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Abstract

An i.i.d. process X is considered on a compact metric space X. Its marginal distribution
7 is unknown, but is assumed to lie in a moment class of the form,

P={r:(m fi)=c, i=1,...,n},
where { f;} are real-valued, continuous functions on X, and {¢; } are constants. The following

conclusions are obtained:

(i) For any probability distribution p on X, Sanov’s rate-function for the empirical
distributions of X is equal to the Kullback-Leibler divergence D(u || 7). The
worst-case rate-function is identified as

L(p):=inf D(u || m) = sup (p,log(A"f)),
sy AER(f,c)

where f = (1, f1,..., fn)7, and R(f,c) C R"! is a compact, convex set.

(ii) A stochastic approximation algorithm for computing L is introduced based based
on samples of the process X.

(iii) A solution to the worst-case one-dimensional large-deviations problem is obtained
through properties of extremal distributions, generalizing Markov’s canonical dis-
tributions.

(iv) Applications to robust hypotheses testing and to the theory of buffer overflows in
queues are also developed.
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1 Introduction & Background

Consider an i.i.d. sequence X on a compact metric space X. It is assumed that its marginal
distribution 7 is not known exactly, but belongs to the moment class P defined as follows: A
finite set of real-valued continuous functions {f; : i = 1,...,n} and real constants {¢; : i =
1,...,n} are given, and

Pi={mreMy:(mfi)=c, i=1,...,n}, (1)

where M is the space of probability distributions on X, and the notation (m, f;) is used to
denote the mean of the function f; according to the distribution 7.

The motivation for consideration of moment classes comes primarily from the simple ob-
servation that the most common approach to partial statistical modeling is through moments,
typically mean and correlation. Moment classes have been considered in applications to finance
[41]; admission control [10, 5, 32]; queueing theory [20, 19, 12]; and other applications.

For a moment class of this form, and a given function g € C(X), the map 7 — (m,g)
defines a continuous linear functional on M;. Consequently, the following maximization may
be viewed as a linear program,

ne (m9) <2>

The value of this (infinite-dimensional) linear program provides a bound on the mean of g that
is uniform over w € P. A. A. Markov, a student of Chebyshev, considered a special case of the
linear programs (2) in which the functions {f;} are polynomials. A comprehensive survey by
M. G. Krein in 1959 describes many of Markov’s original results [26]. Since then, these ideas
have been developed in various directions [1, 13, 44, 29, 21, 8, 38, 34, 36, 3, 42].

The present paper concerns various large-deviations bounds that are uniform across a
moment class. One set of results concerns relaxations of Chernoff’s bound: For a given function
h € C(X), and any r > (7, h),

P{Sn > r} <exp(—=NI; (1)), N>1, (3)

where {Sy = N~! E;v:1 h(X;): N > 1}, and I, is the usual one-dimensional large deviations
rate-function under the distribution 7. Denoting the log moment-generating function as,

My p(0) i=log (m, exp(0h)), O €R, (4)
the rate-function is equal to the convex dual,

Iw,h(r) = Zlel]g {97" - Mw,h(e)}v reR. (5)

Theorem 1.5 and related results in Section 3 contain expressions for the minimum of the
rate function I () over the moment class P. To put these results in context we present some
known results in the special case of polynomial constraint functions.

1.1 Markov’s canonical distributions

Suppose that X = [0, 1], h(xz) = z, and that the constraint functions { f;} are of the form,

filz)=2', zeX=[0,1],i=1,...,n (6)



A direct approach is to introduce the worst-case moment-generating function, which for each
6 € R is a special case of (2), defined as

mp(0) := max (7, exp(6h)), 0 € R. (7)
el
The solution of this linear program gives a uniform lower bound on the rate-function (5).
Under mild conditions on the vector ¢ used in (1), it is shown in [26] that there is a single
probability distribution 7* € P that optimizes (7) simultaneously for every 6 € R,. The
probability distribution #n* is known as a Markov canonical distribution.

Theorem 1.1. (Markov’s Canonical Distributions) Suppose that h is the identity function on
[0,1]; the functions {f;} are given in (6) for some n > 1; and that the vector (ci,...,cy)" lies
in the interior of the set of feasible moment vectors,

A:={zeR":z;=(m fi),i=1,...,n, for some ™€ My}. (8)
Then,

(i) There exists a probability distribution ©* € P, depending only on the moment con-
straints {c;}, that optimizes the linear program (7) for each 6 > 0.

(ii) The probability distribution 7* is a discrete distribution with exactly [n/2]+1 points
of support. Moreover, if n is even, then the end-point 1 lies in the support of m*. If n
is odd, then the end-points {0,1} each lie in the support of 7*.

O

It can be shown that finding the distribution 7* is equivalent to solving an n'" degree
polynomial. Consequently, analytical formulae for 7* are available for n < 4. Consider the
following two special cases:

(i) A single mean-constraint. When n = 1, the canonical distribution is supported on 0
and 1, with 7*({0}) =1 —7*({1}) = 1.

(ii) First and second moment constraints. The canonical distribution 7* is again binary
when n = 2, and can be expressed

7 = pdze + (1 — po)dn, 9)

(1—61)2
14+co—2c1 °

where xg = cll__ccf, and pg =

The case n = 1 was considered by Hoeffding [13], and the case n = 2 was considered by
Bennett [1] to obtain celebrated probability inequalities for sums of bounded random variables.
The following Generalized Bennett’s Theorem follows directly from Theorem 1.1 and Chernoft’s
bound (3).

Theorem 1.2. (Generalized Bennett’s Theorem) Suppose that the assumptions of Theo-
rem 1.1 hold. Consider the worst-case, one-dimensional rate-function defined by,

I(r):=inf{I.(r) : m € P}, r € R, (10)



where the rate-function I, is defined in (5) with h(x) = x. Then, the Markov canonical
distribution m* achieves the point-wise minimum:

L«(r)=1(r), rZ>c1 (11)
Consequently, the universal Chernoff bound holds,
P{Sny =2 r} <exp(—NIz+(r)), 7P, N>1,r=>c.

1.2 Main results

How can Theorems 1.1 and 1.2 be extended to allow general constraint functions, or a general
compact state space? Theorem 1.4 provides generalizations in both directions, and also gives
a transparent bound on the empirical distribution large-deviations asymptotics.

We first recall some well know definitions and results [7]. For two distributions pu, 7w € My,
the relative entropy, or Kullback-Leibler divergence is defined as,

Dy || 7) = {<7T,3—l;10gg—ﬁ> if p < 77‘,
00 otherwise

The domain of definition of D is usually restricted to the space of probability distributions
My, but for the convex analytic methods to be applied in this paper, we extend the definition
of D in the obvious way to include the space M of all finite positive measures on X.

We let S denote the set of signed measures on X with finite mass, so that |u| € M for
i € S. We assume that S is endowed with the weak*-topology, defined to be the smallest
topology on S that contains the system of neighborhoods

{peS8:|ug) —s| <e}, forreal-valued g € C(X), s € R, e>0}. (12)

The associated Borel o-field induced by the weak*-topology on M; is denoted F.
The sequence of empirical distributions is defined by,

1 N-1
Ly ::NZ%" N>1. (13)
=0

We then have the well-known limit theorem [37, 7].

Theorem 1.3. (Sanov’s Theorem for Empirical Measures) Suppose that X is i.i.d. with
marginal distribution © on the compact state space X. The sequence of empirical measures
{Ln} satisfies an LDP in the space (M1, F) equipped with the weak*-topology, with the good,
convex rate-function

I(n):= DG || 7),  pe M. (14)

Consequently, for any E € F,

. < Tim i -1
ulenbgo I(p) < h]{[n_ing log Ly (E)

<lim sup N 'log Ly(E) < — inf I(u),
N—oo pneE



where E° and E denote the interior and the closure of E in the weak*-topology, respectively.
d

On considering the special case E = {u € M : {(u,h) > r} for r € R, Theorem 1.3 implies
the following representation of the one-dimensional rate-function,

Iip(r) =inf{D(p || 7) : p € My s.t. (u,h) > 1} (15)

Equation (15) is known as the contraction principle.
In view of Theorem 1.3 and the representation (15), we are led to seek lower bounds on the
rate-function I defined in (14).

