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Abstract—We introduce exploration in the TD-learning al- However, TD-learning has a serious drawback: The norm
gorithm to approximate the value function for a given policy.  under which the approximation is based depends on the
In this way we can modify the norm used for approximation,  gteady-state distribution of the controlled Markov model.

“zooming in” to a region of interest in the state space. We ; . .
also provide extensions to SARSA to eliminate the need for That is, the TD- or LSTD-learning algorithms compute the

numerical integration in policy improvement. Construction of ~ Solution to the convex program,
the algorithm and its analysis build on recent general resub
g(p))r;(r:gtrcr)lrlgg the spectral theory of Markov chains and positie Hgn A — h9H72T = E,[(h(X) — he(X))Q] 2)

[. INTRODUCTION where in the expectation on the right we haVe~ m, where
This paper concerns a Markov Decision Process, or MDP, i_s the steady-state distribution &f (it is assumed that this
defined by a state spacg action spacdJ, and controlled €Xists).
transition lawP,. Our goal is value function approximation: ~There is no reason why the norm defined &), (or any
We focus on the discounted-cost optimal control probleraf its weighted refinements, should provide an appropriate
with cost functionc: X x U — R, and discount factor metric. In fact, for deterministic systems with a unique
B € (0,1). For a given control sequendg, the resulting €quilibrium, 7= will be a point-mass at the equilibrium, so

value function is given by any of these norms will only weight the equilibrium!
0o The Q-learning algorithm of Watkin’s addresses this dif-
h(z) = ZﬁtEm [c(X(t), U(t))n (1) ficulty [34], [35], [5], [31]. However, while the techniqus i
=0 provably convergent when the parameterization captalles

functions on the joint state-action space, there is little theory
to deal with approximations, and no Q-learning algorithra ha
action) processJ evolves onU. The state space and actionIoeen o!evised that approaches thg efficiency of TD-learning.
space are general, with associated sigma-algebras, denote!n this paper we marry the benefits of these two approaches
B(X) andB(U), respectively. There may be state constraint®y introducing exploration in the TD-algorithm, and by
in which case there is, for each € X, a setU(z) ¢ U exteqd|ng the resultmg_algonthm.to approxmat.e the “Q-
that consists of permissible values 6f(f) = u when function” that appears in Q-learning. Construction of the

X(t) = . In this generality we cannot hope to comput@lgorithm and its analysis builds on recent general results
an optimal policy, so we turn to approximation based ofoncerning the spectral theory of Markov chains and pasitiv

Monte-Carlo methods, or experiments on a physical systefPerators.
via reinforcement learning [5]. The notion of exploration in machine learning and statis-
One approach is through approximate policy iteratiorficS has a very long history. See in particular the recenkwor
For this, we are given control sequente and we require [4] and the references therein. Note that in this paper the
an approximation of the resulting value function Under ~€Xploration is introduced to obtain an approximation of the
general conditions, this approximation can be constructeglue functionfor a given policy. The algorithms introduced
using the Temporal-Difference (TD) learning algorithmr Fohere can be used to approximate the value function for a
a linear approximatiom?(z) = 6™)(z), whereg < R given policy, even for deterministic systems for which the
and ¢: X — R", the LSTD algorithm can be applied. State and action sequence converge to an equilibrium. Such
This coincides with stochastic Newton-Raphson, which ig@Pproximations are valuable for performance evaluatisn, a
known to have minimal variance (the same optimal asympvell as policy improvement.
totic variance as obtained in the two-time-scale stocbasti The remainder of this paper is organized as follows:
approximation algorithm of Polyak and Juditsky [26], [6]). Background on MDPs and Markov chains is surveyed in
Sec.ll. The Least Squares algorithms are developed in two
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The subscript indicates that the initial conditionig0) = =.
The state procesX evolves onX, and the control (or



1. MARKOV AND MDP BACKGROUND justified in [29]) is applicable only for deterministic coat
A. MDP background problems. _ o
Approximation theory is more complete for approximation
of the value function for a fixed policy. Suppose tifat= P
is a transition law obtained for a feedback lawThe fixed-
policy discounted-cost dynamic programming equatiorB)s (
without the minimization,

