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Abstract
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A new class of algorithms is introduced based on results concerning Markov’s canonical
distributions. In addition, a new model is developed for the evolution of the number of flows
in the admission control system. Performance evaluation is done through both analysis and
simulation. Results show that the proposed algorithms minimize buffer-overflow probability
among the class of all moment-consistent algorithms.
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1 Introduction

In computer networks and future wireless networks it is necessary to implement an admission
control algorithm to determine which flow requests will be honored at a given server, typically
a router in the Internet. Typical admission control algorithms assume some a priori knowl-
edge such as the declared parameters of the flow (as in ATM), and/or a statistical model for
the bandwidth-requests of flows. In measurement-based admission control (MBAC), statistical
measurements are made on the aggregate packet arrival process in the recent past, and these
measurements are used to determine which flow-requests will be honored.

Following the seminal paper [38], interest in MBAC grew through the mid-nineties, and
has been sustained ever since. Although initial research concentrated on deterministic tech-
niques based on token bucket characterizations of packet traffic [29], later authors have favored
probabilistic approaches [8, 11, 15, 17, 16, 35, 36, 14, 5, 21, 22, 20, 19, 33].
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Figure 1: Tradeoff between utilization and buffer overflow. The two plots compare the performance of the algorithm
based on the two-moment canonical distribution, and the algorithm of [22, 11] that is based on a Gaussian-source
hypothesis. The true source distribution was i.i.d. uniform in this experiment.

A common performance metric used to evaluate an admission control algorithm is the prob-
ability of overflow. In order for the network to provide quality of service (QoS) guarantees,
this probability is required to be below a pre-specified value, in the range 10−5 to 10−9. Given
these small values, it is argued that the theory of Large Deviations is justified in the analysis of
performance of admission control algorithms [11, 16, 8, 5, 33, 36].

The measurments used in MBAC algorithms depend upon the particular algorithm and
assumptions imposed. These range from packet delay [29], to virtual buffer overflows [8], to
moment statistics [11, 16, 22, 20, 15, 5], to empirical distributions [36, 11].

In particular, the algorithms considered in [16, 5] are based on first-moment measurements
only. In [11, 22, 20, 5] it is assumed that first and second moments are estimated, and based
on this the MBAC algorithm is constructed based on a Gaussian approximation to estimate
overflow probabilities. This looks like

first moments
to me: [15, 5]
use variations
of the
Hoeffding
inequality [26]
as a basis for
admission
control.

This paper adopts a worst-case approach to source modelling, similar in spirit to that of
[31, 23]. The idea is to make moment measurements on the packet traffic, and subject to these
measurements, choose a source model that is worst-case in the sense that it maximizes the esti-
mate of the overflow probability. This estimate is based upon a large deviations approximation,
as in [11]. These approximations lead naturally to a robust algorithm for MBAC.

The following is a summary of the main contributions of this paper:
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(i) A novel class of algorithms for MBAC is introduced, based on a particular class of source
models whose marginal distribution is canonical. Canonical distributions, first introduced
by A. A. Markov [32], arise as unique solutions to a collection of (infinite-dimensional)
linear programs involving moment constraints [33, 34, 32]. include Gabor

in survey?

The source model with canonical marginal is worst-case in the sense that the associated
large deviation asymptotics yield the highest probability of overflow in a standard queueing
model. This leads naturally to associated MBAC algorithms based on moment estimates.

(ii) A flow model that takes into account the effect of a MBAC algorithm has been lacking in
the literature. Indeed, most authors have preferred to study the effect of MBAC algorithms
in isolation, neglecting their effect on the arrival and departure of flows. This gap is filled
in the present paper through the introduction of a Markov model for the evolution of flows
in the admission control system, based on the physically natural assumption of time-scale
separation (see e.g. [17, 16, 39]). This model is considered in our analysis of both bufferless
as well as buffered models.

(iii) The performance of the MBAC algorithm is investigated through both analysis and simu-
lations. The analysis shows that the MBAC algorithm presented in this paper is optimal
among a wide class of algorithms, in the sense that it minimizes the associated buffer-
overflow probability.

(iv) Buffer-overflow probability has been emphasized as a performance metric, but of course
one is also interested in maximizing utilization. However, by regulating traffic flow care-
fully one may achieve both high utilization and low buffer-overflow. Figure 1 illustrates
the performance of the algorithms introduced here with respect to both of these metrics.
The vertical axis shows the number of buffer-overflows, and the horizontal axis the average
number of flows in the system. The two trade-off curves shown correspond to an instance
of one of the algorithms introduced here, and the “Gaussian algorithm” of [22, 11] for com-
parison. It is seen in Figure 1 that the new algorithm outperforms the Gaussian algorithm
with respect to each performance metric in this experiment. That is, for a fixed value
of the buffer-overflow probability, the new algorithm has higher utilization, and for fixed
utilization, the algorithm has a lower buffer-overflow probability. Experiments described
in Section 5 using different models give consistent results.

The remainder of the paper is organized as follows: Section 2 begins with a description of
the bufferless admission control model in Section 2.1. The MBAC algorithms introduced in this
paper are described in Section 2.3 for the bufferless model. This section also contains a key result
concerning canonical distributions. A performance analysis of these algorithms is contained in
Section 3. The models, algorithms, and analysis are extended to the buffered model in Section 4.

Simulation studies are presented in Section 5, and conclusions and open problems are dis-
cussed in Section 6.

In the following two section we restrict to a bufferless server. This simplifies the model and
its analysis to a large extent, and provides valuable insight into the behavior of the buffered
model as well. Extensions to the buffered case are described in detail in Section 4.
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2 Measurement Based Admission Control

In this section we present algorithms for MBAC that have been proposed in literature, and
discuss their properties and drawbacks. We then recall Markov’s theory of canonical distributions
[32], and propose a new algorithm based on a key result from this literature.

We begin with a description of the server model.

2.1 Admission control model

The admission control models considered in this paper are designed to reflect the behavior of
a high-capacity Internet router, which is accessed by a correspondingly large number of flows.
This is captured by an integer scaling parameter N � 1. We assume that the server has capacity
C̄ = NC, and the conditions imposed below imply that the mean number of flows in the system
also scales linearly with N . reviewer wants

more
explanation on
scaling,
explanation of
tradeoff curves.

Each flow accessing the server sends a stream of packets as illustrated in Figure 2. If the
server has a buffer, the packets are queued for service, and are dropped if the queue length Q(t)
exceeds the buffer size. If the server is bufferless, packets are not queued and are dropped if the
total packet arrivals in the preceding time-slot exceeds the server capacity. When a new flow
request arrives at the server, an admission control decision is made to either accept or reject the
new flow. This decision is based on measurements of past observations at the server.

Bufferless Server

Nm Flows 

Buffered Server
New Flow

Q(t) ≤ NB

NC

New Flow

NC

Figure 2: The admission control system for bufferless and buffered servers. The server has capacity C̄ = NC,
and the buffer-capacity is B̄ = NB in the buffered model, where N � 1 is a scaling-parameter.

We impose some simplifying assumptions to simplify discussion in the remainder of this
section: For each N ≥ 1, the number of flows is assumed fixed, of the the form Nm for some
constant m > 0, and we restrict to the bufferless server. A dynamic flow model is introduced in
Section 3.1, and buffered models are introduced in Section 4.

The packet arrival process from the ith flow at time t is denoted Xi(t). It is assumed that the
random variables {Xi(t) : i ≥ 1, t ≥ 0} are mutually independent and identically distributed.
The common marginal distribution Γ◦ is supported on {0, 1, . . . , R} for a known constant R > 0.
The independence assumption across time is relaxed in the buffered model.

The total number of packets generated by the mN flows in the tth time-slot is denoted,

A(t) :=
Nm∑

i=1

Xi(t) , t ≥ 0. (1)

The probability of overflow at time t is given by,

P{A(t) > NC} = P

{ 1

Nm

Nm∑

i=1

Xi(t) > C/m
}

(2)
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For large N the overflow probability is close to 1 when m > C/ξ1 with ξ1 equal to the common
mean of Xi(t), by the weak law of large numbers. The overflow probability may be bounded
using Cramér’s Theorem [10, Thm 2.2.3] for m ∈ (C/ξ1, C/R). Recall that the rate-function IΓ

for a given distribution Γ on R is expressed as the convex dual,

IΓ(r) := sup
θ∈R

{θr − ΛΓ(θ)}, r ∈ R , (3)

where the log moment-generating function is given by

ΛΓ(θ) := log
∑

eθx Γ(x), θ ∈ R. (4)

Since {Xi(t)} are assumed i.i.d. with common marginal distribution Γ◦, the expression (2)
combined with Cramér’s Theorem gives,

log
(
P{overflow at time t}

)
≤ −NmĪΓ◦(C/m) , N ≥ 1 ;

lim
N→∞

1

N
log
(
P{overflow at time t}

)
= −mĪΓ◦(C/m) ,

(5)

where for any distribution Γ,

ĪΓ(r) :=






0, r < ξ1

IΓ(r), ξ1 ≤ r < R

∞, r ≥ R

(6)

The bound (5) uses ĪΓ instead of the standard rate function because of the strict inequality in
the definition of the probability of overflow in (2).

