) is given by

9
Zieaﬁ—l(k) Zje¢—1(l) ;i Py ©)

Q:'l(qs) = Z - ) kal eM (5) o
icp=1 (k) T where optimal partition functiow* is the one that achieves
where the stationary distribution @* is given by the minimum, and\* £ A(¢*) denotes theptimal average
cost
wi(¢)= >, m, keM. _ .
ico—1(k) B. Dynamic programming
Proof: See [19]. - We recast the model reduction problem (6) as an optimal

control problem: The control objective is to obtain a sta-
tionary policy, the partition functionp*, that achieves the
minimal average cost (see (9)).

Using Theorem 2, we simplify thex-partition problem to
only finding theoptimal partition functiong* such that,

¢ € arg minR(¢>(P | Q*(¢)), (6) For any statei ¢ A and policyy € ®, we define the
o N=M differential cost functiorh;(¢) as,
whereQ*(¢) is the optimal aggregated Markov chain (5). We T—1
refer to R(®) (P || Q*(¢)) as theK-L metricfor the partition hi() =E | D (gx0)(8) — A(9)) | X(0) =i,
function ¢. t=0

C. Algorithms for finding the optimal partition function

where\(¢)) is givenin (8), and’ = min{t > 0 | X (¢) = s}
is the first future time thateference state is visited. With

In [19], we consider the bi-partitionst = 2) problem for  thjs gefinition, we always havi, (¢) = 0. Since(r, P) is a
(4). After relaxing the integer constraints on the panitio sationary Markov chain, the reference statean be taken
function, the optimization problem is shown to lead t0 &g any fixed state in/. The differential cost functior,(¢)
spectral partition with respect to the second eigenvector Raptures the relative difference of starting the procestxite
a certain symmetric matrix related tB. A recursive bi- ; rather than in the reference statet follows that the vector
partition algorithm is also described to solve the muIti7L(¢) A [h1(8), ha(®), ..., hn(#)] is the unique solution to

partition problem in a sub-optimal way. the following Poisson equation (see e.g. [23]),
9(¢) = Md)e + (I — P)h,

wheree 2 [1,1,...,1], andI denotes the identity matrix.

For the optimization problem (9), although there may exist
several optimal polices, there only exists a unique vektor
such that, for all optimal polices*, we haveh(¢*) = h*.

We refer toh* as theoptimal differential cost vectorThe
theory of dynamic programming asserts that the optimal
differential cost vectorh* is the unique solution to the

IV. A DYNAMIC PROGRAMMING FORMULATION (10)
Consider a stationary Markov chajn, P) defined on a fi-

nite state spacd’ with n =| N/ |. Let® = {¢1, ¢2,..., 01}

denote the collection of all possible partition functiors- d

fined onN. For am-partition problem,L = m™.

A. K-L metric as an average cost
At state: € A/, we define theone-step cosas,

JEN

P following Bellman equation,
=y 5
- ! hi =min < gi(¢) = N+ Y Pihj o, i€ N\{s}
where¢ € ®, Q™ () denotes ther-lifting of Q*(¢) (see ¢ed

(2)), andQ*(¢) is the optimal aggregated Markov chain (5)
for (m, P) with the partition functiony.
The average costs defined as,

andhs = 0, whereX\* = A\(¢*) is the optimal average cost.
The optimal differential cost vector as well as the optimal
policies can be obtained using standard dynamic program-
ming methods, i.e., value or policy iteration algorithmg][2
For a stationary Markov chain, these algorithms are guaran-
teed to converge to an optimum. However, a direct imple-
mentation of these algorithms is impractical because of the

=
Ao @) = Tlggo TE lz gx(t)(cb)] ;
=0

whereX (t) € N denotes the state at timevith X (0) = =o.



curse of dimensionality [24]. The curse here arises not ong. Parametric representation for the bi-partition problem
due to the large size of the state spac# but also the even

. . ) Let M = {1, 2} denote the reduced aggregated state space
larger sizeL of the partition function spacé. {1,2} gareq P

with two superstates. For the bi-partition problem, a parti
V. AGGREGATION VIA LEARNING function ¢ : N' — M can take only two values] and

. . A
. . .2 for any statei. We consider the parameter vectpr=
There are two separate complexity related issues. The first Y ! P

issue is the large numbérof partition functions. The second ; >’/ > On] G.R , Where?; Qemdes the group ?sagnment
: . ) . for the statei € N. In particular, we use——~~ to
issue is the large size of the state space. To confront theflrstreﬂect the probability tha(i) — 1 whereAll+>6X8(is é)ome
issue, a parametric representation is described to refirese” .’ P y thaple) =1, . L i
ositive constant. This gives a randomized partition golic

partition functions in terms of a small number of parameter?
For the second issue, a simulation-based method is dedcribe 1 exp(M6;)

based on a single sample path of the Markov chain. el 0) = T ety 0L T TR exp(M0;) Lot=2,
- , " , (14)
A. Parameterizations of randomized partition policy wherell,;)_; is 1if ¢(i) = 1 and0 otherwise, and similarly