For any setd € B(X), z € X, andu € U(x), the transition
law P, introduced at the start of Selcdefines the probability
of transition in one stepP,(z, A) :=P{X(t+1) € A |
X(t) =z, U(t) = u}. We view P, as a mapping from
functions onX to functions onX x U: For any measurable
h: X — R we denote, c+ BPh=nh (5)

P,h(z):=ERX{Et+1) | X(t) =2, Ult)=u] Assuming that the Markov chain with transition la has
an invariant measure, in TD-learning we assume that a

We denote byy: X — U a stationary policy, givind/(t) = : : L L

. . parameterized family of approximations is given, denoted
¢(X(t))‘ 'I_'he controlied procesX is then a Markov chain {h? : 6 € R"}, and we seek a solution to the minimization
with transition kernel denote (z, dy) = Py, (v, dy). (F

In this paper we focus on the discounted-cost optima
cc_)ntrol problem: We wish to minimize the |nf!n|te-hor|zonment: Given a solution to (5), we obtain an improved policy
discounted cost1) over all policies, wherec is a non- v"a
negative cost-function of states and actions. The minimal ) — . Ph
value functionh*(x), if it exists, satisfies the discounted- ¢" () ajgf?;?{c(x’“) +BPuh (@)}
cost optimality equation (DCOE),

The main motivation for TD-learning is policy improve-

This may be impossible to compute due to complexity of the
min {e(z,u) + 8P, h"(x)} = h*(x), x € X. (3) integration required in computation @t,h, or because?,
uel(@) is not known.

The minimizer then defines an optimal policy in state feed- SARSA is an alternative to TD-learning, designed to ad-

back form. Existence of a unique solution t8) (can be dress this difficulty. The idea is to formulate a Q-function

verified under mild conditions [10], [14]. for the fixed-policy problem as follows:

B. Reinforcement learning background Q(z,u) = c(x,u) + BPy, h(x) (6)

Two approaches to approximation of an optimal policyyhere, is the solution to %), so thatQ(x, ¢(x)) = h(x).

are TD-learning and Q-learning [5], [31]. In Q-learning e () is known, then the updated policy is obtained without
attempt to approximate the “Q-function” given by the termptegration:

within the brackets in3): Q*(z,u) :=c(x,u) + fP, h* (). ¢" (z) = arg min Q(z, u)
Letting Q" (x) = min,cy(,) Q" (v,u), we deduce from3) uel(z)

that Q" solves a similar fixed point equation: SARSA is an acronym for State-Action-Reward-State-

c(z,u) + BP, Q*(z) = Q*(z,u). Action — it was introduced in the 1994 technical report of
Rummery & Niranjan [27], and developed in several later
In Watkin's Q-learning algorithm the goal is to computepapers and texts [31], [30]. It is in fact equivalent to Watki
Q" exactly based on observations @X', U) using a non- Q-learning algorithm, with the restriction to a trivial aot
optimal policy [34], [35]. In the general state space casgpace (equivalently, a fixed policy).
considered here we can only consider approximations. This just as in Q-learning, the theory for approximation in
can be accomplished via linear programming formulation§ARSA is currently weak. The main goal of this paper

as in [8], [9], or through stochastic approximation [6]. is to address these weaknesses, and thereby combine the
For approximation consider an affine parameterization @fdvantages of TD- and Q-learning.
the form ) Basis selection In any of these approximation techniques,
Q" (w,u) = c(x,u) + 0" (x,u). (4)  the question always then comes to tHiow do we choose
with & € R™ and ¢: X x U — R". With QG(I) - the basis? General approaches to basis selection are given in

[32], [18]. A recent approach is to approximate the dynamic
programming equations using a simpler model, such as a
Ex,u) = Q%x,u) — (c(z,u) + BP, Q"(a:)) fluid or diffusion model that approximates the discreteetim