2.2 Algorithms based on the empirical distribution

The objective of admission control is to regulate the overflow probability to be less than some
number η > 0, which is typically in the range 10−5 − 10−9. The limit (5) suggests that this
target value should scale with the parameter N : For some constant Iη > 0,

η(N) = e−IηN , N ≥ 1. (7)

The following stationary policy for the bufferless model is suggested by (5):

Given that there are Nm flows accessing the server in time-slot t, a new flow
request at time t will be accepted if and only if ĪΓ◦(C/m) ≥ m−1Iη.

(8)

What information is required to enforce the decision rule (8)? In addition to the target
probability η and the number of flows m, a critical piece of information that is typically not
known in advance is the rate-function IΓ◦(·). Consequently, implementation of this decision
rule requires some form of rate-function estimation from statistical measurements made on the
packet process.

Since the packet arrivals Xi(t), i ≥ 1 are assumed to be i.i.d. across i, the statistics of
Xi(t) may be estimated by considering only the arrivals in the current time slot t. In several
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recent papers, rate-function estimates for MBAC are formulated using the associated empirical
distribution, given as follows:

Γ̂t(k) =
1

Nm

Nm∑

i=1

I{Xi(t) = k} , k ∈ Z+. (9)

We let ci(x) = xi for i ≥ 1, and define the empirical ith moment by,

ξ̂i(t) = Γ̂t(ci) =
1

Nm

Nm∑

j=1

(Xj(t))
i. (10)

The following three approaches to MBAC have received significant attention in the recent
literature:

(i) Assume that the peak rate R is known. Based on the empirical mean ξ̂1 = ξ̂1(t) at time
t, consider the distribution Γ supported on 0 and R, with Γ(R) = 1 − Γ(0) = ξ̂1/R. The
Bernoulli algorithm considered in [16] is the decision rule (8) with Γ◦ replaced by Γ.

(ii) Measure the empirical mean ξ̂1, and also the empirical variance,

σ̂2 := ξ̂2 − ξ̂2
1 =

1

Nm − 1

Nm∑

i=1

(Xi(t) − ξ̂1)
2.

The distribution Γ is defined to be Gaussian N(ξ̂1, σ̂
2), whose associated rate-function is

given by IΓ(r) = ĪΓ(r) = (r − ξ̂1)
2/(2σ̂2), r ≥ ξ̂1. The resulting decision rule using Γ

instead of Γ◦ in (8) was considered previously in [22, 20]. We will refer to this as the
Gaussian algorithm.

(iii) The certainty-equivalent approach is to apply (8) using the empirical distribution Γ̂t. This
approach is considered in several papers, e.g., [36, 11].

Each of these approaches presents drawbacks:

(a) The Bernoulli algorithm can be overly conservative, and hence reject too many flows, since
it uses so little information. This is especially true when the peak rate R is large. simulations

show otherwise!

(b) The Gaussian algorithm is based on a Central Limit Theorem approximation and is con-
sequently appropriate for moderately large values of the target η (see discussion in [22]
and simulations in Section 5.)

(c) Implementation of the third approach requires computation of the empirical log moment-
generating function Λ̂(θ) := log(Γ̂N,t(e

θc1)) for each θ > 0, along with its convex dual. In
addition to this computational burden, the empirical distributions will inevitably bring
large variances and hence significant estimation error.

In the next section we introduce a new class of models that allows a compromise between the
complex certainty-equivalent approach, and the simple Bernoulli algorithm.
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2.3 Moment-consistent algorithms

The algorithms presented here are generalizations of the Bernoulli algorithm described in Sec-
tion 2.2. We fix an integer M ≥ 1 corresponding to the number of moments to be measured, and
define the vector function c : R → R

M via c(x) = (x, x2, . . . , xM )T. A prescribed bound on the
overflow probability of the form (7) is given, and the following data is assumed to be available
at each time t: (i) The current number of flows Nm(t), and (ii) The empirical mean ξ̂(t) ∈ R

m

defined in (10).
Let M denote the space of probability distributions on [0, R], and ∆ ⊂ R

M the set of feasible
moment vectors,

∆ := {Γ(c) : Γ ∈ M} ⊂ R
M . (11)

For ξ ∈ ∆ we let Mξ denote the set of consistent marginal distributions,

Mξ = {Γ ∈ M : Γ(c) = ξ}. (12)

A moment-consistent map is any measurable function Γ( · ) from ∆ to M that satisfies Γξ ∈ Mξ

for each ξ ∈ ∆. That is,
Γξ(c) = ξ, ξ ∈ ∆.

Given a moment-consistent map Γ( · ) and target propbability η(N) = e−IηN , we define an
associated MBAC algorithm as follows.

Moment-consistent algorithm A: Measure the vector of empirical moments ξ̂ = ξ̂(t), and
identify the corresponding distribution Γbξ

∈ Mξ. If a flow arrives at time t, it is accepted if,
and only if

ĪΓbξ
(C/m) ≥ m−1Iη ,

where mN is equal to the number of flows accessing the server. Equivalently, a flow is admitted
at time t if and only if ξ̂(t) belongs to the acceptance region,

∆m :=
{

ξ ∈ R
M : ĪΓξ

(C/m) ≥ m−1Iη

}
. (13)

There are of course many ways to define a moment consistent mapping. Theorem 2.1 below
implies that there exists a moment-consistent mapping that is optimal in the sense that it
minimizes the associated large deviations rate-function.

Subject to a finite number of moment constraints ξ, a distribution Γ∗ ∈ Mξ is called canonical
if it minimizes the associated large deviations rate-function point-wise, in the sense that IΓ∗(r) ≤
IΓ(r) for all r ≥ ξ1, and all distributions Γ ∈ Mξ. A remarkable theory due to Markov establishes
the existence of a canonical distribution satisfying this global lower bound [32]. The distribution
Γ∗ enjoys many attractive properties that lend themselves to the construction of simple, effective
algorithms.

Theorem 2.1 and several generalizations are proved in [34], following Markov’s original result
[32].

Theorem 2.1 For each ξ ∈ ∆, there exists a unique probability distribution Γ∗
ξ ∈ Mξ called the

canonical distribution with the following properties:
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(i) IΓ∗
ξ
(r) ≤ IΓ(r) for any other distribution Γ ∈ Mξ, and for any r ∈ R.

(ii) If the moment vector ξ lies in the interior of ∆, then the canonical distribution is
discrete, with at most dn/2e+ 1 points of support, and the end-point R always lies in its note!

support. If M is odd, then both end-points, 0 and R, lie in the support of Γ∗
ξ.

(iii) When M = 1 the canonical distribution is the unique binary distribution Γ∗ ∈ Mξ

with support on the two points {0, R}. When M = 2 the canonical distribution is again
binary,

Γ∗ = p∗ δx∗ + (1 − p∗) δR , (14)

where x∗ = [R − ξ1]
−1(ξ1R − ξ2) and p∗ = [R2 + ξ2 − 2ξ1R]−1(R − ξ1)

2. ut

Our main interest in Theorem 2.1 is its evident application to the construction of large
deviations bounds. The corollary below follows directly from Cramér’s Theorem applied to an
i.i.d. process with canonical marginal distribution.

Proposition 2.2 Consider an i.i.d. process {Xi} with marginal distribution Γ◦ ∈ Mξ. Then
we have the uniform bound,

P

{ N∑

i=1

Xi(t) > NC
}
≤ exp(−NIΓ∗

ξ
(C)) , ξ1 ≤ C ≤ R, N ≥ 1 ,

where Γ∗ ∈ Mξ denotes the canonical distribution, and IΓ∗
ξ

the associated rate function. ut

Proposition 2.2 extends and unifies well-known approaches to the construction of exponential
bounds on error probabilities. On specializing to M = 1 this is a version of Hoeffding’s inequality
[26], and the special case M = 2 is identical to Bennett’s Lemma [1]. See [12, 13] for recent
generalizations of Hoeffding’s inequality to Markov models.