A randomized partition policy is defined as a mapping, for 1,:;)—s.
I In the remainder of this paper, we will consider only the
n:N = [0,1]%, bi-partition problem with representatiop, (i, 0) in (14). The

where component, (i) is the probability that the partition general case_is similgrly hqndled but thg pi—partition case
function ¢ is assigned to state We havey", (i) = 1 for allows for a simpler discussion of the main ideas.
all s € N. The partition policy is said to be deterministic if
for every state, there is a single partition functiop” such Lemma 3 Assume we choose the parametric representation
that 74 (i) = 1. If the function () is the same for ali  as in (14). Then, for any € N, the function)(#) defined
then the policyn yields a partition of the spac#’. in (12) is bounded from below (i.e\(#) > 0), twice
The problem is thatL is very large, i.e.,L = m" differentiable w.r.t.4, and has bounded first and second
for the m-partition problem. So, following the consid- derivatives for allf € R™.
erations of [25], we introduce a parameter vector= _ _ _
01,05, ...,0K] € RE where K is of moderate size. The Proof: For each state N, gi(¢) = 0 by its definition
remainder of the discussion of this subsection followsalps (7): @i (i, 0) is a positive globally Lipschitz"> function
after Section VI in [25]. with respect tof. _ -
For 6 € R¥, we associate a randomized partition policy BY Lemma 3, we I_<now that the graglent af6) with
1(i,0) Wherez¢ ns(i,0) = 1. For everyi ¢ N’ andd ¢  respect tod is well defined (we denot® = V, for short),
K . ;
R*, the expected cost per stage is defined as, VAD) = Z 7 Vg:(0),

9:(0) =Y (i 0)g:(9). (11) ieN

b€ where

Then the average cost is defined as, Vgi(0) = Z Ve (i, 0)g:(¢). (15)
1 T—1 ped
A9) = lim —E [ gx(t) (9)] : C. An idealized gradient-descent algorithm
) ) =0 Since the gradient of(¢) can be exactly computed, we

For a stationary Markov chaiP, 7), we have, could use the gradient-based method to solve the uncon-

. o strained optimization problem (13) in the whole real space

AO) = Xi:mgz(ﬂ)- (12) R™. An idealized gradient-decent algorithm is given here to

o update the parametér
Then the optimization problem can be expressed as,

(t+1) _ g(t) _ ()
§* € argmin A(6), (13) G =67 =M VAT (16)
feRr® Using Lemma 3, we know théVA(6) is a bounded
and 6* defines an optimal randomized poliay,(,0*). globally Lipschitz function orR™. Under suitable conditions
Furthermore, ify4 is deterministic and independentothen  on the stepsizey, one can show thdim,_, VAOM) =0
a partition function can be uniquely obtained fropp and#®) converges to a finite value (see [24, Prop. 4.3.2)).

In practice, the policy is independent ofbecause the  However, each iteration of the idealized gradient-descent
Markov chainP does not depend upon the partition functioralgorithm involves a burdening computation of the averaged
¢. A numerical solution will in general, however, only leadgradient termVA(#(*)) based on each gradieftg;(6")
to a partition function with high probability determined byover the entire state space (see Fig. 1). Significant compute
14(0). This is discussed in a greater detail in Section VI witlresources must be allocated in order to store a large number
the aid of numerical examples. of iteration values and compute this averaged gradient.



0 — Lemma 4 Suppose that the Markov chaixr, P) satisfies

el (t4+1) Assumption 1 and X (t)}3, is a sample path from the
4 simulation of(w, P). Then we have
Jim E [gx 1) (0)] = A(0), (19)
tlggc E [Vgx(t)(g)] = VA(9), (20)

where gx ;) (0) is computed by (11) and() is given in
Fig. 1. Idealized gradient-descent algorithm: The pararaeiez updated (12),

using the gradient of the average cost evaluated on thesesttite space. . . . .
gtheg g P The convergence of the simulation-based algorithm is

® established using an ODE method. The ODE is obtained by
0 @ first considering the difference equation obtained on @kin
o 9(‘+1) asymptotical expectations on both sides of (17) and (18),

B 9(t+1) _ Q(t) - ,th)\(g(t))’ (21)
O N L 5 i
D D — {3 Jr,yt()\(g(t)) _ )\(t))‘ (22)