L . . . MDP model, or an approximation via a limiting model,

Minimization of the Bellman errorin an qppropnate metrICas constructed in mean-field games [15]. Some successful

can be transformgd to thg solutlon. of a linear program, blé\[pplications of this approach are presented in the final

the theory of on-line learning algorithms for optimizatiisn chapter of [21], and in [33], [24], [19], [7], [23]

not well developed. Convergence of the natural stochasﬂcA general pré)cedure can,be déscril;ed ;';15 follows. Suppose

approximation algorithm is only local [20]. To the_ best Ofthat the evolution of the controlled Markov chain is desedb
our knowledge, the only globally convergent algorithms arEy the nonlinear state space model

obtained under very special assumptions: [36] applies on
to the optimal stopping problem, and [19] (with convergenceX (t+1) = X (¢)+ f(X (¢), U(t), W (t+1)), t>0, (7)

min QY (x, u), the resultingBellman error is denoted,



where W is i.i.d., and the state and control evolve onThis Banach space was in fact introduced fifty years ago in
Euclidean space. On denotinz,u) = E[f(x,u,W(t))], the MDP literature [1]. We lef| - ||,, denote the induced

the fluid model is defined by the controlled ODE, operator norm: For two transition law3 and P’ we denote,
() = f(x(t),u(t)) (8) 1P =Pl = o IPf— P fllv
fllv=1

A diffusion model that takes into account variability is . . ) . )
defined similarly. In many cases, the fluid model give nder mild conditions, geometric ergodicity is equivalemt

enough insight to obtain a good basis using the procedu?e?’omuon to (V4), and this in turn is equivalent to the
we describe. uniform ergodicity: The existence of an invariant measure

. . .
Consider first the approximation df appearing in %), such thth convgrges tar in the induced operator norm,
for a Markov model without control (or with fixed policy). 9&0metrically fast: For som&, < oo, 1o > 1,

In this case the models,8) are the same, except that the IP —1@x, < Rorg®, t>0.

control terms are dropped:
This implies thatE,[f(X (t))] — =(f) at rater, " for any

X(t+1) = X(O+f(X(0),W(t+1)),  Fat) = F@®) function f € LY.
Let D = P—1 denote the “generator” for the Markov model, The exploration introduced in this paper is analogous

and write 6) in the form, to importance sampling: We will perform a transformation
to obtain a new Markov chain, and then transform the
¢+ BDh = (1-p)h invariance equation (such as)) so that the solutions of the

Now, note thatDh (z) = E[h(X (t+1))—h(X(t)) | X(t) = two equations match. . _
z]. We approximate this by thifferential generator for the The transformed equation will involve a scaling of the
fluid model, Dh(z) = f(x) - Vh(z). Hence our goal is to transition law, of the following form: For a bounded functio

solve, G: X — R, denoteg = €%, and P(z, A) = g(z)P(z, A),

¢+ BDh = (1—pB)h x € X, A € B(X). The new invariance equation has the form,
This has the solutioh = 3~'J, (z), with v = (1 — 8)/8, Ph=h-c (12)
and

- wherec: X — R is a simple function ofc. Solutions to
Jy(z) = / e e(x(t)) dt, 2(0) = z. 9) identities of this form can be characterized by appealing to

0 the Perron-Frobenius theory of positive matrices [28]].[25
If this discounted-cost value function is computable, canf We will appeal to our own development of this theory [3],

approximation exists, then it is often a good starting poiniL6], [17]. R
for a basis in the Markov model. Under (V4), we viewP as a bounded linear operator on

This approach is easily extended to SARSA. Returning t6%,. Its log-spectral radius is denoted,

the model with control, we define the controlled generator 1 .
for any functionh by D,k (z) = E[h(X (t+1)) —h(X(t)) | A(G) = lim —log(|[P"]y) (13)
X(t) = z, U(t) = u]. The fixed point equation6]f is . o
less than one. If moreover the functien X — R satisfies
Q(z,u) = c(z,u) + B(h(z) + Dy h(z)) c € LY., it then follows thatP"c — 0 geometrically fast in
If {n¥ = "¢} is an approximation family for:, then a LY. We conclude that the unique solution tb2) is given
natural choice foiQ is, by the infinite sum,
whereD,h(z) = f(z,u) - Vh(x). =0
C. Markov background where P = . This representation will be used to construct
The Markov chains considered in this paper are assum(leeaarnmg-algorlthms in the next two sections,