These results provide ample motivation for the following extremal moment-consistent algo-
rithm:

Algorithm A∗: If a flow arrives at time t, it is accepted if, and only if ξ̂ ∈ ∆∗
m, where ξ̂ = ξ̂(t)

is the vector of empirical moments, and

∆∗
m :=

{
ξ ∈ R

M : mĪΓ∗
ξ
(C/m) ≥ Iη

}
ξ ∈ ∆ . (15)

The algorithm A∗ reduces to the Bernoulli algorithm of [16] when M = 1. For large M it is
approximated by the certainty equivalence approach described in Section 2.2, in the sense that
the corresponding acceptance regions ∆∗

m converge (see Theorem 3.1).

3 Performance Analysis

We now several results that illustrate the dynamics and performance of the MBAC algorithm
A∗. The following conclusions are obtained under mild conditions. Recall that Γ◦ is the true
marginal distribution of Xi(t), and ξ◦ = Γ◦(c).
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(i) Theorem 3.1 shows that the algorithm A∗ is optimal within the class of moment-consistent
algorithms, in the sense that the overflow probability is minimized for each finite value of
N .

(ii) It follows from Theorem 3.2 that the algorithm A∗ is approximated by a threshold policy
when N is large. The threshold is of the form m∗N , where

m∗ := sup {m : ξ ∈ ∆∗
m} = sup

{
m : mĪΓ∗

ξ◦
(C/m) ≥ Iη

}
. (16)

(iii) As one corollary, Proposition 3.3 establishes the existence of a constant m• ≤ m∗ such
that the number of flows in the system in steady state is very likely to be near bNm•c for
large N .

(iv) Theorem 3.4 establishes an LDP for the steady-state probability of overflow.

The following technical assumptions are imposed whenever LDP bounds are invoked for the
M -dimensional process {c(Xj(t)) : j ≥ 1}

(A1) The vector mean ξ◦ := Γ◦(c) lies in the interior of ∆ (defined in (11).)

(A2) C < Rm∗, so that ĪΓ◦(C/m∗) = IΓ◦(C/m∗) < ∞.

Assumption A2 is made primarily for ease of analysis: it implies that the probability of overflow
with bNm∗c flows in the system decays exponentially (and not super-exponentially). Neither
assumption is essential: The results presented below will hold, with some minor modifications,
even if A1 and A2 are relaxed.

We now present a model of flow dynamics.

3.1 Flow model

While there is a vast literature on queueing models, the development of stochastic flow models is
still a topic of active research (see e.g. [30, 6, 37]). In fact, most references on MBAC the number
of flows in the system is assumed to be fixed. In particular, the analysis of [11] is restricted to
a model with an infinite backlog of flows.

We introduce here a Markov Decision Process model to provide a framework for performance
(or QoS) evaluation. Recall that N � 1 denotes a scaling parameter, and C̄ = NC denotes the
server capacity. We let NW denote a maximum value for the number of flows in the system:
the admission control algorithm will reject any new flow request if the current number of flows is
NW . This model is meant to approximate a continuous-time model in which flow requests arrive
according to a Poisson process with rate λ, and the holding time of each flow has an exponential
distribution with parameter denoted N−1µ. Through a time-scaling we may assume without
loss of generality that λ + Wµ = 1.

The state process Φ represents the number of flows accessing the router, with state space
equal to Z+. The control process U taking values in {0, 1} represents the decision process of
acceptance or rejection of new flow requests. If U(t) = 1 then a new flow request will be honored
at time t. The controlled transition probabilities Pa(i, j) = P{Φ(n + 1) = j | Φ(n) = i, U(n) =
a}, i, j ∈ Z+, a ∈ {0, 1} are defined for i ∈ {0 . . . NW − 1} by,

Pa(i + 1, i) = N−1µi, Pa(i, i + 1) = λa, (17)
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and Pa(i, i) = 1 − Pa(i, i − 1) − Pa(i, i + 1). there is no
reason to
mention cts
time!

Control policies can depend on measurements of the flow process Φ and the packet arrival
processes {Xj(t)}. It is assumed that for each n ≥ 1 the future of the packet process {Xj(n+`) :
j, ` ≥ 1} is independent of past and previous observations {Φ(i), U(i),Xj (i) : i ≤ n, j ≥ 1}.
The statistics of the aggregate packet-arrivals at the server are defined for any time n ≥ 0 and
any k ∈ Z+, through the conditional distributions,

P

{
A(n + 1) = k | A(i),Φ(i), U(i),Xj (i), i ≤ n, j ≥ 1

}
=

∞∑

y=0

Pa(x, y)P
{ y∑

j=1

Xj(n + 1) = k
}

,

(18)
where U(n) = a ∈ {0, 1}, Φ(n) = x ∈ Z+.

3.2 Optimality of the extremal algorithm

Performance bounds are obtained here for the extremal algorithm based on the flow model
described in Section 3.1, maintaining the assumptions on the packet processes described earlier.

We consider for comparison an arbitrary moment-consistent algorithm A, with associated
moment-consistent map Γ( · ) and acceptance region ∆m as defined in Section 2.3. The controlled
process Φ is a Markov chain with transition probabilities,

P (i, i + 1) = λP{ξ̂ ∈ ∆i/N}, P (i + 1, i) = iµ/N, i ∈ {0 . . . NW − 1} . (19)

Although ξ̂ = ξ̂(t) depends on t, the transition probabilities are independent of time in the
bufferless model.

We let π denote the unique steady-state distribution, and we henceforth restrict attention
to the steady-state overflow probability given by

η = η(N) =
∞∑

i=1

π(i)P[ overflow | j] .

The following result establishes minimality of the overflow probability for the algorithm A∗. The
proof of Theorem 3.1 and all of the results that follow are collected together in the appendix.

Theorem 3.1 Let η∗ = η∗M denote the steady-state overflow probability under A∗ with M ≥ 1
moment constraints; ηM the corresponding quantity for an arbitrary moment-consistent algo-
rithm A; and η∗∞ the overflow probability for the certainty-equivalent algorithm described in
Section 2.2. Then, η∗M ≤ min(η∗∞, ηM ) for each finite N and M . Moreover, for each fixed
N ≥ 1,

lim
M→∞

η∗M = η∗∞.

ut

The next result concerns the asymptotic behavior of the algorithm for large N . The M -
dimensional rate function for the i.i.d. sequence {c(Xj(t)) : j ≥ 1} is denoted,

IM,Γ◦(v) := sup
θ∈RM

{θTv − Λ(θ)} , v ∈ R
M . (20)
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where ΛM,Γ◦(θ) := log Γ◦(eθTc), θ ∈ R
M . We define K : R+ → R+ by,

K(m) = inf {mIM,Γ◦(ξ) : ξ ∈ cl(∆∗
m)},

where cl(D) denotes the closure of a set D ⊂ R
M .

For large N , the algorithm A∗ is approximated by a threshold policy:

Theorem 3.2 For the algorithm A∗, P[ξ̂(t) ∈ ∆∗
m] → 1 as N → ∞ when m < m∗, lim supN→∞ P[ξ̂(t) ∈

∆∗
m] < 1 when m = m∗, and

lim sup
N→∞

N−1 log P[ξ̂(t) ∈ ∆∗
m] ≤ −K(m) < 0, m > m∗.

ut
Note that when
combined with
(19), the above
proposition
gives a
corresponding
LDP for the
transition
probabilities
P (Nm, Nm +
1).

The following corollary shows that the invariant distribution π is essentially supported on
the interval [0, bNm∗c]: The probability that there are more than bNm∗c flows in the system
decays to zero super-exponentially as N → ∞, and thus the Markov chain Φ behaves like an
M/M/d/d queue with d = Nm∗, arrival rate λ, and departure rate µ/N .

Let ρ = λ/µ, set m• := min(m∗, ρ), and define

L(m) =

{
(m• − m)(1 + log(ρ)) + m log(m) − m• log(m•); 0 ≤ m ≤ m∗,

∞; m > m∗ .
(21)

Proposition 3.3 The invariant distribution π∗ of the Markov chain under algorithm A∗ satis-
fies the following:

(i) The probability mass is concentrated around m•N for large N , i.e.,

lim
N→∞

bN(m•+ε)c∑

j=bN(m•−ε)c

π∗(j) = 1 for every ε > 0. (22)

(ii) For each m ≥ 0, lim
N→∞

N−1 log(π∗(bNmc)) = −L(m). ut

An LDP for the overflow probability η is given next. We denote the conditional probability
of overflow given j flows in the system by,

qj = qj(N) := P{
j∑

i=1

Xi(t) > NC}. (23)

Cramér’s Theorem gives the limit,

lim
N→∞

N−1 log(qbNmc) = −mĪΓ◦(C/m) , mξ1 ≤ C ≤ mR.