We are now in a position to state the main result of this paper. Theorem 1.4 provides an
expression for the worst-case rate-function L: My — R defined as,

L(p) = inf D(u | 7). (16)

For an arbitrary probability distribution # € M; and for 8 € Ry, the divergence sets
Qp(m), Q;(W) are defined as

Qp(m) :={p € My : D(u|l ) < B},
Q;(ﬂ') ={peM;:Du| ) <}

Divergence sets are convex subsets of M since D(- || 7) is a convex function. The above
definition is extended to include divergence sets of the moment class P:

Qs(P) = J Qs(m)  and  QF(P) = |J Qf(m). (18)
melP el
We have L(n) < 4 if and only if u € Qg(P).
The following assumptions on these constraint functions and constants are imposed through-
out the paper:

(17)

(A1) The functions 1, fi,..., fn, are continuous on X, and the vector (cy,...,¢,)" lies in the
interior of the set of feasible moment vectors, defined as
A:={zeR":z;=(m fi),i =1,...,n, for some m € My} (19)

A version of Theorem 1.4 appears as Proposition 2.2.1 in the dissertation [31]. A proof is
included in the Appendix.

Let {f1,...,fn} be the continuous functions and {¢;,...,c,} the constants used in the
definition (1). We let f: X — R™*! denote the vector of functions (1, f1,..., f,)7, and write
c:=(1,¢c1,...,cy)T € R,

Theorem 1.4. (Worst-Case Sanov Bound) The following hold under Assumption (A1):

(i) The function L may be expressed,

L(p) = sup {(M?log)‘Tf> +1- )‘Tc}v (20)
AER(f)
where
R(f) :={N e R \Tf(x) > 0 for all x € X}. (21)



Figure 1: Geometric interpretation of extremal distributions. The dark region inside Qg* (P) is the divergence
set Q:;* (7).

(ii) The infimum in (16) and the supremum in (20) are achieved by a pair 7 € P,
X € R(f), satisfying

dp \AT
dﬂ'*_)\ f.

Consequently, X*Tc = 1.

(iii) The function L is convez; it is continuous in the weak*-topology; and it is uniformly
bounded:

sup L(p) < oo.
HEM1
(iv) For B > 0, the sets Qg(P), QZ(]P’) defined in (18) are convex. These sets also
enjoy the following properties in the weak*-topology: The set QE(IP’) s compact, the
set Qg(IP) is open, and the closure of Qz(PP) is equal to Qg(]P’). O

Let C(X) denote the set of continuous functions on X, and define for h € C'(X), r € R,

H = {peMy:{(uh)=r}, (22)
H® = {pe My {uh) <}, and HY = {u e My (u,h) >} (23)

The set H is an intersection of M and the hyperplane {u € S : (u,h) = r}. The set H is
closed in the weak* topology since h € C'(X). Since it causes no ambiguity, we refer to H itself
as a hyperplane, and we refer to the sets {H?, !} as half-spaces.

The function I, is convex and non-negative on R, it is identically zero on the interval
[r1,,71], and identically infinite on [h, h]¢, where

Tn = sup{r:H(r)NP # 0}, = max{h(z):z € X};

" (24)
r, = inf{r:H(r)NP#0}, h = min{h(z):z € X}.

An interpretation of these constants is illustrated in Figure 2, and in Proposition 3.4 below.
Based on Theorem 1.4 and the contraction principle (15), we obtain a formula for the

worst-case rate-function in one-dimension on the closed interval [F,, h]:
I, (r) :=1inf I (r
1(r) = inf. L ()

=inf{D(p||7):me€P, and pe M; s.t. (u,h)>r} (25)

=inf{L(pn): p € My s.t. (u,h) >r}, r € [T, h].

This gives rise to the notion of extremal distributions:
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Figure 2: Plot of a typical worst-case one-dimensional rate-function, and worst-case log moment-generating
function.

Given a moment class P, a function h € C(X), and r € (Fp, h), a distribution 7* € P
is called (h,r,+)-extremal if it solves the optimization (25).

The ‘4’ refers to the use of an upper tail in (3). The constraint r € (75,h) ensures that
1, (r) > 0. A (h,r,—)-extremal distribution is defined analogously for r € (h,7},).

When the precise values of h and r are unimportant, we simply refer to 7* as an extremal
distribution.

The paper [36] uses the exact same terminology for distributions that solve a particu-
lar infinite dimensional linear program. Although the setting is very different, Theorem 1.5
shows that the definition used here is consistent with the definition of extremal distributions
introduced in [36]. A proof is provided in the Appendix..

Theorem 1.5. (Saddle-Point Property) For any r € (Th,h), there exists * € P and 6* < oo
such that

1),(r) = I (1) = [9*7“ - Mﬂ*7h(0*)} = min max [97‘ - Mmh(ﬁ)]

TEP 6>0
= in[0r — M, ,(0)] = [6*r — M,(6%)],
ey mlp o = Mral0)] = 07 = I,(67)]
where My, :=log(my,) is the worst-case log moment-generating function. ad

A geometric interpretation of the extremal property is provided by convexity of the diver-
gence sets: The minimization (25) can be expressed,

I,(r)=inf inf D € (Fp, h). 26
Lyr) = inf inf  Dlim),  re@mh) (26)

Which is equivalently expressed,

1, (r) =sup{Q: Q;(]P’) NH =0}, r € (Tp, h). (27)
This follows from the geometry illustrated in Figure 1.

The set H forms a supporting hyperplane for QE* (P), passing through distributions p*
in the intersection QE* (P) N'H. Theorem 1.4 asserts that there exists 7* € P such that
D(u* || #*) = pB*. The pair of probability distributions {u*,7*} solve (26), and 7* is an
extremal distribution.



The remainder of the paper is organized as follows. The next section develops two general
applications to queueing theory and information theory. Section 3.1 contains a development
of theory related to the geometry illustrated in Figure 1. In particular, the geometry of
divergence sets is explored, and extremal distributions are characterized. Conclusions are
contained in Section 4, along with a description of possible future directions and applications
for this research.

Proofs of the major results are contained in the Appendix.

2 Applications

We illustrate the application of the Generalized Bennett’s Lemma Theorem 1.2 and the worst-
case Sanov bound Theorem 1.4 in two general settings. In Section 2.1 we consider bounds
on error exponents arising in the analysis of buffer overflows in queues. Section 2.2 contains
application to robust hypothesis testing based on Theorem 1.4. Further discussion on the
hypothesis testing problem is included in Section 3.3.1, and [33, 31] contains a more complete
development in a completely general setting.

2.1 Buffer overflows in queues

The reflected random walk is a basic model in queueing theory. In the most common appli-
cation, W; is interpreted as the total workload in the queue at time k, and evolves according
to

Wip1 = Wi + Xiqal+, Wo e Ry,

where X is an i.i.d. sequence. For example, X; might represent the duration of the ith telephone
call to a call center, minus the time elapsed since the previous call. The marginal distribution
of X may be complex. To obtain a simpler model, one can estimate the first few moments
of the marginal distribution, and then compute the worst case marginal that maximizes some
cost criterion subject to these moment constraints.

For example, if just two moments are estimated, and if one maximizes (m, f) over all 7
subject to these moment constraints with f(z) = e’ for some # > 0, then we have seen that
m* is a binary by Bennett’s Lemma. The following is a simple but useful extension:

Proposition 2.1. Fach of the following expectations,
E[X?), E[™], E[XPe™],

is mazimized simultaneously for each 9 > 0, p € Zy, by a fized binary distribution in each of
the following two situations:

(i) If the first moment ¢; = [xm(dx) is specified, then each of these expectations is
mazimized over all probability distributions on [—T~,TT] with mean c1 by

™t =p* 0z + (1 —p*) O+ s (28)

where p* = (Tt —c1)/(TT +77).



(ii) If two moments are specified, ¢; = [ x'w(dx), i = 1,2, then the optimizer is,
T =P Oy + (L= ") 0p (29)
where xg = [ — c1] " HaTT — ¢3) and p* = [T + ¢ — 20,71 L@ — e1)2.

The significance of Proposition 2.1 is that a very simple model can be constructed that
captures worst-case behavior.

Assume that the marginal distribution 7 of X is supported on an interval [-Z~,Z"] with
Z~ and TT each strictly positive. The mean is assumed negative E[X;] = —d < 0, and
P{X; > 0} > 0. This ensures that W is positive recurrent, and its unique invariant measure
has non-trivial support.

Under general conditions, the steady state mean of W is determined by only the first and
second moments of X (see for example the version of the Pollaczek-Khintchine formula [30,
Prop. 1.1].) However, two distributions with common first and second moments may have very
different higher-order statistics, and hence exhibit very different behavior during a rare event
such as a buffer overflow.

We consider the worst case behavior of the stationary version of the random walk on the
two-sided time interval Z. Denoting the stationary process W*, consider the tail exponent,

Iy = — lim b~ log (P{W; > b}).

The log moment generating function for 7, denoted A, satisfies A’(0) = —d and A() — oo as
0 — oo. Consequently, there is a unique second zero 6y > 0. It is known that that Iy = 6,
and that the derivative d* = A’(y) is the most likely slope of W* prior to ‘overflow’ [9].

