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I. Introduction

Many problems in Information Theory can be distilled to
an optimization problem over a space of probability distribu-
tions. The most important examples are in communication
theory, where it is necessary to maximize mutual information
in order to compute channel capacity, and the classical hy-
pothesis testing problem in which an optimal test is based on
the maximization of divergence.

Two general classes of optimization problems are consid-
ered in this paper: convex and linear programs, where the con-
straint set is defined by a finite number of moment constraints.
Let X ⊂ R denote compact set, M the set of finite distribu-
tions on B(X), and M1 ⊂ M the set of all probability distri-
butions. A finite collection of real-valued continuous functions
{fi : i = 0, . . . , n} and real constants {ci : 0 = 1, . . . , n} are
given, and the corresponding moment class P ⊂ M is defined
to be the set of distributions satisfying the linear constraints,

P := {π ∈ M : 〈π, fi〉 ≤ ci, i = 1, . . . , n}, (1)

where the notation 〈π, f〉 is used to denote the mean of the
function f according to the distribution π. It is assumed that
f0 ≡ 1 and c0 = 1 so that each π ∈ P is a probability distri-
bution.

The following non-degeneracy condition is imposed
throughout the paper: Denote the set of feasible moment vec-
tors by

∆ := {x ∈ R
n : xi = 〈π, fi〉, i = 1, . . . , n, for some π ∈ M1},

and ∆◦ := ∆∩ {x ∈ R
n : xi ≤ ci, i = 1, . . . , n} denotes the set

of feasible moment vectors in P.

(A1) The set ∆◦ lies in the relative interior of ∆.

There are many applications in which the distribution π is
not completely specified a priori. Our motivation for consid-
ering moment classes to model this uncertainty comes firstly
from the simple observation that the most common approach
to partial statistical modeling is through moments, typically
mean and correlation. However, note that the functions {fi}
do not have to be polynomials.

Probabilistic inference using moment information has a
long and rich history [30, 4, 36, 18, 17, 21]. The primary
motivation in these references comes from the fact that it is
possible to obtain worst-case bounds on the probability of a
given set, over all probability distributions in a given moment
class.

An example is digital communication over a wireless chan-
nel subject to severe time varying interference with a few dom-
inant interferers as in a CDMA system [38]. Here the additive
noise term may not be well modeled as Gaussian or even sta-
tistically time-invariant. Training to learn the statistics can

only result in partial knowledge of the marginal distribution
π.

In the applications considered below the functional
I : M → [0,∞] to be optimized can be chosen to be concave,
so that the following optimization is a convex program,

max I(π) s. t. π ∈ P. (2)

One can apply the Kuhn-Tucker alignment conditions to char-
acterize an optimizer. Under general conditions this is ex-
pressed as follows: If π∗ is an optimizer of (2), and gπ∗ : X → R

denotes the gradient, defined so that

I(π) ≤ I(π∗) + 〈π − π∗, gπ∗〉, π ∈ M,

then for some constants {λi} ⊂ R,

gπ∗(x) ≤ fλ(x), x ∈ X;

gπ∗(x) = fλ(x), a.e. [π∗]
(3)

where fλ =
P

λifi.
Sometimes we are so fortunate to find that the functional I

is linear, or can be closely approximately by a linear function.
In such cases we write the linear program as,

max 〈π, g0〉 s. t. π ∈ P (4)

where g0 ∈ C(X) is a continuous function on X. An optimizer
π∗ for (4), if it exists, can be chosen so that it has at most
n + 2 points of support. An optimizer of this form is called
extremal [30, 27].

This paper provides a survey of applications involving spe-
cial cases of these optimization problems. The common theme
is that optimizers typically have finite support even in the
non-linear program (2). This fact has significant value in the
construction of algorithms for detection or coding in the ap-
plications considered.

II. Channel coding

One of the great success stories in communication theory is
Shannon’s celebrated 1948 paper [34] that demonstrates opti-
mality of the Gaussian input distribution in the i.i.d. additive
white Gaussian noise (AWGN) channel. It is now known that
this is a very special case. There is an increasing list of chan-
nel models in which an optimizing distribution is discrete, with
finite support. Examples include,

Gaussian channels It is shown in [35] that if the input is not
only constrained by average power but also limited by a given
peak power constraint, then the optimal input distribution
has finite support. The conclusion of [35] is generalized to
complex and vector Gaussian channels in [32, 24, 7].