Combining this with Proposition 3.3, then gives,

lim
N→∞

N−1 log(π∗
bNmcqbNmc) = −(L(m) + mĪΓ◦(C/m)).

Since the steady state overflow probability η∗ is a sum of terms of the form π∗
bNmcqbNmc, the

following result is an affirmation of the usual large deviations principle that the term with the
slowest rate of decay dominates the rate of decay of the sum.
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Theorem 3.4 The steady state probability of overflow probability η∗ for the algorithm A∗ sat-
isfies the large deviations principle,

lim
N→∞

N−1 log(η∗) = − inf
m>0

{L(m) + mĪΓ◦(C/m)}. (24)

Moreover, the infimum above is achieved at m = m∗ if m∗ ≤ ρ. ut

4 Consideration Of Buffers

The bufferless model is convenient in analysis, but unfortunately does not reflect the behavior
of many physical systems. In this section we extend our models, algorithms and analysis to the
buffered server illustrated at right in Figure 2.

4.1 The buffered model

We maintain a discrete-time model for packet arrivals, but we now consider more general statis-
tics. For each 0 < s < t < ∞ we let Xi(s, t) denote the packet arrivals due to flow i in the
time-interval (s, t]. It is assumed that, for any given s ∈ Z+, {Xi(s, t) : t ≥ s} has stationary
and ergodic increments with peak packet arrival rate R (i.e. Xi(s, t) ≤ R(t − s) for all s, t.) We
again denote by Xi(t) = Xi(t − 1, t) the packet arrivals in a single time slot t, and the total
number of packets generated by the flows at time t is again defined in (1) and denoted A(t).

The server contains a queue as shown at right in Figure 2. The queue process Q satisfies
the usual Lindley recursion,

Q(t + 1) = [Q(t) + A(t + 1) − C̄]+, t ≥ 0,

where C̄ = NC is again the server capacity. The buffer-capacity is B̄ = NB, where again N � 1
is a scaling-parameter. An overflow occurs at time t if Q(t) > NB.

For a model with buffers, an approximation for the buffer-overflow probability generalizing
(5) is given by the many-sources asymptotic of [9, 4]: Let IΓ◦,t denote the large deviations rate-
function of Xi(0, t) (and therefore of Xi(s, s + t), since Xi(·) has stationary increments), and
define ĪΓ◦,t based on IΓ◦,t as in (6). We then have,

lim
N→∞

N−1 log(P[overflow]) = −m inf
t≥0

ĪΓ◦,t((Ct + B)/m), (25)

The expression (25) suggests the following admission control policy for the buffered model:
accept a flow at time s if and only if ĪΓ◦,T ∗(m)((CT ∗(m) + B)/m)) ≥ m−1Iη, where T ∗(m) is check: Where

was N in
original paper?the value of t achieving the minimum in (25). Unfortunately, to implement this decision rule

one requires both the value of T ∗(m) and the value of ĪΓ◦,T ∗(m), neither of which is known a
priori. To circumvent this difficulty, we take a fixed value T and estimate IΓ◦,T based on past
measurements.

The constant T is also used as the window-length over which the statistics of the arrivals are
estimated: For each time t we denote the M empirical moments by,

ξ̂(t, T ) =
1

Nm

Nm∑

j=1

c(Xj(t − T, t)). (26)

12



This can be expressed ξ̂(t, T ) = Γ̂t,T (c), where the empirical distributions are now defined by,

Γ̂t,T (k) =
1

Nm

Nm∑

j=1

I{Xj(t − T, t) = k} , k ∈ Z+. (27)

The set of marginals M is redefined as probability distributions supported on [0, RT ], and
we maintain the definition of consistent marginals Mξ given in (12) for ξ ∈ ∆. Moment-
consistent algorithms in the buffered model are defined exactly as in Section 2, based on a
moment consistent map Γ( · ). Given the empirical estimate ξ̂ = ξ̂(t, T ) ∈ R

M , a new flow
request is admitted if and only if

ĪΓbξ
,T ((CT + B)/m) ≥ m−1Iη.

Equivalently, a flow is admitted if and only if ξ̂ belongs to the acceptance region,

∆m :=
{

ξ ∈ R
M : ĪΓbξ

,T ((CT + B)/m) ≥ m−1Iη

}
. (28)

As in the bufferless case, Theorem 2.1 motivates the following algorithm based upon the
canonical distributions obtained from a given set of moment estimates.

Algorithm A∗∗: If a flow arrives at time t, it is accepted if, and only if ξ̂ ∈ ∆∗
m, where ξ̂ = ξ̂(t)

is the vector of empirical moments, ∆∗
m is defined by,

∆∗
m :=

{
ξ ∈ R

M : ĪΓ∗
ξ
,T (C/m) ≥ m−1Iη

}
, (29)

and mN is equal to the number of flows accessing the server at time t.

An important issue in implementing the algorithm A∗∗ is the choice of a measurement window
length T . Ideally one would like to adapt T so that T = T ∗(m), where T ∗(m) is the most
likely burst period before overflow when there are Nm flows in the system. When knowledge
of this burst time-scale is not immediately available one can obtain approximations [8, 14], or
bounds by making use of the declared parameters of the flows (such as maximum burst length in
ATM.) However, simulation results presented in Section 5 suggest that the overflow probability
is relatively insensitive to the exact value of T used in the implementation of the algorithm A∗∗.

4.2 Flow model

To complete the description of the buffered model we specify the flow dynamics as above. The
controlled process Φ representing the number of flows in the system is again modeled as a
Markov chain with transition probabilities,

P (i, i + 1) = λP[ξ̂(t, T ) ∈ ∆i/N ], P (i + 1, i) = iµ/N, i ∈ {0 . . . NW − 1} , (30)

where ξ̂(t, T ) is defined in (26) with m = i/N . only
conditionally
iid before: , as
the packet
arrival process
A is not i.i.d..
In fact, the
transition
probabilities
are no longer
time-
homogeneous
in the buffered
model.

In the asymptotic regime N → ∞, we may employ a time-scale separation heuristic to
reasonably approximate the overflow probability using (25). Given that there are Nm flows in the
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system, the conditional probability of overflow may be approximated as P[overflow | Nm] ≈ qNm,
where

lim
N→∞

N−1 log qNm = −m inf
t≥0

ĪΓ,t((Ct + B)/m).

The steady probability of overflow η may then be approximated as,

η =

∞∑

j=1

πjqj,

where π is the invariant distribution for the Markov chain Φ.

4.3 Performance analysis

The performance analysis for a moment-consistent algorithm in the buffered model is similar
to that for the bufferless model since the transition probabilities of the corresponding Markov
chains are of the same form given in (19). The results for the invariant distribution π and the
probability of overflow η are analogous, and are described below.

In the statement of our results below we reuse symbols earlier used for quantities in the
bufferless case, for the corresponding quantities in the buffered case. In particular, the common
marginal distribution of {Xi(0, T )} is denoted Γ◦.

The first result is a statement of the optimality of algorithm A∗∗:

Theorem 4.1 Let η∗ = η∗M denote the steady-state overflow probability under algorithm A∗∗;
ηM the corresponding quantity for an arbitrary moment-consistent algorithm A; and let η∗∞
denote the overflow probability for certainty-equivalent algorithm of Section 2.2. Then for each
fixed N ≥ 1 we have η∗M ≤ min(η∗∞, ηM ), and moreover,

lim
M→∞

η∗M = η∗∞.

ut

The following result is analogous to Theorem 3.2. First we define m∗ as,

m∗ := sup {m : ξ ∈ ∆∗
m} = sup

{
m : mĪΓ∗

ξ◦
,T ((CT + B)/m) ≥ Iη

}
, (31)

where ξ◦ := Γ◦(c). We impose the following technical assumptions:

(A1) The vector mean ξ◦ := Γ◦(c) lies in the interior of ∆.

(A2) C + B < Rm∗, so that ĪΓ,1((C + B)/m∗) = IΓ,1((C + B)/m∗) < ∞.

(A3) The infimization in (25) can be restricted to 0 ≤ t ≤ Tmax for a fixed constant Tmax > 0:

inf
t≥0

ĪΓ,t((Ct + B)/m) = inf
0≤t≤Tmax

ĪΓ,t((Ct + B)/m) for 0 < m ≤ W

The third assumption puts a bound on the value of the critical time-scale T ∗(m) for any m.
This is reasonable since in any practical system, one would not expect overflows to take place
over an unbounded period. Moreover, a bound on the measurement window T is required in
any practical implementation, and such a bound is provided by Tmax.
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The following result, analogous to Theorem 3.2, asserts that the algorithm A∗∗ behaves like
a threshold policy for large N , with threshold m∗N . Define K : R+ → R+ by,

K(m) = inf {mIM,Γ◦,T (ξ) : ξ ∈ cl(∆∗
m)}

where IM,Γ◦,T (·) denotes the M -dimensional large deviations rate-function for Γ◦, defined as in
(20). really should

introduce ΛT

Proposition 4.2 For the algorithm A∗∗,

lim
N→∞

P[ξ̂(t, T ) ∈ ∆∗
m] = 1, m < m∗

lim inf
N→∞

P[ξ̂(t, T ) ∈ ∆∗
m] > 0, m = m∗

lim sup
N→∞

1

N
log P[ξ̂(t, T ) ∈ ∆∗

m] ≤ −K(m), m > m∗.