Proposition 2.2. The exponent Iy is minimized, and the slope d™ = AN (6y) is maximized,
over all marginals ™ on [T~ ,TT| with given first moment —d, by the values obtained when the
marginal distribution of X is supported on the two points {—x~,ZT}. In particular, for any
increment distribution supported on this interval with the given mean —d we have,

Jim —b~'log P{W > b}) < 68,

where 03 denotes the positive zero of the worst-case log moment generating function

0 € R.

Tt +d)e T 4 (37 —d)e®?
A'(e):bg(( ! f—+f(+ : )

Proof. Applying Proposition 2.1, we see that the binary distribution maximizes A(6) for 6 > 0,
and hence the location of the second zero 6y is minimized over all 7 € P. Moreover, we have

A'(6o) = E[X "],

which is also maximized for the same reasons. O

We close with a numerical example of the following parameterized form. Fix d € (0,1),
and let k > 1 denote the parameter. We choose Z= = 1 and T© = k, so that the worst-case
distribution 7* is determined by p, = 7*{—1} = (14-x)~'(d+~) to satisfy the mean constraint.



st N(0) = —d
oL N(®o) = d*

i i i
0.0022 0.0072 0.0215 19[)

Figure 3: Log moment generating function for three binary distributions supported on {—1, x} with x = 5, 15, 50,
and common mean E[X;] = —d.

The moment generating function and its derivative are expressed,
AW) =pre™" + (1= py)e™, N(®) = —pee™ + (1 — pe)re™, 9 € R.
Through a second-order Taylor series approximation we obtain,
L= \(o) = pu(1 = 0) + (1 = pi) (1 + w0 + 5(k00)°),

which after substituting the definition of p, and rearranging terms gives,

d
lim sup kg(k) < 2——

K— 00 - 1 — d )
Based on this bound, we obtain through a first-order Taylor series approximation,
pe(1 —90) + (1 — pr)e™° =1+ 0(k™2),

which then implies the limit,
lim kYy(k) = By,

where By € (0,2(1 — d)~!d] solves the fixed point equation e =1+ (1 — d)~! B.
As expected, the value of 1 vanishes as k — oco. However, the slope d* = A’(6y) = N (o)
is bounded, and converges to the finite limit,

dt(c0) := lim d¥(k) = =14 (1 — d)eP.

From the fixed point equation and the bound By < 2(1 — d)~'d this gives,

1+d>d.

dt (o) = 1+ (1 —d)[l+ (1 —d) By = —d+ By < (m

A numerical experiment was conducted with d = 1/19.1 A plot of A = log(\) is shown in
Figure 3 for k = 5,15,50. We have A’'(0) = —d for each k, and dt = A’(6p) is approximately
equal to d in each of the three plots.

In conclusion, although the error exponent 1 is highly sensitive to the parameter x, the
most likely behavior during a rare event is relatively insensitive.

Lwhen k = 1, this corresponds to a sampled M/M/1 queue with load p = 0.9.
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2.2 Robust hypothesis testing

The most compelling applications of the results developed in this paper concern hypothesis
testing, and related topics in information theory.

Consider the following classical hypothesis testing problem. A set of i.i.d. measurements
{X1,..., XN} is observed, and one must decide if the observations are generated by one of two
given marginal distributions 7y or 71, representing the two ‘hypotheses’ Hy and H;. To avoid
technicalities we shall assume that the state space X is finite.

For a given N > 1, suppose that a decision test ¢y is constructed based on the finite
set of measurements {X1,..., Xy}, with ¢n(X7,...,Xx) = 1 interpreted as the declaration
that hypothesis H; is true. The performance of a given test sequence is reflected in the error
exponents for the type-II and type-I error probabilities, defined respectively by,

| |
Iy:=—lim inf = log Pr {oy = 0}, Jy:= —lim inf = log Pry {¢n = 1},

where P, Pr, denote the distributions of X under Hy and H; respectively.

A test is optimal with respect to the (asymptotic) Neyman-Pearson N-P criterion if it
maximizes the type-II exponent subject to a constraint on the type-I exponent. Thus, for a
given constant n > 0,

sup Iy subject to Jp > . (30)
¢

The value of the optimization (30) can be expressed as the convex program,

B (mo, m1) = inf{D(p|m1) : D(pllmo) < nt, (31)

and the solution to (31) leads to the well-known log-likelihood ratio test [14, 35].
However, there are many other solutions to (30), and hence many optimal tests. It is shown
in [45] that one may restrict to tests of the following form without loss of generality: for a
closed set A C My,
ON = H{PN S AC} (32)

There is a universal test of this form that is also optimal, and does not require knowledge of
hypothesis Hy: One takes A = Q,JZr (7o), or equivalently,

gb}kv =0 <= D(PNHTFQ) <. (33)

This test is minimal over all tests based on the empirical distributions {I'y}. That is, for any
test of the form (32) for a closed set A C My, if the Neyman-Pearson criterion is satisfied then
Q;; (m) C A.

In most applications, the statistics under either hypothesis are not completely known apri-
ori. In this case, it may be reasonable to assume that for each i, the measure m; belongs to
a given uncertainty class. A standard approach to designing decision rules in this setting is
the min-max “robust” approach, where the goal is to minimize the worst-case performance
over the uncertainty classes. Robust detection has been the subject of numerous papers in
this setting since the seminal work of Huber and Strassen [18]. A survey of robust hypothesis
testing research may be found in [43].

Consider the following robust hypothesis testing problem in which H; refers to the hypoth-
esis that the marginal distribution belongs to the moment class P;, ¢ = 0,1. A robust N-P

11



hypothesis testing problem is formulated in which the worst-case type-II exponent is maximized
over 7 € [Py, subject to a uniform constraint on the type-I exponent over all my € Py:

sgp wilelg 1 I3 subject to mi)lg[D ) J50 = . (34)

A test is called optimal if it solves this optimization problem.

We first describe the analog of (33). Let Lo(u) := infrep, D(u||w) denote the minimal
relative entropy under Hy. An optimal test can be defined by choosing as an acceptance region
for Hy the sublevel set Q. (Py),

¢N =0<= Lo(I'y) <7 (35)

Proposition 2.3. Suppose that Py satisfies Assumption (A1). Then the test (35) is optimal.
Moreover, it is universal in that it maximizes I:;l over all test sequences, regardless of the
marginal distribution .

Proof. The fact that this test achieves the constraint n on the worst-case missed detection
exponent follows directly from the fact that Q;F (Po) = {u : Lo(p) < 1} contains Q;F(mo) for
any mg € Pg.

Conversely, as remarked above, for any w9 € Py the acceptance region Q,JZr (7o) is minimal
over all closed subsets of M that give rise to a feasible test. Hence any optimal acceptance
region for the min-max problem must contain the union |J, cp, QF (7o), which is precisely

9, (Po). O

When H; is specified via moment constraints then it is possible to construct a simpler op-
timal test. Although the test itself is not a log-likelihood test, it has a geometric interpretation
that is entirely analogous to that given in Hoeffding’s result [14]. The value $* in an optimal
test can be expressed,

B* =inf{B: O} (Po) N QF (P1) # 0}. (36)

Moreover, the infimum is achieved by some p* € Q,F (Pg) N QE* (Py), along with least favorable
distributions 7 € Py, 7] € Py, satisfying

D(p*||mg) =,  D(p*||77) = 5°.

The distribution p* has the form p*(x) = fy(x)n§(z), where the function ¢y is a linear
combination of the constraint functions {f;} used to define Py. The function log ¢y defines a
separating hyperplane between the convex sets Q;; (Py) and QE* (P1), as illustrated in Figure 4.

Note that log ¢y is defined everywhere, yet the likelihood rato du*/dng may be defined only
on a small subset of X.

Proposition 2.4. Suppose that Py and Py each satisfy Assumption (A1). Letting f denote
the vector function and c the constant vector that determine Py, there exists X € R(f,c) such
that with £g = AT f, the following test is optimal

N-1

¢y =0<= N> log(fy(Xy)) <. (37)
t=0

12



Proof. We appeal to the convex geometry illustrated in Figure 4. Since Q:ZF (Py) and QE* (Pq)
are compact sets it follows from their construction that there exists u* € Q;F(Py) N QE* (Py).
Moreover, by convexity there exists some function h: X — R defining a separating hyperplane
between the sets Q; (Pg) and QE* (Py), satisfying

Qy(Po) C {p € My :(u,h) <m}, Qp«(P1) C{ne Mi:(uh)>n}

Theorem 3.2 then implies that there exists A € R(f,¢) such that the function log(A”f) also
defines a separating hyperplane,

Q,(Po) C HY:={p € My : {uh) <n}, Qu(P1) C Hyi={ue Mi:(uh)>n}

Moreover log(ATf) > h everywhere (with equality a.e. p*.) This is the vector A used in (37).