Fading channels The capacity-achieving distribution for
the Rayleigh channel is discrete in magnitude with a finite
number of mass points, one of them located at the origin [1].
Similar conclusions hold for many other fading channel mod-
els [20, 11, 24]. Extensions to MIMO channels are contained
in [23].

Worst-case channel modeling Discrete distributions arise
in a worst-case analysis of many statistical models. In partic-
ular, for an additive-noise communication channel with fixed
binary input, the worst-case noise distribution is supported
on an integer lattice [33].
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Figure 1: The illustration at left shows the alignment condition for
the real AWGN channel, with π = 1

2
(δσ + δ−σ). The illustration at

right shows the alignment condition for the complex Rayleigh chan-
nel, with input distribution symmetric, with magnitude supported
on {0, 5}.

Consider the channel capacity problem with real input and
output alphabets, and transition density defined by

P(Y ∈ dy | X = x) = p(y|x)dy , x, y ∈ R.

The channel capacity is expressed as the value of the nonlinear
program (2) with {fi} = {1, x2}, and {ci} = {1, σ2

P }, where
σ2

P < ∞ denotes an average power constraint. The functional
I : M → [0,∞] to be optimized is the mutual information,

I(π) =

Z

“

Z

ln
“ p(y|x)

p(y|π)

”

p(y|x)dy
”

π(dx) , π ∈ M.

The alignment condition itself can rule out the existence
of a continuous optimizer, which provides one explanation for
the large number of examples in which π∗ is discrete. This
is best illustrated through example. The channel sensitivity
function is given by the divergence,

gπ(x) := D(p( · |x)‖p( · |π)) =

Z

ln
ˆ

p(y|x)/p(y|π)
˜

p(y|x) dy .

It can be shown that the channel sensitivity function is pre-
cisely the gradient of I at π, and the alignment condition (3)
is expressed as follows: π∗ is an optimizer if and only if there
exists a quadratic function q(x) = λ0 + λ2x

2 such that

gπ∗(x) ≤ q(x), x ∈ X;

gπ∗(x) = q(x), a.e. [π∗]

Consider for example the real AWGN channel, and let
π∗2 denote the symmetric binary distribution supported on
{−σP , σP }. Shown at left in Figure 1 is the sensitivity func-
tion gπ∗2 and a quadratic function qπ∗2 satisfying gπ∗2 ≤ qπ∗2

on [−σP , σP ] with gπ∗2(σP ) = qπ∗2(σP ). It follows that the

alignment condition holds for the convex program with peak
power constraint given by σP . That is, the binary distribution
π∗2 is optimal distribution when the input alphabet is equal
to the bounded set X = [−σP , σP ].

The illustration at right in Figure 1 shows the alignment
condition for the Rayleigh channel model in which a binary
distribution is optimal without a peak power constraint. Fur-
ther details may be found in [14].

When the average power constraint is significant, so that
the signal to noise ratio (SNR) is small, then it is argued
in [14] that the nonlinear program can be approximated by
the linear program (4), where g0(x) := D(p( · |x)‖p( · |0)). If
an optimizer π∗ of (4) exists, then without loss of generality
it contains at most two points of support on X (i.e. π∗ is
binary.) Similarly, Gallager in [10] showed that for small
SNR, the reliability function for a finite-alphabet channel can
be obtained by approximating a convex functional on M by a
linear functional. In this way the error-exponent optimization
problem is transformed to a linear program of the form (4).

III. Large deviations

Convex and linear optimization problems also arise in the
following worst-case large-deviations problem. Consider first
the classical LDP limit theorem for an i.i.d. sequence of
random variables {Xj}

∞
j=1 taking values in the compact set

X ⊂ R, with marginal distribution π ∈ M1:

Theorem 1 (Sanov’s Theorem for Empirical Measures) The
sequence of empirical distributions defined by

LN :=
1

N

N−1
X

j=0

δXj
, N ≥ 1,

satisfies an LDP with respect to the weak*-topology on M1,
with the good, convex rate-function

J(µ) := D(µ ‖ π), µ ∈ M1.