(32)

ut

The next result, similar to Proposition 3.3, demonstrates that for large N , the invariant
distribution π is again similar to that of an M/M/d/d queue with d = Nm∗. Recall that
L : R+ → R+ ∪∞ is defined in (21).

Proposition 4.3 The invariant distribution π of the Markov chain under algorithm A∗∗ satis-
fies the following:

(i) The probability mass is concentrated around m•N , i.e.,

lim
N→∞

bN(m•+ε)c∑

j=bN(m•−ε)c

π(j) = 1 for every ε > 0 (33)

(ii) For each m ≥ 0, lim
N→∞

N−1 log(π(bNmc)) = −L(m). ut

An asymptotic expression for the probability of overflow η∗ in the buffered model follows as in
Section 3,

Theorem 4.4 The steady state probability of overflow probability η∗ for algorithm A∗∗ satisfies
the large deviations principle,

lim
N→∞

N−1 log(η∗(N)) = − inf
m>0

{
L(m) + inf

t
(mĪΓ,t((Ct + B)/m))

}
. (34)

Moreover, the infimum is achieved at m = m∗ if m∗ ≤ ρ. ut
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5 Simulations

We have seen that the algorithms A∗ and A∗∗ minimize the buffer-overflow probability among all
moment-consistent algorithms. We now examine the performance of these algorithms through
simulation.

In particular, we seek answers to the following questions: (i) How do the algorithms A∗,
A∗∗ compare to the Gaussian algorithm of [22, 11]? (ii) How robust are the algorithms A∗, A∗∗

to variations in the arrival rate λ and the nominal departure rate µ? (iii) How sensitive is the
algorithm A∗∗ to the measurement window length T ?

Note that Theorem 3.1 tells us nothing about the relative performance of the Gaussian
algorithm with respect to any extremal moment-consistent algorithm. The Gaussian algorithm
is not a moment-consistent algorithm since a non-trivial Gaussian distribution is not supported
on [0, R].

We find that in both the bufferless and the buffered model, algorithms A∗ and A∗∗ have
a lower buffer-overflow probability than the Gaussian algorithm. In addition, these algorithms
have a better trade-off curve than the Gaussian algorithm, in terms of bandwidth utilization
versus probability of overflow. Furthermore, the results indicate that the algorithms proposed
here are less sensitive to changes in λ, µ and T than the Gaussian algorithm.

In order to compare the algorithms A∗, A∗∗ to the Gaussian algorithm we have set M = 2,
and estimate first and second moments exactly as in the Gaussian algorithm. Recall that the
algorithms are denoted A∗(2), A∗∗(2), respectively, in this case. The canonical distribution Γ∗

for two moment measurements is given in (14).
We first concentrate on the bufferless case in which packet arrivals are i.i.d., with parameters

identified in Table 1. The source distribution is either uniform or discrete. Further details are
given below.

Parameter Description Values

N Scale parameter 40
η Target overflow probability 10−5

λ Flow arrival rate 0.05 − 0.5
µ Nominal departure rate 0.03 − 0.09
C Nominal capacity 5.0
B Nominal buffer size 0.0/2.0
R Peak rate 8.0

Table 1: List of parameter values

Performance comparison In the first simulation we use an i.i.d. source whose marginal
distribution is uniform over [0, 8]. The plot at left in Figure 3 provides a comparison of A∗(2)
and the Gaussian algorithm for a range of arrival rates from 0.05 to 0.5. From the figure we
see that the algorithm A∗(2) achieves the target overflow probability for a large range of arrival
rates, and violates the target marginally for high arrival rates. For high arrival rates, the effect of
a small error in measuring moments results in the erroneous admission of a significant number of
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Figure 3: Performance in the bufferless model. A comparison of algorithm A
∗(2) with the Gaussian algorithm

for a range of arrival rates. The figure at left shows results from experiments with a uniform source distribution,
and at right the source distribution was discrete.
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Figure 4: Sensitivity to the departure rate µ. Performance of algorithm A
∗(2) over a range of departure rates.

The two plots were obtained using a discrete source, and a uniform source, respectively.

flows, thus increasing the overflow probability. For low arrival rates the impact of measurement
error is small.

This observation also holds true for the Gaussian algorithm, with a clear degradation in
performance with increasing arrival rate. In comparison with A∗(2), however, the Gaussian
algorithm performs much worse, violating the target probability by as much as a factor of 80
for an arrival rate of 0.5.

At right in Figure 3 we see the results from an analogous set of experiments in which
the source distribution is discrete, rather than uniform. The marginal distribution is given
by 0.33 δ0.5 + 0.33 δ3.5 + 0.34 δ8.0. Both algorithms perform relatively worse in this case since
the source distribution is more bursty. However, algorithm A∗(2) still performs better than
the Gaussian algorithm. Its overflow probability is approximately four times lower than the
Gaussian algorithm for the highest arrival rates.

The trade-off curves for each algorithm are illustrated in Figure 1 for the uniform source.
Each plot shows the probability of overflow versus the average number of flows in the system (i.e.,
bandwidth utilization.) The trade-off curve for the algorithm A∗ lies below the corresponding
curve for the Gaussian algorithm, meaning that for the same level of bandwidth utilization,
algorithm A∗ achieves a lower probability of overflow.

Figure 4 shows the sensitivity of the algorithm A∗ to the nominal departure rate µ for both
uniform and discrete sources. The performance of A∗ is not very sensitive to changes in the
value of the departure rate for the uniform source; The sensitivity is moderate for the more
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bursty discrete source.

Buffered case Simulations of a buffered server were carried out using an on/off source which
sends packets at a rate of 8.0 when on, and transitions between on and off states at rate given
by 100 ∗ µ/N . Thus, on average, the on/off source switches state 100 times during the lifetime
of a flow. This is consistent with our implicit assumption of time-scale separation.
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Figure 5: Performance in the buffered model. The algorithm A
∗∗(2) and the Gaussian algorithm were compared in

several experiments using an on/off source. In each plot, the vertical axis indicates the overflow probability. The
two plots at far left compare the performance of the two algorithms over a range of arrival rates. Both algorithms
rely on an estimate of the critical time-scale. The plot at center shows that sensitivity to the parameter T is very
low in the algorithm A

∗∗(2). Finally, the plot at right shows how performance degrades in each model as the
average number of flows in the system increases.

Shown in Figure 5 are several plots comparing the performance of the algorithm A∗∗(2)
and the Gaussian algorithm in the buffered model. In each plot, the vertical axis indicates the
empirical overflow probability.

Note that the performance is poor when compared to the results shown in bufferless case,
especially when the arrival rate is high. This is mainly because the on/off source used in these
simulations is more bursty than the i.i.d. sources used in the bufferless case. Also, for finite N ,
the error in the formula given by the many sources asymptotic (25) may be significant.

Qualitatively, the results are analogous to those obtained in the bufferless model: In Fig-
ure 5 (a) we see that the algorithm A∗∗(2) is relatively insensitive to the arrival rate λ when
compared to the Gaussian algorithm. Figure 5 (c) shows the trade-off curves for each of the
two algorithms. The curve for A∗∗(2) lies below the corresponding curve for the Gaussian algo-
rithm, meaning that for the same level of bandwidth utilization, A∗∗(2) achieves a lower overflow
probability.

Finally, we note that the critical time-scale T ∗ is not known exactly. In practice, either
algorithm will be implemented using an approximate value T . Figure 5 (b) illustrates the
performance as a function of the parameter T for each algorithm based on a single source
model. The performance of the the algorithm A∗∗(2) does not vary significantly with a change
in the value of T . Sensitivity is higher in the Gaussian algorithm.

6 Conclusion

In this paper we introduced a new class of algorithms for measurement-based admission control,
together with a portrait of closed-loop behavior through both analysis and simulation.
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The main idea in the construction of these algorithms is to avoid explicit rate-function esti-
mation, but instead search for useful rate-function bounds. These bounds are all based upon the
central result Theorem 2.1, which is itself based upon the theory of canonical distributions. By
exploiting the simple structure of canonical distributions we obtain simple, effective algorithms
for admission control.