This test is more ‘liberal’ then the universal test (35), in the sense that it accepts Hy more
frequently, so that the test is feasible. In fact, the worst-case false alarm error exponent is
precisely 7 since p* € OH® and D(u*||7g) = 7.

Since D(u*||7y) = B* it follows that the value of (34) can be no greater than this *.
Conversely, considering the convex geometry shown in Figure 4 we conclude that for any
7 € Py, p € HY, we have D(u||m1) > Li(p) > Li(p*) = B*. Sanov’s Theorem then implies
that this test achieves this upper bound,

inf IT' = inf D(ul||m) = 5*.
w1 €Py ¢ m1 EP1,uEHO (Iu” 1) 8

Figure 4: The two-moment worst-case hypothesis testing problem. The uncertainty classes P;, ¢ = 0,1 are
determined by a finite number of linear constraints, and the thickened regions Q,,(Po), Qp« (P1) are each convex.
The linear threshold test is interpreted as a separating hyperplane between these two convex sets.

In the remainder of this section these tests are illustrated using a simple example.
Variance discrimination Consider the special case in which the two hypotheses are defined

by first and second moment constraints. It is assumed that X = [—1, 1], and the first moments
are assumed to be zero, giving

Py = {WGMl {m, f1) = 0,(m, f2) Sffg} P = {W€M1 {m, f1) = 0,(m, f2) 20’%} (38)

where fy(z) = 2% for k = 1,2, and 0 < 62 < 02 < 1 are known bounds on the respective
variances.
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Note that we have relaxed the assumption that the state space is finite. Also, note that
we are considering inequality constraints in this problem. However, we will find the solution
is identical to what is obtained using equality constraints.

The solution to the robust hypothesis testing problem is illustrated in Figure 4. The optimal
exponent (* is given by the supremum in (36), and there exists p* solving (36) in the sense
that Lo(u*) = n and Ly (u*) = 5*. Three tests are considered here:

(i) The universal test that does not depend upon Py is expressed,

N-1
N=0e= N log(l+ MX; + Xa(X7 —0)) <, (39)
t=0

for every pair A1, Ay such that the quadratic function go(z) := 1+ Mz + )\2(332 — 0(2])
is non-negative on [—1,1]. Note that g = A" f with A = (Ao, A1, A\2)” € R(f,¢), where
we have eliminated Ay using the linear constraint A7c = Ao + )\20(2] =1.

(ii) When P; is specified by (38) then one can restrict to a single quadratic in an optimal

test,
N-1

¢ =0 N""> log(1+ (X7 —0p)) <n. (40)
t=0

We show in Proposition 2.5 that, letting 02 € (08, a%) denote the variance of u*,

1 02 -2
Ao = ——=—10 41
2 02 1—o (41)

(iii) The naive test is defined based on the sample-path second moment,

N-1
N =0 N> X7 <7 (42)
t=0

with 72 € (02, 0?) a fixed threshold.

Proposition 2.5 asserts that the test (42) is optimal for an appropriate value of 72 depending
on 7. We note that the proof of this result is based on symmetry, and is hence extremely fragile:
If for example the state space X = [—1, 1] is replaced by any non-symmetric interval, or if the
zero-mean constraints are modified, then we no longer know if the naive test is optimal.

Proposition 2.5. Suppose that the two moment classes are defined by (38). Then the test
(40) is optimal when Ay is given by (41), where the variance parameter o2 is the solution to,

1— 2 2
n:(l—ag)log( 0§)+0210g(0—;>.

The naive test (42) using 72 = o2 is also optimal, and the three optimal tests satisfy,

dN=0= oy =0= ony =0.
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To prove Proposition 2.5 we first demonstrate that the optimizing distributions are sym-
metric. The conclusion (43) can be equivalently expressed u* € Q;f (Pg) N QE* (Py) since §*
satisfies (31).

Lemma 2.6. There exist three symmetric distributions njj, 75, u* on [—1,1] that solve the
robust hypothesis testing problem:

D(p*llmg) =n,  D(p*|lmy) = 5% (43)

Proof. For any distribution y denote by p° the symmetric distribution defined by p° = %(,u—l—,&),
where fi(dz) = p(—dz).

Suppose that {7, 7], 1*} is any triple solving the robust hypothesis testing problem. Then,
the triple 7§, 77, i* also forms a solution. Convexity then implies that Lo(u*°) < n and
Li(p*°) < B*, and since 3* solves (36) these upper bounds must be achieved. O

We henceforth assume that the three distributions are symmetric.
Applying (37) we can construct an optimal test of the form,

oy =0<+= (I'n,log(q)) <n
where qo(z) = Ao+ A2+ Ax?, with A € R(f,"). Optimality is characterized by the inclusions,
Q(Po) CHY,  Qp-(P1) C Hy, (44)

where,
HY = {p: (ulog(qo)) <m},  Hi:={pm: (ulog(q)) > n}.

Lemma 2.7. The quadratic qg is of the form, for some \s € R,
qo(z) =1+ Xa(2* — a3), x eR.
Proof. Theorem 1.4 implies that y* can be expressed,

I i [ *]
= qo, a.e. |my|.
,Ok q0 0

Symmetry of p* and 7 implies that A\; = 0. Moreover, since p* is a probability measure we
have 1 = p*(X) = 7 (go) = Ao + X203, giving \g = 1 — Ag03. 0

Switching the roles of n and 3* we obtain,
Lemma 2.8. There exists a quadratic function of the form,
() = 14+ y(z? — o), r € R,
with v € R, such that g, is non-negative on [—1,1], and

Qp-(P1) C HY, o= {p: (wlog(an)) < B} Qy(Po) C My, := {pu: (u,1og(qo)) > 57}
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Lemma 2.9. The two probabilities 7}, 7 have just three points of support {—1,0,1}, and
hence the explicit form,
= %03(51 +0_1)+(1— 0’22)50.

The support of p* is identical, with
= %0’3(51 +6_1) + (1 — 02)d.

Proof. Lemma 2.8 asserts that (log(qi),3") defines a tangent hyperplane to Q,(IPy) passing
through p*, which we write as

Q(Po) C {p: (u, —log(qn)) < =B"}.
We can thus apply Theorem 3.2 to find 8, > 0 satisfying,
log(go(x)) —n = 0:(=log(q(z)) + ),  x€[-1,1],
with equality almost everywhere. Writing y = 22 this becomes,
log(Xo + A2y) —n = O[=log(o +72y) + 67, y€[0,1], (45)

again with equality almost everywhere. The left hand side of this inequality is a strictly concave
function of y, and the right hand side is convex. It follows that equality can hold only at the
two points {0,1}. That is, for some p; € (0, 1),

7 = 1pid1 + 3pid_1 + (1 — p;)do.

From the variance constraint we obtain p; = aiz.

Identical reasoning yields the desired representation for p*. a

Proof of Proposition 2.5. To prove the proposition we establish an analog of (44),

QU(PO) C HO = {M : (M? f2> < T2}7

(46)
Qp-(P1) C H' :={p: (u, f2) > 7°}.
This entails constructing a linear function ¢(y) satisfying,
log(Ao + A2y) —n = £(y) = 0[—log(yo +2y) + 8%,  y€[0,1]. (47)

This is clearly possible, due to the alignment condition (45), and we necessarily have equality
at the two endpoints. In particular, £(0) = log(\g) — 7.
Writing £(2%) = A + B fa(z) we obtain,

0= (u*,log(Xo + Aafa) — ) = (', A+ Bfa) = A+ Br?,
giving B = —A71772 and A = ¢(0) = log(\g) — . These two equations can be combined to

give £(2?) = 04(z? — 72) with 04 := 772(n — log(\g)).
Given this form we can rewrite (47) as follows,

log(qo(x)) = n = ba(fa(z) — 7°) 2 Ou[~log(q1(x)) + 57, =€ [-11]. (48)
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To see that this implies (46) we note that the two inequalities in (48) imply the following
corresponding inclusions,

Qy(Po) C {1t : (p,log(qo) —m) < 0} C {1 : (u,0u(fo — 7%)) <0} =H",

Qp+(P1) C {p: (u,log(qr)) — B* <0} C {p: (1, 0. 0a(—f2 + 7°)) <0} =H".

