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ABSTRACT L = log(dr!/dn"). Given a thresholdc € R, the log-

The support vector machine (SVM) has emerged as one of!ikelihood ratio test_ (LRT) declarefl; to be true if and only
the most popular approaches to classification and supervife (%) > ¢. Thatis,Z; = {z € Z: L(z) > ¢}, and hence
learning. It is a flexible approach for solving the problemg(z) - H{L(Z)_ > c}. ) o .
posed in these areas, but the approach is not easily adapted N alternative approach that is becoming increasingly popu
noisy data in which absolute discrimination is not possitile 27 instead insists on perfect discrimination: Supposettiere

address this issue in this paper by returning to the sizisti €XIStS @ SeZ; suchZ € Z, underH,, andZ € Zj otherwise.
setting. The main contribution is the introduction oftatis- 10 construct an effective test it is assumed that a family of
tical support vector machine (SSVM) that captures all of the functionsF is given, and a test is sought among the class of

desirable features of the SVM, along with desirable stagst Indicatorse(z) = I{f(z) > c}, wherec is a scalar threshold.
features of the classical likelihood ratio test. In patacuwe N [1] the following optimization problem is posed to consir
establish the following: a test which is optimal over this class:

(i) The SSVM can be designed so that it forms a continuous A* = max inf (f(z1) — f(20))
function of the data, yet also approximates the potentially JeF 21,20
discontinuous log likelihood ratio test. where the infimum is over all training datg;} observed

(i) Extension to universal detection is developed, in whicunder H;, and {z,} observed unde#,. If A* > 0, then a
only one hypothesis is labeled (a semi-supervised learningaximizer f* will yield a test that discriminates perfectly. It
problem). is hoped that the discrimination is robust in the sense that

(i) The SSVM generalizes the robust hypothesis testing* > 0. In this case we can conclude that for some R,
problem based on a moment class. . .

Motivation for the approach and analysis are each basedf (Z) > cunderHy, and f*(Z) < cunderHo. (1)

on ideas from information theory. A detailed performancehis process is known as the support vector machine, or SVM.

analysis is provided in the special case of i.i.d. obseowsti Tests of this form may be found in the earlier independent
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Any opinions, findings, and conclusions or recommendatiers tion problem to choosg™ is modified (e.g., via a penalty-

pressed in this material are those of the authors and do nessarily function — see [4], [1], [5], [6]).

reflect the views of the NSF, UTRC, Motorola, or DARPA. The motivation for the criterion (1) can be found in the
LRT. Suppose that the modeling assumptions of the SVM hold,
|. INTRODUCTION so that perfect discrimination is possible. Take any pair of

Consider the binary hypothesis testing problem in whichR{obability distributionst' and® that are mutually singular,
single observatior is drawn from some observation spac@nd crudely model the data by assuming tat- 7* under
Z. The two hypotheses are labeldd, and H;. Here and H;. Then, the criterion (1) is satisfied optimally using the log
in virtually all of the literature we restrict to tests thatea likelihood ratio:
determined by a decision regiafy C Z such thatH; is .
declared to be true if and only # € Z,. Equivalently, the test L(2) = +oc underH,, and  L(Z)
is expressed as the binary valgZ), where¢ is the indicator In this way the SVM framework can be embedded in a
function onZ;. statistical framework.

In the Bayesian setting it is assumed tiahas distribution ~ However, this embedding obscures the true value of the
' under H, and 7° otherwise. The log-likelihood ratio is SVM framework. In typical settings where SVMs are applied,
defined by the logarithm of the Radon-Nykodim derivativeahe data is of very high dimension, and the construction of a

= —oo underHy. (2)



prior based on training data may be infeasible. Consider fgii) Performance of the detector is addressed using a bound

example the problem of distinguishing handwritten numberson divergence (i.e. relative entropy) called tmesmatched

— By restricting to two numbers, saiyand8, this is a binary  divergence. The mismatched divergence shares many prop-

hypothesis testing problem. It is not unreasonable to atfyate  erties with ordinary divergence.

perfect discrimination is possible: Contained in any ins&a (iii) A universal detector is introduced, based on the mis-

of the number8 is a ‘cross’ near the center, which is very matched divergence, that can be designed to form a con-

unlikely to appear in the writtei. It is not obvious how to  tinuous function of the observations. It achieves the same

construct a useful prior distribution on each digit. On thieeo ~ asymptotic performance as the detector in (i) wiens a

hand, the SVM framework is appealing conceptually and alinear class, without knowlege of'.