Many questions and open problems remain:

(i) Alternative data sets may be used to improve performance: Instead of estimating mo-
ments, one can instead estimate E[fi(X)], i = 1, . . . , n for suitably chosen functions fi

based on recent analytical results in [2, 3, 34].

(ii) Another issue to be considered is numerical computation. In particular, we do not know
how to efficiently compute the canonical distribution for large values of M [3, 34].

(iii) The ideas developed in this paper may also be used in conjunction with other methods
of admission control, such as virtual buffers [8]. Moreover, in systems such as ATM, it
may be possible to include extra information about the flows being served. These could
include mean rate specifications and/or maximum burst length specifications.

It is surprising that the ideas of Markov described in [32] have not had greater impact
in systems theory and statistical modeling. The viewpoint and the results of [32] have had
substantial impact on our own recent research. In particular,

(i) Motivated in part by canonical distributions we have constructed in [25, 34] simple discrete
queueing models for the purposes of simulation and control. This has provided a setting
to extend the variance reduction techniques introduced in [24] to a very general class of
network models.

(ii) In [28] the theory of canonical distributions has motivated a new class of algorithms for
the computation of efficient channel codes based on optimal discrete input distributions.

(iii) We are presently considering the application of canonical distributions to robust hypoth-
esis testing, and to source coding. Some preliminary results are contained in [34, 27]. The
paper [34] includes results from numerical experiments that illustrate how a worst-case
rate function depends on the dimension M of the constraint vector.

We are convinced that the theory of canonical distributions will have significant impact in many
other areas that involve statistical modeling and prediction.

A Appendix: Lemmas and Proofs

We begin with some useful lemmas. We omit the proof of the following result, which follows
from standard large deviations theory (see in particular [10, Section 2.2].)

Lemma A.1 For each Γ ∈ Mξ, the function gΓ(m) := mĪΓ(C/m),m > 0, has the following
properties:

(i) gΓ(m) is monotone decreasing.

(ii) gΓ(m) is finite, continuous and strictly decreasing on (C/R,C/ξ1].
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(iii) gΓ(m) = ∞ for m ≤ C/R, and gΓ(m) = 0 for m > C/ξ1. ut

The worst-case rate function is convex as a function of the vector of moment constraints:

Lemma A.2 For any r ∈ R+, the function h : ∆ → R given by h(ξ) = ĪΓ∗
ξ
(r) is convex.

Proof. Suppose that ξ1, ξ2 are two vectors in the set ∆, and let Γ1,Γ2 be two probability
distributions satisfying Γi ∈ Mξi for each i. For each α ∈ [0, 1] define Γα = αΓ1 +(1−α)Γ2. We
evidentally have Γα ∈ Mξ with ξ = α ξ1 + (1−α) ξ2, and also ĪΓα(r) ≤ αĪΓ1(r) + (1− α)ĪΓ2(r)
from the convexity of ĪΓ(r). Consequently,

ĪΓ∗
ξ
(r) ≤ ĪΓ(r) ≤ αĪΓ1(r) + (1 − α)ĪΓ2(r) (35)

Infimizing the expression on the right hand side of (35) over all Γi, i = 1, 2 satisfying the moment
constraints establishes the desired convexity. ut

The following is required in the proof of Theorem 3.1. The proof follows from the fact that
Γ̂t has at most NW points of support, and is hence determined by its first 2NW moments.

Lemma A.3 The empirical distributions and extremal distributions coincide, Γ∗
bξ

= Γ̂t, for all

M ≥ 2NW . ut

Proof of Theorem 3.1. We first prove that η∗M ≤ min(ηM , η∗∞) using an application of
likelihood ratio ordering [7, Section 1.3]. Let π∗ be the invariant distribution of the Markov
chain under algorithm A∗, π the corresponding invariant distribution under a general moment-
consistent algorithm A, and π∗

∞ be the corresponding distribution under the certainty-equivalent
algorithm. Since η∗ is a sum of the form

∑NW
j=0 π∗

j qj and qj is clearly an increasing sequence,
in order to use [7, Lemma 1.14], we have to verify that π∗(j)/π∗(j + 1) ≥ max(π(j)/π(j +
1), π∗

∞(j)/π∗
∞(j + 1)) for 0 ≤ j ≤ NW . This is equivalent to showing that

(i) P[ξ̂(t) ∈ ∆∗
j/N ] ≤ P[ξ̂(t) ∈ ∆j/N ], j = 0, . . . , NW for every acceptance region ∆m obtained

from a moment-consistent algorithm, and

(ii) P[ξ̂(t) ∈ ∆∗
j/N ] ≤ P[jĪbΓt

(NC/j) ≥ Iη].

From Theorem 2.1, we know that jĪΓ∗
ξ
(NC/j) ≤ jĪΓξ

(NC/j) for every moment-consistent map
Γ and for every vector ξ ∈ ∆. Thus ∆∗

j/N ⊂ ∆j/N , and the first condition is verified. To verify

the second condition, note that Γ̂t satisfies Γ̂t(c) = ξ̂(t). Together with Theorem 2.1 this implies
jĪΓ∗

bξ
(NC/j) ≤ jĪbΓt

(NC/j) when ξ̂ = ξ̂(t), and (ii) then follows from the definition of ∆∗.

Finally, the claim that that the algorithm A∗ approaches the certainty-equivalent algorithm
when M → ∞ follows from Lemma A.3. ut
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Proof of Theorem 3.2. For m > m∗, the LDP result follows from Cramér’s Theorem for
R

M -valued random variables. The rate-function IM,Γ◦ is known to be lower semi-continuous
[10, Section 2.2]. Consequently, since cl(∆∗

m) is closed, one can find c ∈ cl(∆∗
m) satisfying

K(m) = mIM,Γ◦(c). Finally, K(m) = mIM,Γ◦(c) > 0 since ξ◦ 6∈ cl(∆∗
m) for m > m∗.

For m = m∗ we apply Lemma A.2, which implies that the set {∆∗
m∗}c is convex. Conse-

quently, there exists an M -dimensional half-space B satisfying ξ ∈ B ⊂ ∆∗
m∗ . This implies the

bound,

P[ξ̂(t) ∈ ∆∗
m] = P[

√
N(ξ̂(t) − ξ) ∈

√
N(∆m − ξ)] ≥ P[

√
N(ξ̂(t) − ξ) ∈

√
N(B − ξ)], (36)

and hence by the Central Limit Theorem,

lim inf
N→∞

P[
√

N(ξ̂(t) − ξ) ∈ (B − ξ)] = lim inf
N→∞

P[
√

N(ξ̂(t) − ξ) ∈ B] > 0. (37)

Putting (36) and (37) together, we obtain the desired result, lim infN→∞ P[ξ̂(t) ∈ ∆∗
m∗ ] > 0.

The result for m < m∗ follows similarly, based on the weak law of large numbers. ut
The next two results will be applied repeatedly in the proofs that follow.
Lemma A.4 follows directly from the definition of ∆∗ and property (i) in Lemma A.1.

Lemma A.4 The sets defined in (29) are monotone decreasing on (0,∞): ∆∗
m2

⊂ ∆∗
m1

for all
m1 ≥ m2 > 0. ut

Lemma A.5

π(bNvc)
π(bNuc) =

bNvc−1∏

i=bNuc

(
Nλ

iµ

)
P{ξ̂(t) ∈ ∆∗

i/N}

=

(
(Nρ)bNvc−bNvc(bNuc − 1)!

(bNvc − 1)!

) bNvc−1∏

i=bNuc

P{ξ̂(t) ∈ ∆∗
i/N}

Proof. This follows from the detailed-balance equations,

π(j)P (j, j + 1) = π(j + 1)P (j + 1, j) ,
∑

j≥0

π(j) = 1 , (38)

which is a consequence of the skip-free property for Φ. ut
Proposition A.6 is based on Lemma A.5 combined with Stirling’s formula.

Proposition A.6 The following hold for the algorithm A∗:

(i) If 0 ≤ u ≤ v ≤ m∗ then

lim
N→∞

N−1 log

(
π(bNvc)
π(bNuc)

)
= −(L(v) − L(u))

(ii) lim
N→∞

N−1 log(π(bNm•c)) = 0 = −L(m•), with m• := min(m∗, ρ).