Fig. 2. Simulation-based gradient-descent algorithm: Thramaters are i i i ;
updated using the gradient of the one-step cost only ewauan the The ODE is then the differential equation analoQ’

currently visited state. 5
y et - —V)\(Ht),

D. A simulation-based gradient-descent algorithm Av=A0:) = v (23)

A simulation-based (stochastic-approximation) gradienBY construction(6;) > 0 is bounded from below (see (12)).
descent algorithm is obtained by dropping the averaginy iS also a non-increasing function becausefd;) =

operation in the idealized gradient algorithm (16). In tais —|IVA(6:)[|* < 0. Thus A(6;) must converge to some non-
gorithm, the true/averaging gradieWt\(¢) is approximated negative limit andvA(6;) must converge to zero ds— oo.
by the one-step cost gradieWyx ;) (¢) (see Fig. 2). Using (23), we conclude that; must also converge to the

Let {X(t)}22, be a single sample path generated frongame limit as\(6;). _ _
the simulation of a stationary Markov chain, P). Thenthe =~ The analogous statements for the stochastic approxima-

simulation-based gradient-descent algorithm for updatie  tion recursion are contained in the following proposition.
parameter vectof is given as, The proof follows from Stability of the ODE and standard

arguments (see e.g. Theorem 2 of Chapter 6 of [26]).
00D =01 = 3 Vg (0). (17)
where the valugd® is assumed to be available from theProposition 1 Let Assumption 2 hold, and assume that the
previous iteration, an& g () is computed using (15) for Parameter vector sequen¢é(”'} and average cost sequence
any X (t) € A'. In addition, another stochastic approximationiA”’} are updated ac(%)rdmg to (17) and (18) respectively.
algorithm for updating the average cost is run in parallel, Then, the sequence¢'”’) converges almost surely and,

AEFD = X 4 (gx (1) (07) = A1) (18) VA(O"W) £ 0, ast — oo
whereX\(*) is the estimated average cost and paramgfer Moreover\(® also converges almost surely to the same limit,
comes from (17). N () @S (t)
) . - AW =5 X(0Y), ast .
It is assumed throughout that the stepsizesatisfies the (6*) o
standard stochastic approximation conditions: V1. SIMULATIONS AND DISCUSSION

Assumption 2 The stepsize valugs; } are nonnegative and A. d-state Markov chain

satisfy, Consider a stationary-state Markov chain with transition
< >, matrix,
=00, Y A <oo. 0.5 0.4 0.0 0.1
t=1 t=1 04 0.5 0.1 0.0

P = )
In the simulations described in this paper,= % is chosen 0.0 01 05 04
to satisfy the above assumption. 0.1 0.0 04 05
Under the assumption that the chain is irreducible angihose stationary distribution = [0.25,0.25, 0.25, 0.25].
aperiodic, it follows thayx ;) () andVgx ;) (0) are asymp-  The optimal bi-partition function for this Markov chain is
totically unbiased estimates faff) andVA(6) respectively:  y — [1,1,2,2], i.e. the state[1,2} are aggregated into one
group and the statds, 4} are aggregated into another group.



The optimal aggregated Markov chain can be computed 100

according to (5), % 0.0

0.04

. [09 01 ”

Q B |:01 09:| ' * 0.03

whose stationary distributiotr™ = [0.5,0.5]. - 50 0025

1) Dynamic programmingSince the state space is rela- w0 002

tively small, the dimension of bi-partition function spaise E 0015

2%, The optimal partition functioy* can be obtained using 20 ﬁ# oot

standard dynamic programming methods [22]. The optimal 10 5 =, 0.005
average cosh* is equal t00.0749. L -

2) Idealized gradient algorithmFor this small-scale ex-

ample, we can efficiently comput& \(d) for any given _ y ,
Fig. 5. The graph of transition matrik for the 100-state nearly complete

6. We can thus 'implemeﬁt the iQeaIized g.radier?t algorithmecomposable Markov chain (see [16], [19]). The optimal btifian of
(16). The evolution of this algorithm, starting with®) =  the state space is indicted by two bold lines: Stdtes60 are aggregated
[1,1,1,1], is shown in Fig. 3. After100 iterations, pa- 2as the first group and staté3 — 100 are aggregated as the second group.

rameter vectof(1°%) = [—6.3411, —6.3464, 6.3575, 6.3580],

and the probabilities of states being in the first group 0.15
are ng—1,1,1,1(-,011°?) = [0.9982,0.9983,0.0017, 0.0017].
Thus, we obtain the optimal partition function a8 = _ 01 S ————
[1, 1,2, 2] with high probability. The corresponding estimated g
average cost is given by(1%9) = 0.0757, which is very close g 005
to the optimal value. g -
3) Simulation based algorithmWe consider a single E 0
sample path of the Markov process simulated according &
to the transition matrixP. The updating algorithms (17) —0.05
and (18) are implemented at every time step along the e —
sample path. We start with the same initial parameter vector %1170 20 30 40 50 60 70 80 90 100