Consequently, for any E ∈ B(M1),

− inf
µ∈Eo

J(µ) ≤ lim inf
N→∞

N−1 log LN (E)

≤ lim sup
N→∞

N−1 log LN (E) ≤ − inf
µ∈E

J(µ) ,

where Eo and E denote the interior and the closure of E in
the weak*-topology, respectively. ut

The worst-case version of Sanov’s Theorem is defined with
respect to a given moment class: Suppose that π is not known,
but is known to belong to the moment class P. Then, the
worst-case rate-function L : M1 → R defined as,

L(µ) := min
π∈P

D(µ ‖ π). (5)

The optimization problem (5) is precisely of the form (2) with
I := −L.

Theorem 2 is taken from [25, 27]. Part (ii) is a version of
the alignment condition (3).

Theorem 2 (Worst-Case Sanov Bound) The following hold
under Assumption (A1):



(i) The function L is convex; continuous in the weak*-
topology; and uniformly bounded over M1. Moreover,
it has the representation,

L(µ) = sup
λ∈R+(f)

{〈µ, log λTf〉 + 1 − λTc}, (6)

where

R+(f) := {λ ∈ R
n+1
+ : λTf(x) ≥ 0 for all x ∈ X}.

(ii) The infimum in (5) and the supremum in (6) are
achieved by a pair π∗ ∈ P, λ∗ ∈ R+(f), satisfying

dµ

dπ∗
= λ∗Tf.

ut

Qβ∗(P)
P

〈µ, h〉 = 〈µ∗, h〉

π∗

µ∗

Figure 2: Geometric interpretation of extremal distributions. The
dark region inside Q+

β∗
(P) is the divergence set Q+

β∗
(π∗).

Consider the special case in which X = [0, 1], and the mo-
ment class is defined by the equality constraints

P := {π ∈ M : 〈π, fi〉 = ci, i = 1, . . . , n}, (7)

with {fi} = {1, x, . . . , xn} the first n polynomials, and ci =
〈ν, xi〉 = 100−1 P100

k=1(k/100)i, i ≥ 1. The vector c is consis-
tent with the uniform distribution on X.

Shown in Figure 3 are results from numerical calculation
of L(µ) for n = 1, 3, 10 and 20 with µ the symmetric binary
distribution supported on {0.01, 0.99}. Note that µ ∈ P for
n = 1, and hence L(µ) = 0. Also shown in Figure 3 is the
nth order polynomial λT f in each case, and the roots of this
polynomial contained in X. From Theorem 2 we know that
L(µ) = D(µ ‖ π∗) for some π∗ ∈ P with dµ

dπ∗
= λTf . It follows

that π∗ is supported on the union,

supp (π∗) ⊂
˘

roots of λTf
¯

∪
˘

supp (µ) = {0.1, 0.99}
¯

Consider now the LDP theorem in one dimension: For a
given continuous function h ∈ C(X), and a given marginal
distribution π ∈ M1, Chernoff’s bound for the exceedance
probability is given by

P

n

N−1
N

X

j=1

h(Xj) ≥ r
o

≤ exp(−NJπ,h(r)), N ≥ 1, (8)

where Jπ,h(r) is the one-dimensional rate function,

Jπ,h(r) = inf{D(µ ‖ π) : µ ∈ M1 s.t. 〈µ, h〉 ≥ r}. (9)

If π is not known than we consider the worst-case, which
requires that we minimize Jπ,h(r) over all π ∈ P. Consider for
r ∈ R,

H := {µ ∈ M1 : 〈µ, h〉 = r}, (10)

H0 := {µ ∈ M1 : 〈µ, h〉 < r}, (11)
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Figure 3: Computation of L(µ). Here µ is the symmetric binary dis-
tribution supported on {0.01, 0.99}, and n is the number of moment
constraints used to define P.

and H1 :={µ ∈ M1 : 〈µ, h〉 > r}. The set H is an intersection
of M1 and the hyperplane {µ ∈ S : 〈µ, h〉 = r}, where S
denotes the set of signed measures on X. The set H is closed
in the weak* topology since h is continuous. Since it causes no
ambiguity, we refer to H itself as a hyperplane, and we refer
to the sets {H0,H1} as half-spaces. Based on Theorem 2
and the contraction principle we obtain a formula for the one-
dimensional worst-case rate-function:

Jh(r) = inf{D(µ ‖ π) : π ∈ P, and µ ∈ M1 s.t. 〈µ, h〉 ≥ r}

= inf{L(µ) : µ ∈ M1 s.t. 〈µ, h〉 ≥ r}, r ∈ R.
(12)

Given a moment class P, a function h ∈ C(X), and r ∈ R,
a distribution π∗ ∈ P is called (h, r, +)-extremal if it solves
the optimization (12) with Jh(r) > 0. The ‘+’ refers to the
use of an upper tail in (8). A (h, r,−)-extremal distribution is
defined analogously.