to be geometrically ergodic. This is essentially equivaten 1. LSTD WITH EXPLORATION
a solutionV: X — [1, 00) to the drift condition (V4) of 22 \ye pegin in the simpler setting without control. We have
PV (z) < AV (x) + blg(z), reX, (11) transition matrix” and a cost functiorn: X — R,. For a

given discount factop € (0,1), we seek an approximation
to the fixed-policy discounted-cost dynamic programming
equation ). The starting point of the construction of the
algorithm is the construction of a regeneration time, and a
regeneration distributiop. on 5(X).

B |f(z)] The following assumptions are taken for granted through-
I7llv = ek V(z) out this section:

where\ € (0,1), b < oo, and the sefs is “small”. We refer
the reader to [22] for further background.

Following the notation of [22], we denote b§" the
Banach space of functions bounded Wy with norm,




Assumptions for Sec.lll :  The chain isV-uniformly
ergodic, so that the drift conditionl{) holds for some
V: X — [1,00). The cost function satisfie$ € LY, and the
n-dimensional basis satisfies’ € LY, for eachl <i < n.
The regeneration distribution satisfiesu (V') < oc. [ |

We can then interpret the differenée— § @ 1 as follows:

[P—o@p)(z, A) = P{X(t+1) € Aand I(t) = 0 | X(t) = x}
(16)
Returning to the dynamic programming equatiéip, (ve

Under these ergodicity assumptions, there is a uniansaVe

steady-state distribution for X, and the steady state cost

m(c):

A. Regeneration

J c(z) m(dx) as well as its variance are finite.

We construct a new transition matrix by restarting the
chain: Lety denote a probability measure df(X), and
suppose that the process is restarted according &t a
randomized stopping time, denot§d Assume there is a
function : X — [0,1], such that for any state and set
A € B(X),

Pz, A) = (1 - 6(x))P(z,A) + 6(z)u(A)  (15)
In the notation of [25], [16] this is expressé}i: I sP+
0 ® f.

The distribution of the randomized stopping timetaking
values in{0,1,2,...}, is specified byP{7 =0 | X(0)} =
5(X(0)), and forn > 1,

P{T>n|T>n—-1,X(0),...,X(n)} =1-6X(n)).
When d(x) = ¢ is constant thery is a geometric random
time. The process evolves according B until the time
T, and then regenerates with distributipnThe chain with

transition lawP is denotedX .

. We assume throughout that the chain with transition Ia‘1‘.’Jsing this as a starting point, we can show by induction that

P is V-uniformly ergodic. This is justified by the following
simple lemma:

Lemma 3.1: Suppose there i§ < 1 such that(z) < ¢ for
all z. Then the chain with transition law is V-uniformly
ergodic.

Proof: Condition (V4) (the bound1(1)) holds for this
chain. Moreover, under the assumed bound, aSsistsmall
for P (see [22]), whenever it is small faP. [ |

The dynamic programming equation fdt results in a
similar invariance equation faP. However, it will be helpful
to first refine the construction of the Markov chak. Let
I denote the randomized function &, taking values in
{0,1}, defined via

PUI(t) = 1| X5, 157"} = 6(X(1))

That is, the procesg explicitly models the ‘coin flip’ used
in the construction of the regeneration epochs r We
denote the joint process by (t) = (X (), I(t)). Sincel(t)

is a randomized function ok (¢), the transition kernel for
Y is specified by,

P{X(t+1)e A|Y(t) = (X(t),I(t) = (z,a)}
{P(x,A) If a =0;

w(A) If a=1.