To complete the proof we now obtain the expressions for Ay and 72. The formula for 72
follows from the relative entropy expression,

n = D(u"|Img) = {(u,log(du”/dr™)),

and the expressions for x* and 70 given in Lemma 2.9.
The formula for A9 also follows from Lemma 2.9, and the expression pu* = gomj:

72 = p*(=1) 4 p* (1) = go(=1)mh(—1) + go(1)m5(1) = qo(1)o3.

Substituting the identity go(1) = 1+ A2(1 — 03) and solving for Ay we obtain (41). 0

3 Convexity & Alignment

In this section we develop some basic results required in the proof of Theorem 1.4, and various
properties of extremal distributions. Recall that M; denotes the space of (Borel) probability
measures on on the Borel o-algebra B, endowed with the weak-topology.

We begin in Section 3.1 with an examination of the functional L, and the associated
divergence sets defined in (18). We first establish structure for the relative entropy implying
that (16) always has a solution:

Theorem 3.1. The relative entropy D(- || -) is jointly conver and lower semi-continuous on

Ml X Ml.
Proof. This follows from the duality relationship,

D(p || m) = sup {(u,g) —log(m, e?)}
geC(X)

The supremum is achieved by the possibly discontinuous function g = log(du/dr). The func-
tion E(u,m;g) := (u, g) — log(m, e?) is convex and continuous on M; x M; for each g € C(X),
so that its supremum over g is necessarily convex and lower semi-continuous. a

3.1 Convex geometry of divergence sets

A characterization of supporting hyperplanes is provided in the next result. For h € C(X) and
m € My, we denote by h; the essential supremum of A under 7.
Theorem 3.2 is the basis of the robust hypothesis testing algorithms surveyed in Section 2.2.

Theorem 3.2. (Identification of Supporting Hyperplanes) Suppose that p* € E?Q;(]P’), and
that ‘H is a supporting hyperplane for the divergence set Q;(IP’) at p* in the sense that

pt e QEP)NH, and Qs(P) C H'.

It is assumed that H is expressed as (22) for some r € (Tx,h) (see (24).) Then,
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(i) For each * € P satisfying D(u* || 7*) = 3, there are constants 0* > 0 and X € R(f)
such that,

*(h—r) < log(ATf)—p everywhere,

. (49)
and, 0*(h—r) = log(\"f) — B = log(%) — 3, a.e. [r*]

(ii) Conversely, if {u*, n*, 0%, A} satisfy (49) with 7* € P, then H supports QE(IP’), with
Qs(P) c HO. 0

The theorem has several important corollaries described here and in the next subsection.
The following result shows that given any supporting hyperplane for Qg(P) passing through
p € 0Qp(IP), one can construct a supporting hyperplane H that has a special form, and also
passes through p.

Corollary 3.1. Let P be a moment class that satisfies Assumption (A1). For a givenr € (Tp, h)
define 3 = 1,(r), so that the set H defined in (22) is a supporting hyperplane for QE (P), with

Q3(P) C H. Then h = log(ATf) is a continuous function on X, where A € R(f) is given in
Theorem 3.2. Moreover, the set

7:\(::{,&6./\/111<,u,i1>:ﬁ}

is also a supporting hyperplane for QE (P), with

Qs(P) C H:= {u € My : u,h) < B}
H c H' = {pne M : <,u,iz> > (}.

Proof. Since f is a vector of continuous functions, to establish continuity of h it is sufficient
to prove that A" f(z) > 0 for all x € X. Since H supports QE(IP’), it must satisfy the necessary

conditions of Theorem 3.2 for some 6* > 0 and A € R(f). From Theorem 3.2, we know that h
is bounded below by h, which is bounded. Therefore we do have ATf > 0 on X.

With 6*:= 1, it is clear that {il, e, é*, A} satisfy the sufficient conditions of Theorem 3.2.
Thus the hyperplane H forms a supporting hyperplane for QE(IP’) with Qg(P) C {u € My :

(u, ﬁ) < (}. Moreover, since 0*(h —r) < h — 8 everywhere, we have
H' ={peMy:(uh—7r)>0} C {neMi:{uh—p8)>0}=H

a

We now provide illustrations of the alignment conditions (49) through numerical examples.
In each example below the state space is taken to be the unit interval X = [0,1]. Moment
classes are defined using the polynomials f;(z) = 2%, x € X, with ¢ defined consistently with
the uniform distribution v on [0, 1]:

1
¢ = (V,fi>:/0 filx)de =1/(i+1)71, 1<i<n. (50)
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U(z) = )\Tf (z) n=1 n=3
30 L(p) =0.0

n =20
L(p) =2.26

o L A, L o L LT~ s
0 0.1 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08 09 1 x

Figure 5: Computation of L(u) with p Bernoulli.

Case I: p Bernoulli If p is the symmetric Bernoulli distribution supported on {0,1} then
D(pl|v) = oo. Shown in Figure 5 are results from numerical calculation of L for n = 1,3,7 and
20. When n = 1 we have ¢ = (1,0.5)7, so that y € P, and hence L(u) = 0. For each n > 2 we
have pu ¢ P and, as shown in the figure for three values of n, the worst-case divergence L(u) is
strictly positive. Also shown in Figure 5 is the nth order polynomial AT f in each case. From
Theorem 1.4 we know that L(u) = D(u || 7*) for some 7* € P with d‘fﬁi = A\"f. It follows that
m* is supported on the union,

supp (7*) C { roots of A"f} U {supp (1) = {0,1}}

3 3
7 n=20
0.57 L(p) =0.58
20N N
1
0 I I I I I I 0 I I I I I h . L vl
0 0.1 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08 09 1 T

Figure 6: Computation of L(u) with u uniform on [0, 0.5].

Case II: p uniform If p is uniform on [0,0.5] then D(ullv) = log(2) ~ 0.69. Shown in
Figure 6 is the nth order polynomial AT f for n = 7 and n = 20 with A € R(f,c) and
L(p) = {u,log(AT f)). In each case this function roughly approximates the density of x with
respect to v, which is 2[jg o 5).
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3.2 Extremal distributions

We have seen that I, can be computed in (25) by first constructing the worst-case rate-function
L: M; — R4, and then applying the contraction principle. Here we consider the alternate
representation of I; obtained from the worst-case log moment generating function, leading to
a proof of Theorem 1.5.

Moreover, on analysing general infinite-dimensional linear programs of the form (7) we
demonstrate that, without any loss of generality, extremal distributions can be assumed dis-
crete, with no more than n + 2 points of support.

The dual of the general linear program (2) is expressed as,
min{A\7c: A € R"™ st \Tf > g}, (51)

where Af > g means A"f(z) > g(x) for all x € X. It is known that there is no duality gap
under Assumption (A1), i.e., the value of the primal (2) is equal to the value of the dual (51).
The following result is required in an analysis of the linear program (7). A proof is contained
in [22, 39].

Theorem 3.3. (Lack of duality gap) Under Assumption (A1), for any g € C(X),
max{(m,g) : m € P} = min{\Tc: A € R"™ st ATf > g} (52)

Any distribution ™™ and vector \* optimizing the respective linear programs (2) and (51) are
together called a dual pair. A necessary and sufficient condition for a given pair (w, \) to form
a dual pair is the alignment condition,

MNf—g>0 and (m,\"f—g)=0. (53)

a

In this section we focus on the specific linear program that defines my, in (7). Theorem 1.5
provides the following alternate expression for the worst-case rate-function defined in (25):

1,(r) =max[or ~ M(®)], € (ra.) (54)

Recall that in the setting of Theorem 1.1 we have

L(r) = max[or — Mrs(6)], 7> c1,
with 7* independent of . When the assumptions of Theorem 1.1 are relaxed then this uniform
optimality no longer holds. Shown in Figure 7 are numerical results obtained using h(z) =
2(x — 1) — zsin(2wz), = € [0,1]. The moment class P was defined using polynomials (see (6)),
with n = 2 and n = 5. The worst-case log moment-generating function is plotted for 6 € [0, 5].
Also, for 8 = 6* = 2.5, the distribution 7* that maximizes (7) was computed, and the figure
shows the log moment-generating function My« 5. As required by Theorem 1.5, the functions
M}, and M-, coincide at § = 6*. However, the inequality Mp(0) > My« 5 (0) is strict for
0 € (0,0%) and 6 € (6*,5].
Proposition 3.4 provides justification for the correspondences illustrated in Figure 2.
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J— (9) 2 moment constraints

~ 5 moment constraints

Figure 7: The worst-case log moment-generating function M

Proposition 3.4. The worst-case log moment-generating function satisfies,

dt—
(i) 0 My, (0) =Ty, where the ‘plus’ denotes the right derivative;

(ii) The constant Tj, can be expressed as the solution to the linear program,

7, = max (m, h);
el

dt— —
iii) lim — My () = h. O

(i) fim 25 Mn(6)

The maximization (7) is a linear program, and is therefore achieved at the extreme points
of the set P. These extreme points correspond to discrete measures, and thus (7) suggests
(though it does not imply), that 7* is a discrete measure. The following theorem establishes
that without loss of generality, an extremal distribution can be assumed discrete.