numerically convenient alternative that yields an effectest  Expressions for the asymptotic mean and variance are ob-

for this particular application and many others. tained that mirror those known for the standard Bayesian
Moreover, the flexibility in choice of the function class setting [8], [9].

has tremendous value. Through choiceFfprior information  (iv) When F is taken to be the logarithmic clas$;, =

can be encoded. For example, if the numiBeiis rotated  {log(>_ 1) : v € R?} with ¢, = 1, then the universal de-

slightly then it remains a®B. If the function f* is continuous, tector in (iii) coincides with one of the min-max algorithms

then it will be robust to this and similar deformations. introduced in [10], [11]. The bound in (ii) coincides with
One goal of this paper is to create a more cohesive bridgéhe “worst-case divergence subject to moment constraints”

between SVM and statistical classification. Within the re- obtained in this prior work.

stricted setting of binary classification, we obtain a tésitt  hile the original SVM framework is not based on statis-
defines a separating hyperplane in the space of probabiligs, there is a considerable body of work on the statistical
measures, as in the classical Bayesian setting. Howeer, #nalysis of the SVM and its refinements. The survey [12] pro-
function f that defines the hyperplane can be taken to Rgjes a full statistical analysis of SVM techniques, and/eys
continuous even when the log-likelihood ratio is discomtins, = several refinements. See also the more recent monograph [6].
or extended valued. In the general statistical supportoveciych of this prior work is restricted to an i.i.d. setting as i
machine (SSVM) framework we have a family of functions this paper.

from Z to R, and we search for a functiofi* € 7 that  The mismatched divergence developed in this paper was
separates ‘optimallyt® and'. The formulation of optimality first introduced in [7]. Other generalizations of divergenc
will depend upon the context, and is based on standaftht include mismatched divergence are introduced in [13].
formulations from statistical hypothesis testing. Thrbogt csjszar's f-divergence is also similar in spirit to the mis-
much of the paper we restrict to a linear function clasgyaiched divergence developed here [14].

We assume that real-valued functiofs,, ..., va} are given,  the sSVM introduced in this paper is as flexible as the
define f, = Y riy for r € RY, and 7 = {f, : r € R’} gypm approach, or any of its refinements. Its value lies
We usTew to denote the column vect@r),, ..., 14)", S0 that in jis natural performance analysis via information théiore

fr =17 methods, which leads to the exact asymptotic bias and waian

The SSVM detector is developed in a sequential hypothegisits obtained in Sec. Il
testing framework, in which the observations are obtained
as an infinite sequenc& = (Z1,2,...) evolving in Z. Il. SEQUENTIAL HYPOTHESIS TESTING
A sequence of tests is defined by a sequence of functions . .
¢n: Z" — {0,1}, assumed to be of the form, for someA. Notation and essentials

function f: Z — R, and some scalat, We letZ denote a subset of Euclidean space, andPlgt)
& denote the space of (Borel) probability distributionsAr-or
On( 21y Zn) = }I{— Zf(Zt) > c}. (3) a measurable functiofi: Z — R and7 € P(Z) we denote
"= the mean| f(z)n(dz) by w(f), or by (=, f) when we wish

The problem is to choose the functighto obtain the most © el_”nph_asizeothel convex-analytic setting. For two profsgbil
effective test. The SSVM shares many desirable features dftributionsy”, u* € P(Z) the divergence is expressed,
the usual SVM. In particular, the test can be constructed so 1,0y /.1 1,70

that it forms a continuous function of the data, which ensure D) = (" log(dpe” fdpi7)) )

that it is robust to small perturbations of the data. In addit The divergence set is defined byQ. () = {u € P(Z) :
robustness to noise is built into the construction of anrogli D(p||7) < o}, for € P(Z) anda > 0.

test. _ _ _ ~ Suppose thaZ is a sequence taking valuesanThroughout
In the sequential hypothesis testing problem with i.i.ghe paper it is assumed that is i.i.d., and we consider an
observations we obtain finer results: asymptotic setting for performance evaluation. This piesi

(i) Optimization of the detector (3) over a linear functiora convenient setting for analysis. However, the decisigo-al
class was considered previously in [7]. The optimal test isthms and computational algorithms obtained in this paper
obtained by solving a finite-dimensional convex program.effective under much more general conditions.