BIP—0®@ulh=(1-08)BPh=(1-08)(h—c). (17)

We denoteg(z) = 3/(1—4d(z)) andG = log(g) = log(B) —
log(1 — ¢). DenoteP = I,[P — 6 ® pJ, or equivalently

P(x,A) = g(2)[P(z, A) = 6(x)u(A)], z€X, AeB(X).
Then, the expressiorl) gives,
Ph=h-c (18)

The identity (8) is not surprising since, combining all
of the definitions aboveP is nothing butsP — It is the
interpretation of {8) in terms of the new Markov chain
that will lead to a more flexible family of algorithms for
approximatingh.

The solution to {8) is obtained as the infinite suni4):

h:iﬁic.
0

To understand the solution we must provide an interpretatio
of the products ofP. For this we generalize the interpretation
given in (L6), which we write in the form

P(z,A) = g(x)P{X(t+1) e Aand I(t) #1| X(t) = z}
= E[eXODI{X (1) € A and I(0) # 1} | X(0) = 2]

(19)

for anyi > 1, and any functiore € LY,

Pic(z) = E, [exp(§ G(X(t)))c(X(i))]I{T > i}

Recall that the subscript represents the conditioning on
X (0) = z. In the special casé= 0, the sum is interpreted
as zero, giving P’c(z) = c(x). Fori > 1, the notation
I{7T > i} is equivalent to the restriction thd{(t) = 0 for
0<t<i. R

Given this interpretation foP?, the functionh given in
(19) has the representation,

h(z) = E, [i exp(f GXW))(X6)|  (20)
=0 t=0

B. Approximation

Now we assume we have a linearly parameterized family
h? = 0™, whered € R" and+: X — R". Let # denote
the invariant measure faP. We seek an approximation in
Lg(ﬁ'):

min |h — h?|2 = min Ex[(h(X) - /(X)) (21)
To characterize a minimum we simply compute the derivative
of ||h — h?||2 with respect to eacld;, and set it equal to



zero. On denotindf, g) = Ex[f(X)g(X)] for any functions  with v, (0) € R" given as initial condition. For anydenote
f,g € La(7), this gives T () =min{T >1:I(t—T) = 1}. On iterating 6), we

9 obtain for anyt > T (so that at least one regeneration has
0= a—&|\h—h9|\§=2<h9—h,¢i>, 1<i<n. occurred),

On denoting=; ; = (¢, ¢;) andb; = (h,v;), we conclude : — o .

that the optimiéen?*< isj an)>/ solution t<0 the>linear equation, Wy(t) = Z eXp(Z G(X(k)))zp(X(l)) (27)

Z6* = b. We assume thaE is full-rank, so that the the =T (01 k=i

optimizerd* = Z~'b is unique. Under general conditions, we can combine this representa-
The apparent difficulty in TD learning, as well as thetion with (23) and @5) to conclude thab is given by the

approximation technique described here, is computatidn of ergodic limit,

This is resolved by further consideration of the repres@ana

T
. . 1 -
of i given in @0). b= lim — > 1, (t)e(X(t)) (28)
Let R denote thepotential kernel, T—oc T ; !
S e Much simpler is the Law of Large Numbers far
R=)» P (22) .
t=0 1 ~ .
. . 2= lim = (X)X ()T (29)
so thath = Re. Letting R' denote its adjoint, we have T—oo T’ ; XD E®)
b = (Re, ;) = (¢, RT;) (23) TheLSTD algorithm with exploration is then defined as the

- . , sequence of approximationd; = =70, where
The adjoint has an elegant interpretation that we now de.— by appears on the right hand side @B

scribe.
Subject to growth conditions on any two functiofisand 1 E .
¢, we obtain from 20) that (f, Rc) = bri= & D g (t)e(X (1) (30)
t=1

00 1—1
Z E- [f(X(O)) eXp(Z G(X(t)))c(f((i))]l{T >i}| (24) e {E::t >0} approximates the average appearing?if) (
i=0 =0 defined recursively by,

To obtain the adjoint, we consider a stationary version of _ _ 1 ~ ~ _
. Y St —— (X (t+ 1) (X (1)) -5,), t20,