Theorem 3.5. (Discrete extremal distributions) Under Assumption (A1) suppose that h is

continuous, and that r € (Fp,h). Then there exists a probability distribution w° € P that is
discrete, with no more than n + 2 points of support, and is also (r, h,+)-extremal.

Proof. Theorem 1.5 implies that an (r, h, +)-extremal distribution 7* € PP is also a solution to
the infinite dimensional linear program (7) for some #* > 0, and that I« (r) = I(r). Since
M+ p, is analytic and strictly convex on R, the maximality property (5) implies that

d *
@Mﬂ*ﬁ (6 ) =T

To prove the theorem we construct a discrete probability distribution 7° € P that satisfies
Mo (0) = My« 1, (6%) = My (6%), and also the consistent derivative constraint,

d

@Mﬂoﬁ 0*)=r. (55)
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It will then follow that Iro (1) = I+ (1) = I(r), which is the desired conclusion.
The derivative can be computed for any m € My as follows,

d (, hef)
Vi _ A peR.

a0 7r,h( ) <7T,69h>

Consequently, equation (55) is expressed as the equality constraint (mr, he? ?) = r(mr, e/ ).

Consider then the linear program,
max (7, exp(6*h)) s.t. (m, fi) =, i=0,...,n
(m, he?™ " — ey = 0.

This is feasible since the (h,,+)-extremal distribution 7* is one solution. Without loss of
generality, we may search among extreme points of the constraint set in this linear program.
Since there are n + 2 linear contraints, an extreme point may have no more than n + 2 points
of support. O

3.3 Algorithms
From Theorem 1.4 it follows that L(u) can be expressed as the maximum,

L(p) = Jlog A7 f), € My, 56
() qu?;;c)m og A" f) 1 1 (56)

where R(f,c) denotes the convex set,
R(f,e):=R(f)N{X: Nc=1}. (57)

We thus arrive at a concave program that can be solved in various different ways.
Algorithmic methods for optimization over probability distributions are developed in several
recent papers. The multi-dimensional polynomial moment problem is considered in [36], and
[6, 16] consider algorithms for computation of mutual information.
We survey several approaches here since one may have to experiment using different tech-
niques when P is complex. Throughout it is assumed that X is a compact subset of Euclidean
space.

3.3.1 Nonlinear programming

Interior point methods The first-order condition for an interior optimizer of (56) is ex-
pressed
&= (u,h* —¢c) =0, (58)

where h := (\*"f)"'f. When p has full support then the condition (58) characterizes an
optimizer. Hence (56) can be solved using standard interior-point optimization algorithms
such as the conjugate gradient algorithm (e.g. [28, 2, 4].)

The logarithmic barrier method introduces a ‘cost’ for approaching the boundary of R(f, ¢).
One version can be expressed as the concave program,

sup{(1 — €){u,log A" f) + €{v,log A" f) : X € R(f,¢)}, (59)

where v is any fixed distribution with full support, and € € (0,1) is the barrier parameter.
The solution of the relaxation (59) is precisely L((1 — €)u + ev). The relaxation can again be
solved using standard methods.
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Projected gradient methods In the case of a boundary optimizer for the original program
(56), the vector £* is not necessary zero, but rather satisfies the following inequality constraints:

Proposition 3.6. The vector \° € R(f,c) optimizes (56) if and only if the gradient £° :=
(p, FONTF)™Y) — ¢ satisfies the family of inequalities,

0" <0, veTe(f0), (60)

where Tyo(f,c) C RVNT! denotes the set of feasible directions satisfying v7c = 0, and for some
rg > 0,
A +rv")f(x) >0 0<r <.

a

The following algorithm was successfully used to compute L(u) in the examples illustrated
in Figures 5 and 6. For any A € R(f, c) we define ITj to be the projection from RN to 7y (f, c).
Given any A\' € R(f,c), an ascent direction v € Ty:(f, ¢) is computed satisfying v7¢! > 0, where
€= (u, hy) — ¢ with by = (\*"f)~1f. For example, one can take

v=T{€}, or v=IL{2&}

where ¥, V.= (u, hyh) is the negative of the Hessian of (11,log \”f), evaluated at Af.
Once a vector v = v' is selected, the next vector is computed using line-maximization:
AHL = AP 4 0t where,

T = ar%irolax{<u,log(()\t +r0")7f)) : X4+ € R(f, )} (61)

Constraint relaxation To simplify either of the algorithms described above one can simplify
the state space. For example, the line search (61) is easily computed when X is finite. One can
then introduce new points as the estimate of A* is refined.

Suppose that X! = {z!,..., 2!} C X is a finite set, and suppose that A*! is the optimal
solution to (56) for the reduced state space. We have \*' € R, (f,c), meaning that ¢"A\* =1,
and A\**"f is non-negative on X!. Since this amounts to a relaxation of (56) we have L(u) <
Lo(p) = (p,log N7 f). If A\ € R(f,c) then this inequality is achieved, so that \* = X\*.
Otherwise, we set X!+ = Xt U {x!T1} with,

21 = argmin{\*" f(z)}.
zeX

This is similar to the steepest ascent algorithm introduced in [16], which is shown to be
convergent. The same arguments can be used to show that \* — \* as t — oo.
3.3.2 On-line algorithms

An apparent difficulty with the Neyman-Pearson test defined in (37) is that the nonlinear
program (56) must be solved to compute L(I'y) as each new sample is obtained. To make this
test practical we require a recursive formula for L(T'y).
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Based on the unconstrained first order condition (58), or the refined first order condi-
tion described in Proposition 3.6, we arrive at the Robbins-Monro, stochastic-approximation

recursion,
MU= Ny T {hes1},  n >0, (62)

where h; == (AU f(Xy)) "' £(Xy), and {v;} is a positive gain sequence satisfying standard as-
sumptions [11].

A refinement of (62) is obtained by mimicking the constrained Newton-Raphson recursion,
MNAL = N~ IT50 {5thy } where here X771 is an approximation to (u, hshf). Given the sequence
of estimates,

St =S (3 k),

we arrive at the following algorithm by applying the Matrix Inversion Lemma [11]:

)\H_l = )\t + ’YtH)\t {Etht—i-l} (63&)
S + SehehS,

by = Y-y b

t+1 t— N 1+ 1y Shy ) (63b)

where again hy = (A7 f(X,)) 71 F(Xy).

1 Bernoulli
51 L(p) =174

& uniform
L(u) =0.00

......... <p,,log()\tT7f)>

— 7Y log(\T, F(X0))
1

-1

0 50 100 150 200 250 300 350 400 450 500 [ 50 100 150 200 250 300 350 400 450 500 t

Figure 8: The plot shows (u,log A\’ Tf) and the running sample path average of {log(Ain(Xi))}, where the
sequence of vectors {\'} is obtained using the algorithm (62). In the plot shown at left the observations {X;}
were Bernoulli, and in the plot at right the observations were uniformly distributed.

To illustrate the application of these stochastic approximation algorithms, consider the
computation of L(u) when X = [0,1], f(z) = (1,z,...,2")7, and P is consistent with the
uniform distribution (see (50).) We consider two cases: in the first, the marginal distribution
w of X was Bernoulli as in the results shown in Figure 5. In the second p was uniform on
[0,1]. Seven moment constraints were specified, so that L(u) ~ 1.74 with p Bernoulli by the
results shown in Figure 5 with n = 7, while L(x) = 0 when p is uniform since p € P for any n.
The step size was taken to be v, =t~

Figure 8 shows results obtained when implementing (62). The two plots are (i) the running
sample path average of {log(\*" f(X;))}, and (i) (u,log At”f) for ¢ > 1. In the plot shown at
left the marginal distribution of the observations X were Bernoulli, and in the plot at right
the marginal was uniform on [0, 1]. The algorithm is slow to converge to the precise value of
L(p), but it distinguishes the observations from P rapidly.

Similar conclusions were obtained when p was uniform on [0, 0.5], or a mixture of a Bernoulli
and a uniform distribution: The rate of convergence was slow, but the sample path average

24



of {log(N" f(X;))} remained strictly positive, maintaining 80% of its final value after a short
transient period.

The performance of the more complex algorithm (63a, 63b) was similar. Also, as can be
expected, the convergence became slower for larger values of n since A is (n + 1)-dimensional.