The empirical distributiondT™ : n > 1} are elements of Several characterizations ¢f* are contained in Prop. 2.2.

P(Z) defined by To analyze the resulting test, and to obtain a smoothed
1 universal test, we introduce next a relaxation of divergenc
"(4) = n ZH{Zk €4}, Ae€B(Z) B. Mismatched divergence

k=1 i
. Relative entropy can be expressed as the convex dual of the
where we adopt the convention thatA) represents the mea-log moment generating function as follows

sure of setd underyu. In the binary hypothesis testing problem
it is assumed thal™ approximatest® or 7!, depending D(ullm) = sup(u(f) — Ax(f))

on which of the two hypotheses is true. In the CIaSSiCWhereA,r(f) _ 1Og(7r(ef)), and the supremum is over all
setting in which these observations are i.i.d., the LLR te§laqsurable functiong: Z' — R satisfying A,(f) < oo.

is optimal for anyn, With, respect to Bayesian_or Neymanpgased on a given function class, made up of a collection

Pearson criteria [15]. This can be expressed in terms of e q,ctions f satisfying this requirement, we restrict the

empirical distributions as follows, witHc,} a sequence of supremum to this class to obtain thesmatched divergence,
thresholds: '

PF(Z7) = I{(T", L) > ¢n} (5) D™ (pf|w) = ;telg(u(f) —A-(f)) (11)

WhenZ is finite there is also the universal test in whigh ¢ js called the mismatched divergence since the framework
need not be specified. At time based on the observations, js parallel to the mismatched decoder of [21]. We denote
this is expressed using a threshald Q"M (1) = {p € P(Z) : D™ (u||7) < al.

PN (Z7) = I{T™ & Qs, (7°)} (6) In one application considered in further detail below, we

obtain a universal test as the relaxation of (6):
See [16], [17], [11].

The asymptotic performance criteria are the two error rates MM (Z7) = I & QY (n°)} (12)
defined for a test sequenge= {¢1, ¢, ...} via, Prop. 3.1 establishes that this test achiefps "*(n), and
1 satisfies the constraint! > n, whené,, = n. However, the
0._1; : _ = 0 _ > = m, n n ’
o hﬁfgf n log(m{n(Z1, Zn) = 1}), (7) bias result in Prop. 3.2 suggests that a time-varying sexguen

- 1 ill have better performance for a finite time horizon.

1._ 1 _ Wi p

=1 f——1 (21, Zn) = . 8 . . . ;

& prat og(m {@n (21, Zn) = 0}) ®) In the remainder of this section we consider two general
The asymptotic Neyman-Pearson (N-P) criterion of Hoeffdunction classes. We first show that, for a particular choice
ing [18] is described as follows: For a given constant bourif 7, this relaxation of divergence captures the solution to a

n > 0 on the false-alarm exponent, an optimal test is tH@bust hypothesis testing problem.
solution to, 1) Robust hypothesis testing: We say thatF is a loga-

rithmic class if it is expressedF = {f. = log(>_ri;) :

r € R and f,: Z — R}. The following result follows from

where the supremum is over all test sequenpesee also Theorem 2 of [10].

Csiszar et. al. [19], [20].) Proposition 2.1: Suppose thaZ is compact, the functions
The universal test (6) with {v;} are continuous, that); = 1, and suppose thafF

B*(n) = sup{Jqlb : subject to Jg >n}, 9)

0, = n is optimal for the ‘«" QMM, . P@) is a logarithmic class based on these functions. Then the
finite alphabet model. It was |._ " mismatched divergence can be expressed,

shown in [18] that the sim- 7 / DM (H||7TO) = inf D(u||7)

pler LRT (5) is also optimal e TeP

for some threshold: inde-
pendent ofn, chosen so that

H where P denotes the “moment clas® = {r : n(¢) =
7%(1)}. Consequently, the decision region for the universal

9,(x%) |
the hyperplanett = {u : : test (12), withs,, = 1 for eachn, corresponds to the robust
</,L,L> = C} Separates the Fig. 1.  Geometric solution to the decision region introduced in [10]
two divergence set® (71.0) Neyman Pearson problem. )
and Q. () ('), as shown in Q' () = Qn(B) = {u: Inf D(ullm) < n}.