Y = (/)?,I), defined on the two-sided time axis. We have ~**' ~ t+1
by stationarity, with =y > 0 arbitrary.
. . o _ The inverses of Z; : ¢t > 0} can be obtained recursively
Ex [f(X(O)) eXP(Z G(X(t)))C(X(Z))]I{T 2 Z}} using the Matrix Inversion Lemma [12].
t=0 We believe that convergence of this algorithm will hold

_ 5. - 5 . under the conditions we have imposed. All that is required fo
- {f(X(_z)) eXp( Z G(X(t)))C(X(O))H{T = ’}} convergence is the justification of the Law of Large Numbers
= _ to establish convergence ¢b;, =;}. This will follow from
wherel{7~ > i} =I{I(t) # 1, —i <t <0}. Thatis, 7~ the fact that the triple{X(t),1(t),v4(t)} is Markov, but
is a regeneration time for the time-reversed process: we may require additional assumptions to establish sufficie
T- =min{t >1: I(~t) =1} regularity of this chain to apply Theorem 17.3.2 of [22].

Thus, we arrive at a representation for the adjoint appgarin IV. EXTENSION TOSARSA

in the right hand side of2Q): We now introduce control: The state proceXsevolves
Lemma 3.2: For any functionf satisfying f2 € LY, the on X as before, but we return to the MDP setting outlined
adjoint can be expressed, in Sec.ll-A: The model is defined by a controlled transition

S . law P,, cost functione(z,u), and discount factop. We
Bt —E, (i <t 25 fix a policy ¢, and let P, denote the resulting transition
R (@) { ; FX( Z))eXp(tEiG( ( )))} (25) law, Py(x,dy) = Py, (z,dy), and wherec, denotes the

o o _ resulting cost function orX: cy(z) = c(z, ¢(z)), z € X.
where the sum within the exponential is defined to be zerp 4 | 41ue functior: solves the DCOES):
|

wheni = 0.
The form @5) is useful because it involves thmst of ¢y +BPyh=h. (31)

the process, rather than the expression/fon (20), which Our goal is to approximate the Q-function defined . (

depends on the future. . o
Following the standard development of TD-learning, degslven the formQ(z, u) = c(w, u) + §Pyh (x), we take the

) S affine parameterizationd), giving Q(z,u) — Q%(z,u) =
fine the sequen<~:e aigibility vectors, ) BP,h (x) — 0™ (x,u). We proceed by embedding this ap-
Ye(t+1) = (X (t+1))+I{I(t) = 0}g(X(t))1y(t), (26) proximation problem in the TD-learning framework of the



previous section. This embedding is based on the simp#&nd the positive matrice$=;
observation that the joint proceds:= (X, U) is a Markov

chain.
For the joint-proces®, the Q-function defined in] is

entirely analogous to the functioin that solves §). Hence

we can proceed as in the previous section to solve

min [|Q - Q7|7 = minEx[(Q(®) - Q"(®))°]  (32)

where herer is the steady-state distribution f@r. The main
difference here is a slightly more general constructiorhef t
regenerated proceds, since we regenerate the joint-process

®. We impose the same assumptions used in Betor the
joint process:
Assumptions for Sec.IV: The chain® is V-uniformly

: t > 0} are generated as
before by the recursion,

Zie1 = St o (VB D@D -E)), 120,

V. NUMERICAL EXAMPLES
We now present a examples to illustrate these methods.
For purposes of evaluating an approximation we consider
two types of Bellman error:
E%z) = NhP(z) — (cp(z) + BPy WO (2)) (36)
El(z) = min[h’(z) — (c(z,u) + B8P, K (x))] (37)

If 6 optimizes R1), then we expect that the first error will
be small on the support af, in a mean-square sense. The

ergodic, so that the drift condition1{) holds for some error £9 will be small only if A? approximatesh.