A geometric interpretation of the extremal property is pro-
vided by convexity of the following divergence sets,

Q+
β (π) := {µ ∈ M1 : D(µ ‖ π) ≤ β}, (13)

Q+
β (P) :=

[

π∈P

Q+
β (π). (14)

Divergence sets are convex subsets of M1 since D(· ‖ ·) is
jointly convex [8, Theorem 2.7.2]. The minimization (12) may
be expressed,

Jh(r) = inf
π∈P

inf
µ∈H∪H1

D(µ ‖ π), r ∈ r ∈ R, (15)

which is equivalently expressed in terms of divergence sets as,

Jh(r) = sup{β : Q+
β (P) ∩H = ∅}, r ∈ R. (16)

This geometry is illustrated in Figure 2.
The set H forms a supporting hyperplane for Q+

β∗(P), pass-

ing through distributions µ∗ in the intersection Q+
β∗(P) ∩ H.

Theorem 2 asserts that there exists π∗ ∈ P such that D(µ∗ ‖
π∗) = β∗. The pair of probability distributions {µ∗, π∗} solve
(15), and π∗ is a (h, r, +)-extremal distribution.

The extremal property defined in this section is consistent
with the definition of extremal distributions given previously:
It is shown in [27] that π∗ ∈ P is a (r, h, +)-extremal distribu-
tion if and only if it is an optimizer of the linear program (4)



with g0 = eθ∗h for some θ∗ > 0. The value of the linear pro-
gram in this case is an evaluation of the worst-case moment
generating function, defined by

max 〈π, exp(θh)〉

s. t. 〈π, fi〉 ≤ ci, i = 1, . . . n, π ∈ M.
(17)

An important special case of (17) is obtained on setting
X = [0, 1], h(x) ≡ x, and P is defined by the equality con-
straints (7) with {fi} = {1, x, . . . , xn}. The linear program
(17) then reduces to a well-studied problem that originated
in the nineteenth century work of A. A. Markov [21]. In this
case, there is a single probability distribution π∗ ∈ P that op-
timizes (17) simultaneously for every θ ∈ R+. The optimizer
π∗ is known as a Markov canonical distribution.

The case n = 1 was considered by Hoeffding [12], and the
case n = 2 was considered by Bennett [2] to obtain celebrated
probability inequalities for sums of bounded random variables.
In these two special cases the optimizing distribution π∗ is
binary. Since then, these ideas have been developed in various
directions [2, 12, 22, 19, 39, 9, 31, 28, 30, 3, 36, 27, 25].

IV. Robust hypothesis testing

We now consider the binary hypothesis testing problem
based on a finite number of observations from a sequence
of observations X = {Xt : t = 1, . . .}, taking values in X.
Throughout the remainder of the paper it is assumed that X

is finite.
Conditioned on either of the hypotheses H0 or H1, these ob-

servations are independent and identically distributed (i.i.d.).
The marginal probability distribution on X is denoted πj un-
der hypothesis Hj for j = 0, 1. The goal is to classify a given
set of observations into one of the two hypotheses.

Standard approaches to deciding whether the observations
come from H0 or H1 include the Bayesian, Neyman-Pearson,
and min-max criteria (see, e.g., [29]). It is well-known that
when the distributions π0 and π1 are specified, the optimal
test under any one of these three criteria can be expressed as
a Likelihood Ratio Test (LRT) [29].

A reasonable way to capture partial knowledge of π0 and
π1 is through sets of distributions referred to as uncertainty
classes. A standard approach to designing decision rules in
this setting is the min-max approach, where the goal is to min-
imize the worst-case performance over the uncertainty classes.
The decision rules thus obtained are said to be robust to the
uncertainties in the probability distributions. Min-max robust
detection has been the subject of numerous papers since the
seminal work of Huber and Strassen [15, 16]. The solution to
the robust detection problem, if one exists, is a LRT between a
pair of least favorable distributions (LFDs) within the classes.
Huber and Strassen showed that LFDs exist for several un-
certainty models, such as ε-contaminated neighborhoods, to-
tal variation neighborhoods, band-classes, and p-point classes,
or more generally when the neighborhood classes can be de-
scribed in terms of alternating capacities of order 2 [16].