Fig. 1. 2) Linear class. Here and throughout the remainder of the
The SSVM is defined as a relaxation of the Neyman Pearspaper we restrict to the special case in whighis a finite

formulation of hypothesis testing. Given a function classlimensional linear class. In this case the “mismatchedrerro

denoted.F, the optimization problem (9) is solved over allexponent’s"*(n) can be expressed as the solution to a finite

tests in the clas®, where® is the collection of tests of the dimensional convex program.

form ¢(Z7) = I{(I'", f) > ¢}, with ¢ € R, and with f € F. We assume thafty; : 1 < i < d} are measurable functions,

The value of this optimization problem is denoted, and denote

B™*(n) :=sup{.J} : subjectto J) >n,¢ € ®}. (10) F={fr=>) ripi:r €RY} (13)



The following non-degeneracy conditions are imposed: Proposition 3.1: Forn € (0, D" (7! ||7?)), with 3"™*(n) <

(A1) For any non-zera € R¢, oo, the universal detectop”™"™ is optimal in the sense that
it achieves the error rate"*(n).
Yov =0= v #0 (14) We consider next the asymptotic bias and variance of the
% =t (Yy") — 7 () () i—=0.1. B. Asymptotic bias and variance

By construction, the asymptotic mean of the universal test
statistic is zero undef:
lim U(I'") = lim E[U(T™)] = 0.
where the first limit holds with probability one. The varibiyi
of U(I'™) is most naturally addressed through its asymptotic
variance and bias whe#& has marginal distributiom®. We
have computed these values in the special case in which the
f>c ae [7'] and f<c ae. [7°] alphabet is finite.
Then 0andf=0 Proposition 3.2: SupposeZ is drawn i.i.d. from a finite set
Cc = = U. . . .
o ) Z with marginal7® and assumé&, > 0. Then the universal
MHOpOS't'On 2'2f' Supp(;]se that éAll))MMan(il (A02) ho";' :;]henstatistic has bias of order—! and variance of ordet 2, and
fillo&v?%g fep(r)Zsecr)]rta?igf]s Zoli' (0, D (x[77)), and the o 1 ormalized asymptotic values have simple, explicitifgr
(i) B () = mf{ D™ (u]}xt) - D™ (ul|x®) < ). lim nE[U(T,)] = 3d (17)

n—oo

(ii) For someg > 0: lim an[(U(Fn) B E[U(Fn)])z] _ %d (18)

g™ () = I}g}(—/\wl (—of) — o(Axo(f) — 77)) (15)  The expression for the asymptotic bias (17) can be deduced
. . ) _ from the corresponding result in [8, p. 8, Section IlI.C] in
(ii) An optimizer f* € F to (15) defines an optimal tStihe context of universal Bayesian hypothesis testing.cAlth

¢ € @, of the form_¢*(Zf) - .]I{<F”, f7) >y fpr SOME e connection is not straightforward, a special case of (17
thresholdc™ € R. It is optimal in the sense that it achievesg easily derived from [8]: Suppose that = |Z| — 1, so

the values*™*(n), defined in (10).

(A2) Function classF satisfies
D" (7!||7°) < oo and D" (7°||7) < o0

Note that (A1) implies thatF does not include any non-
zero constant functions. Condition (A2) implies that petfe
discrimination is impossible. That is, if € F satisfies, for

somec € R,

that{1,41,...,%4} is @ maximal linearly independent set of
[1. UNIVERSAL HYPOTHESIS TESTING functions. In this casé"" = D, which gives
In this section, we consider the universal test based on the lim nE[D(T,||7°)] = %(|z| —1).
n—oo

linear function class. _ . . . o
Moreover, the variance expression given in eq. (18) implies

A. Mismatched universal detector the following expression for the asymptotic variance of the

The universal test statistic is denoted universal test:
U(r") = D"™(T"|x°). (16) lim n?E[(D(Ty]|7°) — E[D(T,|7°)])"] = 4(1Z| - 1).