6 = [1,1,1,1]. The evolution of parameters and the i

ayeragg cost are glve. in Fig. 4. Afté00 iterations, the Fig. 6. A plot of the second eigenvector of th@0 x 100 transition matrix
simulation-based algorithm has comparable performance 9
the idealized gradient algorithm aftéd0 iterations. The pa-
rameter vectof(*°?) = [—5.6893, —5.5390, 5.7600, 5.6252], o . S
and the probabilities of states being in the first groupninimum of the K-L metric for the bi-partition problem (6)
are ng—1.1.1.1)(- 0°%) = [0.9966,0.9961,0.0031,0.0036]. ~ (see [19] for more details). _ _

From this, the optimal partition functiop* = [1,1,2,2] For the simulation-based qlgorlthm, a'smgle sample pgth
can be determined with high probability. The correspondingf Markov process was obtained according to the transition
estimated average cost is equalé®® = 0.0766, which is Matrix P. 6 is now a 100-dimensional parameter vector

a little larger than the optimal value. initialized ase((’)_ =[0,0,...,0]. Attime t, the vectord®) is
updated according to (17) and the estimated average\tost
B. 100-state Markov chain is updated according to (18). Even though, the state space is

We consider a 100-state Markov chain borrowed large, the update at timeonly requires the evaluation of
from [16]. Fig. 5 illustrates the transition probabilitiésr

this chain. The cold colors indicate weak interactions (sma Z Py, log APX(t)j

transition probability), and warm colors indicate stromg i JeN Qg?()t)j(@

teractions (large transition probability) between stafdse . ) . )
color plot suggests that this Markov chain is nearly comi—Or entries withPx ,); > 0, where X (¢) is the state at time

pletely decomposable with five blocks. , , 1 . .
In [19], it is shown that a certain relaxation of the bi- Fi9-7 (@) dep'CtSHexp(Mggt)) as a function of fori € V.

partition problem (6) gives a solution according to the signlt reflects the probability that" state is assigned to thit
structure of the second eigenvector, depicted in Fig. 6. Thggroup (see Section V-B). For large each state is assigned
optimal bi-partition of the state space is: States- 60  with high probability to one of the two groups. The resulting
are aggregated as the first group and stétes- 100 are two-group assignments at time= 5000 are obtained with
aggregated as the second group. The spectral bi-partgionhigh probability and depicted in Fig. 7 (c): The first group
shown in Fig. 5. The corresponding K-L metric (averages formed by state$ — 10 (first block), 31 — 60 (third block)
cost) is given byX*, .., = 0.1321. The subscriptglobal”  and81 —100 (fifth block), while the second group is formed

loba
refers to the fact tﬁat the spectral bi-partition gives tlodogl by statesl1 — 30 (second block) ané1 — 80 (fourth block).
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Fig. 7. Plots of (a)4 (-, 0®), (b) A(*) and (c) the bi-partition obtained usii§>°°%) for the 100-state Markov chain with the simulation-based algorithm.

The partition found using the simulation-based algoritlsm iin Fig. 5, one can find multiple partitions by recursively
not the global optimum for the bi-partition problem (compar applying the bi-partition algorithm.

Fig. 5 with Fig. 7 (c)). The algorithm converges to a local
minimum. In Fig. 7 (b), we depict the plots of estimated
average cost*), the average cost; ., = 0.1416 computed _ _ _ :
for the local optimal partition shown in Fig. 7 (c), and the In this paper, we proposed a smulguon-basgd algorithm
average cosh’, ., for the global optimal partition shown to aggregate a large-scale Markov chain tq obtain a re<_juced—
in Fig. 5. : order Markov model. Three are three main concepts in the

paper: 1) the use of K-L metric to compare Markov chains

The local optimal convergence issue is due to the norier model reduction purpose; 2) the dynamic programming
convexity of the average cost(d) with respect to the formulation of the model reduction problem; 3) its solugon
parameter. In general, one finds only the local minimumusing a simulation-based (stochastic-approximation)p-alg

with a gradient-descent scheme [24]. For the Markov chairithm. The proposed framework requires only a sample path

VIl. CONCLUSIONS



of the Markov process and has small computation burdgpe] V. S. Borkar, Stochastic Approximation: A Dynamical Systems View-
even for very Iarge problems. point  Delhi, India and Cambridge, UK: Hindustan Book Agency
and Cambridge University Press (jointly), 2008.
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