V: X x U — [1,00). The cost function satisfieg € LY,

and then-dimensional basis satisfies? € LY, for each A. LQRwith exploration

1 < i < n. The regeneration distribution on B(X x U)
satisfiesu (V) < oo. [ |

The transition matrix? for & is defined using the proba-

bility 4, and functions: X x U — [0, 1]. For any¢ = (x, u)
and setA € B(X x U), the definition of P coincides wit
(15) on this larger state space:

P(¢, A) = (1= 8(C))P(¢, A) +8(C)p(4)

Consider first a deterministic linear model B3, without
control,

X(t+1)=AX(t), t>0

h We take a purely quadratic cost function R? — R,. To

impose stability we assume that the eigenvaluesAoére
strictly within the unit circle inC. In this case, the assump-
tions for Seclll are not quite satisfied, but theansformed

_ , , _ > o 1stied, but I :
As in previous section, we lef denote the randomized chain will be V-uniformly ergodic, withV' = 1 + [|[]%,

function of @, taking values in{0, 1}, defined via
P{I(n)=1|%f, Ij'} = 6(2(n)), n >0,

and the distribution of the randomized stopping tirfie
taking values in{0,1,2,...}, is specified byP{7 = 0 |
®(0)} =0(®(0)), and forn > 1,

P{T =n|®2, T >n}=08®(n)).

Next, we recall that) solves a fixed point equation identical

to (3) for the joint-process:

o(z,u) + BE[Q(P(t + 1)) | @(t) = (z,u)] = Q(z,u)
(33)

provided, admits a second moment (i.g.(V) < o0).
The value function for Xat,

the deterministic model is
of the formhg(z) = ¢ +
2'Qx, with Q > 0. There

is not theory to support :
the application of standard
TD learning to approxi-
mate hg becauser = do. L
The value of explorationin =~ %%
this case is clear: Shown in Fig. 1: Sample paths of X and
Figure 1 is a comparison X under LSTD with exploration.
of a sample path oX for

— No Exploration
---- With Exploration

X,

On letting PQ) denote the conditional distribution for the a particular example in whichl has complex eigenvalues

joint-process,
PQ (z,u):=E[Q(2(t+1)) | ®(t) = (X(1),U(t)) = (z,u)],
the fixed point equatior3@) can be expressed+ 5PQ = Q.

Consequently, the) function satisfies a fixed point equation

for @ that is identical to 17):
BIP-s@uQ=(1-08)BPQ=(1-0)(Q—c). (34)
With the state process lifted in this way, the&S SARSA

within the unit circle. The trajectory spirals to the origin
exponentially quickly. The dashed-line trajectory shows a
sample path ofX, where i is uniformly distributed on
[—4,4] x [-4,4] and6(z) =6 = 0.1.

B. Dynamic speed scaling

We consider here the example of [7], based on the
controlled-queue models considered in [11] or [2]. In the
latter reference, the controlled queue is meant to model

algorithm with exploration is essentially the algorithm con- dynamic speed scaling, which is an approach to power

structed in the previous section, wisi replaced by®. The
only difference is the different parameterizatiaf). (

We arrive at the sequence of approximatiods, =
E;le, where the definition is a variation 02§),

1 T

bri= Y (Wg(t) = w(B(1))) c(8(1))

t=1

(35)

management in computer system design. The goal is to
control processing speed so as to optimally balance energy
and delay costs — reducing (increasing) the speed in times
when the workload is small (large). However, the general

model has many applications. In particular, speed scaling
approaches can be applied in wireless applications (see the
aforementioned references, and the recent work [13] for an
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investigation of the analysis of the computation of “cost” i
these applications).

The model is a simple controlled random walk (the CRW
model of [21]),

X(t+1)=X(t)—U{t)+A(t+1), t>0, (38)

in which X, U, A each evolve orR,, and A is i.i.d.:
Its marginal is supported oR,, with finite meanc, and
variances?.

The state X (¢) represents ‘workload’ in a processor, 4
or packets in a communication buffer, arid(t) is the 5
processing rate at time. Both evolve onR,: That is, = Ty
X =U = R,. In addition, we havél(z) = [0, z] for eachz. 0 5.0 1 0 5.0 1
In computer system applications the following cost funetio B Noexploration
is well motivated, With exploration

c(z,u) =z + vu?, (39) Fig. 2: LSTD, with and without exploration, in the dynamic speed
scaling model.
wherer > 0. This is meant to balance the cost of unfinished

work, with the cost in terms of power for high processingU(t) is taken to be integral multiple ok 4 and is saturated
rates. to liein = {0,A4,---,30}.