Motivated by the results surveyed in the previous section,
we consider here uncertainty classes obtained by specifying
bounds on a finite number of moments of the distributions
under the respective hypotheses. Specifically, we define the
two moment classes P0 and P1 as,

Pj =
n

π ∈ M1 : 〈π, fi〉 ≤ cj
i , i = 1, ..., n

o

, j = 0, 1, (18)

where {fi} are real-valued continuous functions on X, and
{cj

i} are constants. It is assumed throughout that the sets
P0, P1 are disjoint, and that each satisfies the non-degeneracy
assumption (A1).

The asymptotic robust Neyman-Pearson (N-P) criterion is
described as follows when the marginals π0, π1 are given [13]:
Suppose that for each N ≥ 1 a decision test φN is constructed
based on the finite set of measurements {X1, . . . , XN}. This
may be expressed as the characteristic function of a subset
AN

1 ⊂ X
N . The test declares that hypothesis H1 is true if

φN = 1, or equivalently, (X1, X2, . . . , XN ) ∈ AN
1 . The perfor-

mance of a sequence of tests φ := {φN : N ≥ 1} is reflected
in the error exponents for the type-II error probability and
type-I error probability, defined respectively by,

Iπ1

φ := − lim inf
N→∞

1

N
log(π1(φN(X1, . . . , XN ) = 0)),

Jπ0

φ := − lim inf
N→∞

1

N
log(π0(φN(X1, . . . , XN ) = 1)),(19)

where π0,∈ P0, π
1 ∈ P1 are the actual marginal distributions

of X under H0 and H1 respectively.
Consider first the non-robust setting in which the distribu-

tions π0, π1 are known exactly. The asymptotic N-P criterion
for choosing an optimal test is to maximize the type-II expo-
nent subject to a constraint on the type-I exponent. Thus, for
a given constant η ≥ 0 as the constraint, we have

sup
φ

Iπ1

φ subject to Jπ0

φ ≥ η (20)

where the supremum is over all test sequences φ. The optimal

value of the exponent Iπ1

φ in the asymptotic N-P problem
is expressed in Theorem 3 below, which is a combination of
results established in [13] and [5]. A sequence of tests that
is asymptotically optimal is expressed using the log-likelihood
ratio between π0 and π1.

Given the two distributions π0, π1 ∈ M1 we define the
likelihood ratio ` : X → R by

`(x) =
π0

x

π1
x

, x ∈ X.

Theorem 3 Suppose that the two distributions π0, π1 ∈ M1

are known exactly. Then the following statements hold,

(i) The optimal value of Iπ1

φ in (20) is given by the min-
imal Kullback-Leibler divergence,

inf
µ∈Q

+
η (π0)

D(µ ‖ π1)

(ii) The minimization in (i) is uniquely attained by the
distribution µ∗ ∈ Q+

η (π0) defined for some s∗ ≥ 0 and
all x ∈ X by,

µ∗
x = (π0

x)
s∗

1+s∗ (π1
x)

1
1+s∗

“

X

x∈A

(π0
x)

s∗

1+s∗ (π1
x)

1
1+s∗

”−1

.

Moreover, we must have either s∗ = 0, or D(µ∗ ‖ π0) =
η (or both).

(iii) Suppose that D(µ∗ ‖ π0) = η, and define β∗ =
D(µ∗ ‖ π1). Then, the log-likelihood ratio defines a LRT
test φ∗ that is asymptotically optimal: In this test the
decision region for H1 is given by,

A1(N) :=
n

x ∈ X
N :

1

N

N
X

t=1

log `(xt) ≤ β∗ − η
o

. (21)



ut

Part (i) of Theorem 3 was proved by Hoeffding [13]. Parts
(ii) and (iii) were established in [5] for the case in which the
support of π0 and π1 is all of X. A sketch of the proof is
provided in the Appendix.

〈µ, log(`)〉 = 〈µ∗µ∗

, log(`)〉

π0

π1

Qη(π
0)

Qβ∗(π1)

Figure 4: The Neyman-Pearson hypothesis testing problem. The
likelihood ratio test is interpreted as a separating set between the
convex sets Q+

η (π0) and Q+
β∗

(π1).