4 Conclusions & Future Directions

We have established explicit formulae for the worst-case large deviations rate-functions ap-

pearing in Sanov’s Theorem and Chernoff’s bound. The geometric structure of the divergence

set QE(IP’) plays a central role in interpreting the results, and is a valuable tool in analysis.
Potential directions for future research include,

(a) Structure of the worst-case, one-dimensional rate-function defined in (10) deserves
further consideration. In particular, under what conditions outside of the polynomial
case is 7" independent of r > 07

(b) We have not dealt with methods for selecting the functions {f;} in a particular ap-
plication.

(c) Extensions of the results here to Markov processes may be possible by applying recent
results on exact large deviations [24, 25], and on finite-n bounds [23]. It appears that
the formulation of an appropriate moment class is non-trivial for Markov models.

(d) Results from [31] and this paper provided inspiration for the research described in [16,
15, 17]. The discrete nature of extremal distributions provided motivation a new class
of algorithms for the computation of efficient channel codes based on optimal discrete
input distributions. It is likely that a worst-case approach to channel modeling based
on moment classes will lead to simple coding approaches, and easily implemented
decoding algorithms.

We are convinced that the theory of extremal distributions will have significant impact in many
other areas that involve statistical modeling and prediction.

Acknowledgements Thanks to Professors I. Kontoyiannis and O. Zeitouni for advice on
the hypothesis testing literature, and insightful comments.
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A Appendix

We collect here proofs of the main results, and several complementary results. We begin with
a bound on L, and a description of the domain of I,.

Lemma A.1. Let P be a moment class that satisfies Assumption (A1). Then,

(i) The functional L: My — Ry is uniformly bounded:

sup L(p) < oo.
HEM

(ii) The function I, is uniformly bounded on [h,h]:

sup 1(r) < oo.

re€lh,h]

Proof. Define ¢, := (u, f) for p € M. This satisfies the uniform bound ||c,|| < maxgzex || f()||
for p € M.

Under (A1) the vector c lies in the interior of A. This assumption and the uniform bound
on ¢, implies that there exists € > 0 independent of y such that,

c—e€cy
1—c¢

€A, e Mj.

By the definition of A, this means that there exits # € Mj such that (7, f) = Cl_fi“. Let
m€:=€epu+ (1 — €)m. Then 7€ € P, and

D(p || 7€) < —loge < o0

Thus L(p) = infrep D(u || 7) < |log el for all 4 € M;, and this establishes (i).
Since h is continuous we can find T,z € X such that h(T) = h and h(z) = h. Moreover,
exactly as in the construction of 7€ above, we can construct m € P such that,

p:=n{z} >0, p:=n{z}>0.

We then have, B
M, 1(0) > log(Qeﬁe + pel?), 6 R (64)

Consequently, for r € [h, h],

sup[fr — My (0)] < sup[6(r — ) —log(p)] < |log(p),

6>0 6>0
supl0r — M, 5,(0)] < sup [9(7’ —h) — log(g)] < \log(g)\.
6<0 6<0
This shows that I ; is bounded on [k, E]. Minimality of I;, completes the proof. ]

The following result allows us to restrict to a compact domain in the maximization (20).

Lemma A.2. Suppose that Assumption (A1) holds. Then, the set R(f,c) C R**! defined in
(57) is convex and compact.
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Proof. Tt is obvious that R(f,c) is closed and convex.

To complete the proof we show that R(f,c) is bounded. Let e’ denote the ith standard
basis vector in R™. Since (cq,...,¢,)" lies in the interior of the set A by Assumption (Al),
there exists € > 0 such that {(c1,co,..,c,) *ee’:i=1,...,n} C A

Now from the definition of R(f) it follows that

R(f) ={N e R"™ . \T(x, f) >0, for each m € M;}
= {N e R"™: \T(1,2) > 0 for each = € A},
where (1,2)7 := (1,21, ..., z,) 7. Using the fact that (c1,....,c,)” + €€’ € A we conclude
)‘T(lv (617 s acn)T + Eei) > 07

and since \"c = 1 it then follows that 1+€e); > 0. Similar reasoning gives the bound 1—e); > 0.
Repeating this argument for each i = 1,...,n, we can infer that

No€[—et +el], i=1,...,n.
Since ATc = 1 and ¢g = 1, the above bounds imply upper and lower bounds on A\g as well.
Hence R(f,c) is closed and bounded, hence compact, as claimed. a
The following version of Cramér’s Theorem is used repeatedly below.

Theorem A.3. Suppgse that X_z’s i.4.d. with one dimensional distribution m on B. Fiz h €
C(X), and r € [(m, h), h;) where h, denotes the essential supremum of h. Then,

(i) The Chernoff bound is asymptotically tight:
li 11 PlNhX> =1l 11 PlNhX =1
Jim gy 108(P [ 20X 2 v]) = Jim o (PG 3 R(X) > 1] ) = ~ea(r).

(ii) The one-dimensional rate-function has the following representations,
I (1) = sup{fr — M ,(6)}
0>0
=inf{D(p || 7) : p st (u,h) =7}
(iii) The infimum over p and the supremum over 6 in (ii) are uniquely achieved by
some p*, 0% satisfying

dp* exp(6*h) «
= d h) =r.
dr (m,exp(6*h))’ a s by =

Proof. Parts (i) and (ii) follow from Theorem 1.3 and the Contraction Principle.
Part (iii) follows from [40, Theorem 1.5]. O

Define the functional K: M — R by,
K(m) == inf{D(u || 7): p € H' UH}, meP. (65)

The following result is an application of Cramér’s Theorem:
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Lemma A.4. For each m € M we have,

K(m) = 21;18 [Or — M 1 (0)]. (66)

Proof. This follows directly from Theorem A.3 when 7 € M;. Moreover, since K(ym) =
K (m) — log(7y) for each m € M, v > 0, it follows that (66) holds for all 7 € M. 0
The following simple result is used in an analysis of the functional K.

Lemma A.5. For each 6 € R the functional Y (1) = My ,(0) is concave and Gateaux differ-
entiable on M. Its derivative is represented by the function g, = (m, Ve 5o that

Y(n) < Y(WO) + (m— 7T0,g7r7h>, 7,1’ e M.

a

The next result from convex analysis is required in the proofs of the major results. We

adopt the following notation: X and Y denote normed linear spaces; Y* denotes the usual dual

space of continuous linear functionals on Y; I denotes a convex subset of X; €2 is a real-valued
convex functional defined on C; and the mapping ©: X — Y is affine.

For a proof of Proposition A.6 see [27, Problem 7, page 236], following [27, Theorem 1,
page 224].

Proposition A.6. Suppose that Y is finite-dimensional, and that the following two conditions
hold:

(a) The optimal value kg is finite, where

ko :=1inf{Q(z): O(x) =0, z € L}.

(b) 0 € Y is an interior point of the non-empty set {y € Y : ©(z) = y for some x €
K.
Then, there exists y5 € Y* such that

ko = inf{Q(x) + (O(z),y5): = € K}

Below we collect results required in the proof of Theorem 3.2.

Lemma A.7. Suppose that H is expressed as (22) for some r € (Fp,h), and suppose that
B:=inf,ep L(p) > 0. Then, there exists u* € H, n* € P, 6* > 0, and \* € R"™! satisfying,

() = L") = K(x) = inf K (r),
(i) K(x") = sup{0r = My 1(0)} = 10" = M- (0°)},

dp*  exp(0*h)
dr*  (m,exp(0*h))’

(iii)
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(iv) K(7*) = ;reu/a{K(ﬂ) + X (7, f) — )}

Proof. Theorem 3.1 states that D(- || -) is jointly lower semi-continuous. Since M; is com-
pact, it follows that an optimizing pair (u*,7*) exists.

To establish (ii) we must show that the supremum over ¢ in (66) is attained by some 6* > 0.
We prove this by contradiction: Suppose that no finite 8* € R exists, so that

K(n*) = Glim {0r — M- ,(0)}.
From the definition of K in (66) we then obtain the representation,

K(r*) = inf ( lim {0r — Mmh(e)}).

TeP \0—o0
However, on taking 7 € P with support at h, we have as in the proof of (64) in Lemma A.1,

elim {0r — M- 1,(0)} < Glim {0r — M, 1,(0)} = Glim {6r — (log(p) + hO)} = —c0,

where p = 7{x : h(z) = h}. This contradiction shows that there exists §* < oo as claimed.
Note that we must have 6* > 0 since K (7*) = > 0. Cramér’s Theorem A.3 then implies
(iii).
It is straightforward to verify that the infimum in (i) meets the conditions of Proposi-
tion A.6, from which we obtain (iv). 0

The proof of the following result is routine calculus.
Lemma A.8. Let 1% 7', u € M, and define m¢ = (1 — o)n° + or! for o € [0,1]. Then,

d 0 B dm!
DI =1 gl

where A C X denotes the support of 7°. O

Proof of Theorem 1.4 Proof of (i): This is based on Proposition A.6 with the identifica-
tion,
X=8Y=R"" K=M; Q(n)=D(ul| ) )= (rf)—c

We now verify the two required assumptions in Proposition A.6: (a) the infimum (16) that
defines L must be finite, and (b) the constraint vector ¢ must lie in the interior of the set
A. The first property is established in Lemma A.1 (i), and the second is guaranteed by
Assumption (Al).