A universal test that is optimal, in the sense that it actiev€onsequently, the universal test based on ordinary dineege
the error rate3""*(n), can be expressed in terms of this teskill be unreliable when the time horizon is less than the
statistic. It is expressegd™ " (Z") = I{I™ ¢ Qy(x")}, square root of the alphabet siZ&|. The proposed universal
or equivalently¢™"™ (Z7) = I{U(I'") > n}. To establish SSVM provides a tractable solution to this problem where the
optimality we take a closer look at Prop. 2.2. user can control bias and variance by choosing the dimension
The proof of Prop. 2.2 is ality of the function class.
based on the geometry in The proof of Prop. 3.2 is based on the following application
P(Z) illustrated in Fig. 2. of Taylor's theorem and the strong law of large numbers.
The hyperplaneH = {u : Lemma 3.3: Let {X; : i =1,2,...} be a zero-mean i.i.d.
(u, [*) = c} separates the| > sequence taking values in a compact convex>Xéet RY,
setsQy (7, Qs () (#H. 7/ containing the origird as a relative interior point.
Based on this interpretation Suppose that the functiop : RY — R satisfiesg() =
we can can conclude that th 0, sup,cx |9(z)] < g € R, and Vg(0)'X; = 0 for all i.
optimal error exponent hasFig. 2. Solution to the mismatched Further suppose that there is a compact Setontainingd
the characterization, Neyman Pearson problem. as a relative interior point such that the gradi&(z) and
MM . MmO w1 the HessiarV2g(x) are continuous ovek. The setK also

A () = inf{5 - Qp'(w) N Q5" (") # 0} satisfies— L log FE{?S‘" ¢ K} >0, whereS" = 13" | X,

From this we can establish optimality of the universal detec n > 1. DenoteM = V?3g(6), andIl = E[X;(X;)"]. Then,

Q) (Qpe(r)

Q:\/IM(WO)




(i) lim, o nE[g(S™)] = Ltracg MTI)

— 2

(ii) lim,—oo n?E[(g(S™) — E[g(S™)])?] = 4trac MTIMII)

f+(2) = [ K(z0,2)v(dz). Computation of f* remains
feasible using a variant of the steepest ascent algorithm

Prop. 3.2 is established by applying Lemma 3.3 to theintroduced in [11].

function g(z) = U(x + 7°) with X = P(Z) — =%, X; =
(I, (Z:),1.,(Zy), ... 1.y (Z)) — 7% S* =T" — 7%, K =
{z € P(Z) — 7" : |a;] < 4, for all i such thatr? > 0} where
Z={z,2,...,z2xy}and0 < § < min{7? : 79 > 0}.

The bulk of the work in the remainder of the proof of (1]
Prop. 3.2 is the computation of derivatives pf 2]

C. Generalized Pinsker’s Inequality i3]

We conclude with a bound on the mismatched divergence
that generalizes Pinsker’s inequality. [4]

The total variation norm distance betwegnr € P(Z) is
defined by the supremum,

(5]
|1 = 7l == sup [u(A) — m(A)|
. [6]
Pinsker's inequality [22] provides a lower bound on the
divergence in terms of this norm: For any two probabilityl’]
measures

D(pllm) = 2(|lpe = 7llw)? (19) o
The mismatched divergence has an equally simple lower
bound. For any functiorf: Z — R, the span norm is defined (0]
by || flloc.se = (sup f(2)) — (inf f(2)).
Proposition 3.4 (Generalized Pinsker’s Inequality): For [10]
any two probability measures,

(11]

:u(fT) _ﬂ-(fT)>2 (20)

[1frlloo.se
where the supremum is over all non-zere R<.

Prop. 3.4 generalizes the classical inequality of Pingkar.
any A € B(Z), taked =1, r =1, and lety(z) = 1a(2). In
this cas€|| fr||co,s» = 1, and Prop. 3.4 gives,

D(pllm) = D™ (u]|7) = 2|u(A) — w(A)[*.

D (jl) > 2sup (

[12]
(23]

[14]

This implies Pinsker's inequality sincd € B(Z) was arbi-

trary. [15]

IV. CONCLUSIONS [16]
The main conclusion of this paper is that effective tests can

be constructed that capture desirable features of both S MA
I

and Bayesian approaches. Although performance analysi
restricted to an i.i.d. setting, the resulting tests ardiealple

in any setting in which the standard SVM approach can !
applied. [19]

There are many directions for future research:

(i) Based on Prop. 2.2 we can capture the ‘machine’ aspect of
the SVM: A version of the stochastic gradient or stochastjeo]
Newton-Raphson method is introduced in [7] to compute
the optimal test that achieve®™*(n). Analysis in a non 21]
i.i.d. setting is lacking.

(i) Extensions of these results can be formulated for the
more general setting in which the parameterization is fine
but infinite dimensional. Suppose that: Z x Z — R is
bounded and continuous, and for anye P(Z) denote

(iii) Applications to channel coding, and to change detatti
are topics of current research.
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