The associated fluid model is defined by = u— For any functionh, and any stationary policyy, the
wherea denotes the mean of(t). The value function9),  ¢,nction Ph is given as follows

minimized over allu, is derived in [7], in the special case
a =0 and~ = 0. It has the simple form,

uone.l|

T

Ph(x) =" h(lz — ¢(x) + Axil)py(1 —pa),  (43)
1=0

Jo(e) =ka®?,  k=4/3V). (40)
This solves the DP equatianin, {c(z,u)+D,J; (z)} =0, Where,[] denotes projection oiR. For the purposes of
x>0, whereD, h(z) = —u-Lh(z), for anyh: R — R. computation, the above sum will be truncated; t6 N,

When~ > 0, we do not have a closed form expressiodn all of our experiments we 00K, = 100, Ay = 1/24,
for the optimal value function. However, we can show tha@ndpa = 0.96.

the function below is a tight approximation, To illustrate the importance of exploration, we choose for
- the initial policy U°(t) = X (t). That is, ¢o(z) = z. This
T3 () = min/ e el (t), u(t))dt results in a minimal state process(t) = A(t) fort > 1, but
0 (41) s very costly for non-zera: The resulting value function
~ Jy(z) = %(1 — exp(—vkvT)) (1) is quadratic,
wheref is defined in ¢0). Observe that/, (z) — J;(x) as Ro(z) = 2 +va® + P (a+v(v] +a?))

~ 1 0, uniformly on any bounded interval. It is shown in 1-6
[7] that J; () is a tight approximation to the ACOE for the The optimal value functiorhj; for the discounted-optimal

stochastic model, under general assumptionsAon control problem has linear growth. It is easily shown that
In view of these results we choose a three dimensional 'hj5(z) — (1 —3)7", asz — .

basis for approximationsy = 0111 + 021p5 + 0313 for 6 € The results of some of our experiments are illustrated in

R3, with Figure 2. The column shown at right shows the results of

approximate policy iteration. With or without exploratidn
by =1z, o(x) =wexp(—vhVE), ds=1.  (42) s example we see rapid convergence, in the sense that

We takey = (1 — 8)/83, as explained aboved), The value the Bellman error 7) becomes small after just four or
function approximation given in4(l) can be expressed asfi\_/e iterations. The column on the left shc_>ws thg pair of
a linear combination of{¢;,»}. The constant is chosen histographs forX and X, obtained respectively with and

because the value function; grows with increasings. If without exploration. Exploration led to a distribution tvit
the controlled chain satisfies the assumptions for Seéc. broader support. We see that exploration reduces the Bellma

thenlims_,1 (1 — B)hs(z) = (c) for eacha. error (36) significantly for larger values aof.

The marginal ofA was chosen to be the scaled geometric
distribution of the form used in [7], with the scaling factor
denoted byA 4. For exploration we considet to be uni- We have shown how a simple restart mechanism leads to
formly distributed on[5,15] and§(xz) = § = 0.2 (we did a new version of TD-learning that allows for exploration. In
not consider state-dependent regeneration rates). Theotonparticular, value function approximation for a given pylis

VI. CONCLUSIONS



possible even for deterministic systems for which the stafes]
and action sequence converge to an equilibrium.

There are many open questions. We are interested in
performance bounds for approximate policy iteration fori7]
TD-learning or SARSA with exploration. In the case of
SARSA with exploration, we believe that the regenerativg_s]
structure of the chaif®(t), I(t), 4(t)} will lead to simple
characterization of ergodicity, but this requires furtbirdy.
Also, we believe that this regenerative structure will difyp
extension to the average-cost value function approximatio
perhaps leading to algorithms with reduced variance
compared to the TD-learning algorithm introduced in Ch. 1
of [21].

We are also considering various applications oftheﬁgﬂ
techniques, to control and to anomaly detection.
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