Theorem 3 may be interpreted geometrically as follows. On
setting

β∗ = sup{β ≥ 0 : Q+
η (π0)∩Q+

β (π1) = ∅} = inf
µ∈Q

+
η (π0)

D(µ ‖ π1),

we have µ∗ ∈ Q+
η (π0)∩Q+

β∗(π1). The convex sets Q+
η (π0) and

Q+
β∗(π1) are separated by the following set, which corresponds

to the test sequence in (21):

H = {µ ∈ M1 : 〈µ, log `〉 = 〈µ∗, log `〉}

This geometry is illustrated in Figure 4.

We now present an extension of Theorem 3 to the robust
framework in which π0 and π1 are known to belong to the un-
certainty classes P0 and P1 respectively. We impose a uniform
constraint on the type-I exponent for all π0 ∈ P0, and sub-
ject to this we seek a test sequence that maximizes the worst
type-II exponent across π1 ∈ P1. Thus, in the robust version,
the asymptotic N-P criterion (20) is replaced by the following
constrained optimization:

sup
φ

inf
π1∈P1

Iπ1

φ subject to inf
π0∈P0

Jπ0

φ ≥ η. (22)

Theorem 4 establishes the existence of an optimal test se-
quence φ∗ in which a log-linear combination of the constraint
functions {fi : 0 ≤ i ≤ n} is compared to a threshold.

The proof of Theorem 4 is given in [26]. Assumption (23) is
imposed to ensure that the solution to the robust hypothesis
testing problem is non-trivial.

Theorem 4 Consider the asymptotic robust N-P hypothesis
testing problem (22) under Assumption (A1), and the addi-
tional assumption,

D(π1 ‖ π0) > η for each π0 ∈ P0, and π1 ∈ P1. (23)

That is, Q+
η (P0) ∩ P1 = ∅. Then,

(i) The optimal value of the exponent in (22) is given by
the minimal Kullback-Leibler divergence,

β∗ := sup{β ≥ 0 : Q+
η (P0) ∩ Q+

β (P1) = ∅}

= inf
π1∈P1

inf
µ∈Q

+
η (P0)

D(µ ‖ π1). (24)

(ii) There exist π0∗ ∈ P0, π
1∗ ∈ P1, and a probability dis-

tribution µ∗ that solve (24). The distributions π0∗ and
π1∗ are mutually absolutely continuous and, for some
s∗ ≥ 0, on their support

π0∗
x

π1∗
x

= C0 `
(1+ 1

s∗
)

0 (x) = C−1
1 `

−(1+s∗)
1 (x),

where the functions `0 and `1 are given by `0 = λTf
and `1 = γTf . Moreover, µ∗ may be expressed as µ∗

x =
`1(x)π0∗

x = `0(x)π1∗
x .

(iii) An optimal sequence of tests is defined through the
decision regions

A1(N) =
n

x ∈ X
N :

1

N

N
X

t=1

log `∗(xt) ≤ β∗ − η
o

.

where `∗(x) := `0(x)/`1(x) for x ∈ X.
ut
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Figure 5: The two-moment worst-case hypothesis testing problem.
The uncertainty classes Pi, i = 0, 1 are determined by a finite
number of linear constraints, and the thickened regions Q+

η (P0),

Q+
β∗

(P1) are each convex. The linear threshold test is interpreted

as a separating hyperplane between these two convex sets.

Theorem 4 has a geometric interpretation that is entirely
analogous to that given for Theorem 3. With β∗ ≥ 0 defined
in (24), we find that

Q+
η (P0) ∩Q+

β∗(P1) = ∅, Q+
η (P0) ∩ Q+

β∗(P1) 6= ∅,

and that µ∗ ∈ Q+
η (P0) ∩ Q+

β∗(P1). The probability distribu-

tions {π0∗, π1∗} belong to the respective moment classes, and
satisfy,

D(µ∗ ‖ π0∗) = η and D(µ∗ ‖ π1∗) = β∗.

From Theorem 3, β∗ is clearly an upper bound on the op-
timal exponent in (22). Theorem 4 shows that this bound is
attained. Either of the functions log `0 or log `1 defined in the
theorem defines a separating hyperplane between the convex
sets Q+

η (P0) and Q+
β∗(P1), as illustrated in Figure 5.
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