(iii) lim
N→∞

N−1 log(π([bNvc,∞))) = −∞ = −L(m) for m > m∗.
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Proof. We first establish (iii). Defining m′ := (m + m∗)/2 for m > m∗, we have from
Lemma A.5,

π(bNmc) ≤ π(bNm′c)
( ρ

m

)bNmc−bNm′c
bNmc−1∏

i=bNm′c

P{ξ̂(t) ∈ ∆∗
i/N}

The right hand side above can be further bounded by using the inequalities, (i) ρ/m ≤ ρ/m∗,
(ii) π(bNm′c) ≤ 1, and (iii) P{ξ̂(t) ∈ ∆∗

i/N} ≤ P{ξ̂(t) ∈ ∆∗
bNm′c/N} for bNm′c ≤ i ≤ bNmc

(from Lemma A.4), to obtain:

π(bNmc) ≤
( ρ

m∗
P{ξ̂(t) ∈ ∆∗

bNm′c/N}
)bNmc−bNm′c

Now from Theorem 3.2, we have

lim sup
N→∞

N−1 log
(
P{ξ̂(t) ∈ ∆∗

bNm′c/N}
)
≤ −K(m′) < 0,

and combining this with the previous inequality we conclude that

lim
N→∞

N−1 log(π(bNmc)) = −∞, for m > m∗,

which establishes (iii).

We now turn to (i). Stirling’s formula gives,

(bNuc − 1)! ≈
√

2π(bNuc − 1)

(bNuc − 1

e

)bNuc−1

And substituting this into the formula given in Lemma A.5 we obtain,

lim
N→∞

N−1 log

(
(Nρ)bNvc−bNuc (bNuc − 1)!

(bNvc − 1)!

)
= (v − u) log ρ + u log(u) − v log(v) + u − v

= −(L(v) − L(u)) (39)

Thus in order to prove (i) it is sufficient to show that

lim
N→∞

1

N
log




bNvc−1∏

i=bNuc

P{ξ̂(t) ∈ ∆∗
i/N}



 = 0. (40)

If v < m∗ then from Theorem 3.2,

lim
N→∞

log P{ξ̂(t) ∈ ∆∗
bNvc/N} = 0,

which implies (40).
If on the other hand we have v = m∗ and u < v, then the proof is more complex. For ε > 0,

we define m− = m∗ − ε. Then from the above arguments we know that

lim
N→∞

1

N
log




bNm−c−1∏

i=bNuc

P{ξ̂(t) ∈ ∆∗
i/N}



 = 0
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Using Lemma A.4 again, we obtain the bound,

P{ξ̂(t) ∈ ∆∗
bNm∗c/N}Nε+1 ≤

bNm∗c−1∏

i=bNm−c

P{ξ̂(t) ∈ ∆∗
i/N}

From Theorem 3.2, we know that z := lim infN→∞ P[ξ̂(t) ∈ ∆∗
m∗ ] > 0. Combining this bound

with the above inequalities we obtain,

lim inf
N→∞

1

N
log




bNm∗c−1∏

i=bNuc

P{ξ̂(t) ∈ ∆∗
i/N}



 = lim inf
N→∞

1

N
log




bNm∗c−1∏

i=bNm−c

P{ξ̂(t) ∈ ∆∗
i/N}



 ≥ ε log z.

Since ε > 0 was arbitrary, we again obtain (40), which completes the proof of (i).
In the proof of (ii) we distinguish between two cases: m∗ ≤ ρ and m∗ > ρ. Consider first the

case when m∗ ≤ ρ, so that m• = m∗. Fix an ε > 0, and define m− := m∗ − ε and m+ := m∗ + ε.
The proof consists of bounding the sum

∑∞
j=0 π(j) by separating it into three smaller sums,

between the limits {0, bNm−c}, {bNm−c, bNm+c}, and {bNm+c,∞}.
Using Lemma A.5 we have for j ≤ k ≤ bNm∗c,

(
π(k)

π(j)

)
≥

k−1∏

i=j

P{ξ̂(t) ∈ ∆∗
i/N} ≥ P{ξ̂(t) ∈ ∆∗

k/N}k−j ≥ P{ξ̂(t) ∈ ∆∗
k/N}k, (41)

where the first inequality follows from Nλ/jµ ≥ 1 for j ≤ bNm∗c ≤ bNρc, and the second
inequality uses Lemma A.4. Using the above inequalities, we obtain,

bNm−c∑

j=0

π(j) ≤ π(bNm−c)
(
bNm−cP{ξ̂(t) ∈ ∆∗

m−}−bNm−c
)

(42)

Now for bNm−c ≤ j ≤ bNm+c, it is easy to see that π(j) ≤ (ρ/m−)2Nε+1π(bNm−c). Summing
this inequality for all such j, we have,

bNm+c∑

j=bNm−c

π(j) ≤ π(bNm−c)
(

(2Nε + 1)
( ρ

m−

)2Nε+1
)

(43)

The sum
∑∞

j=bNm+c π(j) is negligible since we have already established Proposition A.6 (iii).
Adding the inequalities (42), (43) we obtain, for large enough N ,

1 =
∑∞

j=0 π(j)

≤ π(bNm−c)
[
bNm−cP{ξ̂(t) ∈ ∆∗

m−}−bNm−c + 2(Nε + 1)
( ρ

m−

)2Nε+1
] (44)

From Theorem 3.2, we have limN→∞ log P{ξ̂(t) ∈ ∆∗
m−} = 0. Combining this with (44) gives,

lim inf
N→∞

N−1 log(π(bNm−c)) ≥ −2ε log
( ρ

m∗

)

23



Now using Lemma A.6 (i) along with the above inequality, we have

lim inf
N→∞

N−1 log(π(bNm∗c)) ≥ −(L(m∗) − L(m−)) − 2ε log
( ρ

m∗

)

The function L is left-continuous; thus L(m−) → L(m∗) when ε ↓ 0. We thus conclude,

lim inf
N→∞

N−1 log(π(bNm∗c)) ≥ 0,

which establishes (ii) in the special case m• = m∗ ≤ ρ.
Consider now the case when m∗ > ρ, i.e., m• = ρ. The proof for this case is similar to that

for m∗ ≤ ρ : We bound the sum
∑∞

j=0 π(j) by separating it into three smaller sums, between

the limits {0, bNρc}, {bNρc, bNm+c} and {bNm+c,∞} (where m+ := m∗ + ε as before). The
third sum is negligible, again by (iii).

As in (41), we have here, for 0 ≤ j ≤ bNρc,
(

π(bNρc)
π(j)

)
≥

bNρc−1∏

i=j

P{ξ̂(t) ∈ ∆∗
i/N} ≥ P{ξ̂(t) ∈ ∆∗

bNρc/N}bNρc−j

Summing the above inequality gives a bound on the first of the three sums:

bNρc∑

j=0

π(j) ≤ π(bNρc)
(
bNρcP{ξ̂(t) ∈ ∆∗

bNρc/N}−bNρc
)

(45)

In order to bound the second term we use the fact that π(j) ≤ π(bNρc) for j > bNρc since
Nλ/jµ ≤ 1. Thus

bNm+c∑

j=bNρc+1

π(j) ≤ π(bNρc)(N(m∗ + ε − ρ) + 1) (46)

Adding the inequalities (45) and (46) we obtain for large n,

1 =

∞∑

j=1

π(j) ≤ π(bNρc)
(
bNρcP{ξ̂(t) ∈ ∆∗

bNρc/N}−bNρc + N(m∗ + ε − ρ) + 2
)

Now recall that in this case ρ < m∗, so according to Theorem 3.2, P{ξ̂(t) ∈ ∆∗
bNρc/N} → 1 as

N → ∞. Thus we have,
lim inf
N→∞

N−1 log(π(bNρc)) ≥ 0,

which completes the proof of part (ii). ut

Proof of Proposition 3.3: First we prove part (ii). For m ≤ m∗ the result follows on
combining Proposition A.6 (i) and (ii),

lim
N→∞

log(π(bNmc)) = lim
N→∞

log

(
π(bNmc)
π(bNm•c)π(bNm•c)

)

= − (L(m) − L(m•)) − L(m•) = −L(m)
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For m > m∗ the result follows from Proposition A.6 (iii).
To prove part (i) we consider separately the cases m∗ ≤ ρ and m∗ > ρ. For m∗ ≤ ρ, we

define for fixed ε > 0,
m− := m∗ − ε, m− := m∗ − ε/2.

From Lemma A.5 we have, for 0 ≤ j ≤ bNm−c,

π(j) ≤ π(bNm−c)
(

ρ

m−

)j−bNm−c

P{ξ̂(t) ∈ ∆∗
bNm−c/N}−bNm−c,

giving

bNm−c∑

j=0

π(j) ≤ π(bNm−c)
(

ρ

m−

)−Nε/2+1

(1 − m−/ρ)−1
P{ξ̂(t) ∈ ∆∗

bNm−c/N}−bNm−c

Now from Theorem 3.2, P{ξ̂(t) ∈ ∆∗
bNm−c/N} → 1. We also have ρ/m− > 1. Therefore, for

large enough N we have
bNm−c∑

j=0

π(j) ≤ π(bNm−c)

This combined with Proposition A.6 shows that π(bNm−c, bNm+c) → 1 when m∗ ≤ ρ.
For m∗ > ρ, we apply similar arguments. We define ρ− := ρ − ε, ρ− := ρ − ε/2, ρ+ := ρ + ε

and ρ+ := ρ + ε/2. We then have, for j ≤ bNρ−c,

π(j) ≤
(

ρ

ρ−

)j−bNρ−c

π(bNρ−c)P{ξ̂(t) ∈ ∆∗
bNρ−c/N}−bNρ−c.

And as in the case m∗ ≤ ρ,

lim
N→∞

bNρ−c∑

j=0

π(j) = 0. (47)

Now for j ≥ bNρ+c, we have π(j) ≤
(

ρ
ρ+

)j−bNρ+c
π(bNρ+c), giving the bound

∞∑

j=bNρ+c

π(j) ≤ π(bNρ+c)
(

ρ

ρ+

)Nε/2−1

(1 − ρ/ρ+)−1.

Since ρ/ρ+ < 1, we conclude that

lim
N→∞

∞∑

j=bNρ+c

π(j) = 0. (48)

The inequalities (47) and (48) imply that π(bNρ−c, bNρ+c) → 1 when m∗ > ρ. ut
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Proof of Theorem 3.4: The proof of Theorem 3.4 is divided into two parts: we first establish
the asymptotics of the steady-state overflow probability η∗(N) under A∗, and then show that
the infimum in (24) is achieved at m∗ when m∗ ≤ ρ.

Although the statement of the theorem is an affirmation of the usual large deviations principle
that the term with the smallest exponent dominates the rate of decay of a sum, the proof is
more complicated since the infimization (over m) of the exponents is not a finite minimization.

Since η∗ ≥ πNmqNm for every m, we have using Proposition 3.3,

lim inf
N→∞

1

N
log η∗ = lim inf

N→∞

1

N
log




∞∑

j=0

π(j)qj



 ≥ − inf
m>0

(L(m) + mĪΓ◦(C/m))

Thus we only need to establish the reverse inequality,

lim sup
N→∞

1

N
log




∞∑

j=0

π(j)qj



 ≤ − inf
m>0

(L(m) + mĪΓ◦(C/m)) (49)

We divide the proof into two cases, m∗ ≤ ρ and m∗ > ρ. We begin with the simpler case
m• = m∗ ≤ ρ.

First we show that infm>0{L(m)+mĪΓ◦(C/m)} is achieved at m∗, as required by the theorem
Since L(m) = ∞ for m > m∗, it is sufficient to show that L(m) + mĪΓ◦(C/m) is a decreasing
function on (0,m∗]. In fact, the function L is decreasing on [0,m∗] from the definition (21), and
mĪΓ◦(C/m) is also decreasing in m by Lemma A.1.

To obtain (49), first note that the right hand side of (49) is −(L(m∗) + m∗ĪΓ◦(C/m∗)) =
−m∗ĪΓ◦(C/m∗). From the definition (23) we obtain the bound, for any ε > 0,

bNm+c∑

j=0

π(j)qj ≤ qbNm+c

where m+ = m∗ + ε. As in the proof of Proposition 3.3 we can apply Proposition A.6 to argue
that the sum from bNm+c to infinity is negligible, giving

lim sup
N→∞

1

N
log




∞∑

j=0

π(j)qj



 ≤ −m+ĪΓ◦(C/m+))

On letting ε ↓ 0 this bound implies (49) since the rate function ĪΓ◦ is convex, which implies that
mĪΓ◦(C/m)) is continuous in a neighborhood of m∗.

The case m∗ > ρ is treated similarly. Define a partition of the interval [0,m∗], with m0 =
0, mp = m∗ and ml = ρ for some l, such that |L(mk+1) − L(mk)| ≤ ε, k = 0, . . . , p − 1.
This is possible because the restrictions of L to [0, ρ] and [ρ,m∗] are continuous and monotone
functions. Then for k ≤ l and j ∈ {bNmkc, . . . , bNmk+1c}, we have π(j) ≤ π(bNmk+1c)P{ξ̂(t) ∈
∆∗

bNmk+1c/N
}−bNmk+1c. We thus have, for k ≤ l,

bNmk+1c∑

j=bNmkc

πjqj ≤ (N(mk+1 − mk) + 1)πbNmk+1cqbNmk+1cP{ξ̂(t) ∈ ∆∗
bNmk+1c/N

}−bNmk+1c.
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Similarly for k > l and j ∈ [bNmkc, bNmk+1c], πj ≤ πbNmkcP{ξ̂(t) ∈ ∆∗
bNmkc/N

}bNmkc and
qj ≤ qbNmk+1c. Thus for k > l,

bNmk+1c∑

j=bNmkc

πjqj ≤ (N(mk+1 − mk) + 1)πbNmkcqbNmk+1cP{ξ̂(t) ∈ ∆∗
bNmkc/N

}bNmkc.

We thus obtain the bound,

bNm∗c∑

j=0

π(j)qj ≤
∑

k≤l

(N(mk+1 − mk) + 1)πbNmk+1cqbNmk+1cP{ξ̂(t) ∈ ∆∗
bNmk+1c/N

}bNmk+1c

+
∑

k>l

(N(mk+1 − mk) + 1)πbNmkcqbNmk+1cP{ξ̂(t) ∈ ∆∗
bNmkc/N

}bNmkc (50)

Using Theorem 3.2, Proposition 3.3 and the fact that |L(mk+1) − L(mk)| ≤ ε, we have,

lim sup
N→∞

1

N
log




bNm∗c∑

j=0

π(j)qj



 ≤ −min
k

{L(mk) + mk ĪΓ◦(C/mk)} + ε

≤ − inf
m>0

{L(m) + mĪΓ◦(C/m)} + ε

and from Proposition A.6 (iii) we can again conclude that

lim sup
N→∞

1

N
log




∞∑

bNm∗c

π(j)qj



 = 0.

which establishes the asymptotics of η∗(N) in the case m∗ > ρ. ut

The proofs for Proposition 4.1, Proposition 4.2 and Proposition 4.3 are identical to those for
Proposition 3.1, Theorem 3.2 and Proposition 3.3 respectively. The proof of Theorem 4.4 is also
similar to that of Theorem 3.4, with some minor differences that are described below.

Proof of Theorem 4.4. Although the asymptotic expression for η∗(N) in Theorem 4.4 is
different from the corresponding one in Theorem 3.4, the proof of Theorem 3.4 carries over
almost exactly to Theorem 4.4. This is because the proof of the asymptotics of ηM depends on
the following: (i) The structural properties of the function L, (ii) The fact that qj is monotone
increasing in j, and (iii) The fact that mĪΓ◦(C/m) is lower semi-continuous for m > m∗. The
function L also appears in Theorem 4.4, so that the stuctural properties of L can be used here
as well. Also the monotonicity of qj is easy to see in the buffered case as well.

In the buffered model, the function mĪΓ◦(C/m) is replaced by inft≥0 mĪΓ,t((Ct + B)/m).
It remains to prove that this last function is lower semi-continuous for m > m∗. Firstly, from
Assumption A3, this can be written as inf0≤t≤Tmax mĪΓ,t((Ct+B)/m). Now from Assumption A2
we can conclude that (C+B)/m∗ < R, i.e., m∗ > R−1(C+B). Consequently, m∗ > (Rt)−1(Ct+
B) for any t ≥ 1. Therefore we must have mĪΓ,t((Ct+B)/m) = mIΓ,t((Ct+B)/m) for all t ≥ 1
and for m > m∗. We therefore have, for m > m∗,

inf
t≥0

mĪΓ,t((Ct + B)/m) = inf
0≤t≤Tmax

mIΓ,t((Ct + B)/m)
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Finally, since IΓ,t is a lower semi-continuous function of m for any t, and the minimum of a
finite number of lower semi-continuous functions is also lower semi-continuous, we conclude that
inft≥0 mĪΓ,t((Ct + B)/m) is lower semi-continuous on [m∗,∞).

In the proof of Theorem 3.4, the fact that the infimum is achieved at m∗ when m∗ ≤ ρ relies
on the monotone decreasing nature of mĪΓ◦(C/m). Here, since mĪΓ,t((Ct + B)/m) is monotone
decreasing in m for each t, inft mĪΓ,t((Ct + B)/m) is also monotone decreasing in m. Thus the
proof of Theorem 3.4 carries over to this case as well. ut
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