Consequently, Proposition A.6 implies the following expression for the worst-case rate func-
tion:

L) = inf D(u||m) = max (N,  where  ¥(\):= inf {D(u )+ ((m, f) =) }.

We now obtain an expression for U. Consider A\ € R(f) statisfying A”f > 0 a.e. [u], and
1
ATf
measure, but we will prove that 7 achieves the minimum in the definition of W(\).

define the positive measure 7 through % = Note that this may not be a probability
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Define 7¢ := 7 + o(m — 7*) for a given 7 € M, and o € [0,1]. We have,

d

—<D(u | 79) + A" ((w€, f) = c))(

dm
— 1 _ —]I T _ A
dQ <M7 dn A>_‘_A <7T ™ 7f>

0=0
=1- <7T7 ()‘Tf)HA> + <7T7 )‘Tf> - <:u'7 1>
= (m, (A f)Lac).

where the first equality follows from Lemma A.8 with A equal to the support of 7*. The second
equality follows from the definition (A7f)I4 = Cgr—’&]IA. Since ATf > 0 this shows that for any

TeM,
d

a5 (DUl w0 + 7 ((we, £y —a))| | >0,

and hence 7 achieves the minimum in the expression for ¥()). The formula for ¥()\) when
A € R(f) follows.

To complete the proof of the duality relation we show that W(\) = —oo in either of the
two cases, A € R(f) or ATf # 0, p-a.e.. Indeed, if A & R(f) then \”f(z¢) < 0 for some zy € X
satisfying pu{zo} = 0. Let 7" := p + Kdy,, where 04, is the atom at zp. Then D(u || 7) =0
whereas (7%, ATf) | —oco as k T 0.

In the latter case, in which A”f is not strictly positive a.e. [u], it follows that the set
A:={z : A"f(z) < 0} has positive p-measure. Consider the sequence of positive measures
7" defined through ch_; = nly. Then D(u || #%) = —log(k) and (7", ATf) < 0 so that
D(p || 7)) + (7", ATf) | —o0 as k — 0.

Proof of (ii) and (iii): We first show that the infimum in (16) and the supremum in (20) are
achieved by a pair 7* € P, A\* € R(f). The fact that the supremum is achieved follows directly
from Proposition A.6, and the existence of an optimizing 7* € P follows from Theorem 3.1.

Convexity of L follows directly from its formulation as a supremum of linear functionals in
part (i). The finiteness of L is proved in Lemma A.1 (i).

To show that L: M; — R is continuous, consider any convergent sequence of probability
measures, u* —— p. From part (i) we know that there exist {\*} C R(f,c) and {7*} C P such
that % = Ne7f and L(u*) = D(u* || 7%) for each k.

Consider any limit point of {L(¢*)}, and a subsequence {k;} such that {L(u*")} is conver-
gent to this limit point. Since the sets P and R(f, ¢) are compact (the latter from Lemma A.2),
we can construct if necessary a further subsequence so that A\*¥ — X and 7* % 7, for
some A\ € R(f,c), and m € P. As in the proof of part (i), it follows that Z—Z = Af and
L(p) = D(p || 7). Since f is a bounded function, we must have A\¥ Tf — A7 f uniformly on X.

Consider now the functions {(A\* 7f)log \¥Tf : i > 1}. Since zlogz is a continuous
function on R, it follows that,

()\ki Tf) log A\Fi Tf ()\Tf) log A" f, uniformly on X,

. w
ki X, 7% we have

(m*ki (¥ TF) log N Tf) — (m, (A" f) log AT f).

and, since 7*

From the identities,

L(pk) = (m**, (A Tf)log(A¥Tf))  and  L(p) = (m, (\"f)log(A"f)),
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we conclude that L(u*) — L(p). This completes the proof of continuity, and thereby estab-
lishes (ii).
To prove part (iii), we begin with the representation,

Qs(P) = {u: L(p) < B}

This set is convex and open since the functional L is convex and continuous. We have seen
that the infimum in (16) is achieved by some 7* € P, from which it follows that

Q5 (P) = {u: L(p) < B}.

Since L is convex and continuous, QE(IP’) is convex and closed. It easily follows from these
expressions and continuity of L that Qg (P) is equal to the closure of Qg(P). O

Proof of Theorem 3.2 Part (i) (Necessity): We apply Lemmas A.7 and A.5 to establish the
alignment condition (49): Consider any 7° € M such that the supremum in (66) is achieved
for some §° € R,. We apply the following bound,

B=K(1*) 2 0% — My ,(0°) 2 6°r — Mo ,(8°) — (1" — 7°, go) = K(n°) — (z* —7°, go),

where the first inequality follows from Lemma A.7 (ii), and the second is a consequence of
Lemma A.5 with go := g0 . Consequently, for any A € R(f, c),

E(m) + (7", f) = ) > K(n°) + X" ((n°, f) = ¢)
+ (=7 N (f = ¢) = g0),

and on combining this with Lemma A.7 (iv) we obtain,
(" =7 XN(f =) — go) < 0.
Consider the special case 70 = 7* + €d,, for € > 0, € X, so that the bound above becomes,
go(x) < X (f(z) — o).

It is clear that Mo j, — My« p as € | 0, uniformly for § in compact subsets of R;.. The function
M+ p, is strictly convex on R, from which we conclude that 09 — 0* as e | 0. It then follows

that the function gg = g0, converges to gr« p = (T, e My =1ef"h yniformly on X. We conclude
that
O h(x) L
—— <A x)—c T € X.
o <X o)
Now consider the special case 7 = (1 — €)* for € > 0. In this case §° = 6%, and we can

use identical arguments to conclude that (7*, \**(f — ¢) — g«) < 0. The representation (49)
follows on taking logarithms.

Part (ii) (Sufficiency): From the assumption 6*h < 0*r — B+ log(A\” f) we obtain from (66),

K(r) > 0% — M 5 (6°)
== 0"r —log({m,exp(6*h)))
> 0% — [0 — B +1log((m, A" f)) = 6.

31



Moreover, since we also have log gﬁ: = [+ 0*(h —r) and (u*,h) = r, we can conclude that

this lower bound is achieved when m = 7*:
K(r*) < D(p*||7") = (u*, B+ 07 (h — 1)) = 5.
It follows that for any u € H, m € P,
D(ull) > K(r) > 8 = K(x*) = L(i").

Consequently, Qz(P) C H! and Q;(]P’) C HUH!. Since p* € HN Q;(]P’), the hyperplane H
must be a supporting hyperplane for Q;(]P’). O

The two lemmas below are consequences of Theorem 3.2. The first provides a characteri-
zation of an extremal distribution in terms of the threshold function A, the constraints { f;, ¢; },
and the value r € R.

Lemma A.9. A necessary and sufficient condition for a distribution ©* € P to be (h,r,+)-
extremal for some r € (Tp,, h) is that there exist ™ € HONP, u* € H, A € R(f), and 6*,by > 0
such that

= Do A"f = by, a.e. [m*]

(67)
< b ATS everywhere.

exp(0*h) {

Proof. The fact that H is a supporting hyperplane for QE* (P), together with Theorem 3.2,
implies that, for some A € R(f) and 6* > 0, we must have

h ] = FoeATf =B = ge(log e = 8), ae. [
< 7 (log ATf — 3%) everywhere.

We conclude that the relation (67) is a necessary condition for 7* to be an extremal distribution,
where by := exp(0*r — 8%).

Conversely, if 7*, p* satisfy (67) along with D(p* || 7*) = *, then from Theorem 3.2, the
hyperplane H supports QE* (P), and therefore the pair {7*, u*} solves (26). Thus (67) is also
a sufficient condition for 7* to be an extremal distribution. O

Lemma A.10. Let P be a moment class that satisfies Assumption (A1). Suppose that 7* € P

is (h,r,+)-extremal for some r € (Tp, h), and let 6* > 0 be the constant given in Lemma A.9.
Then, 7 is also an optimizer of the infinite-dimensional linear program (7) that defines the
worst-case moment-generating function, with 6 = 6*.

Proof. From (67) it follows that for any 7 € P we have
(m,exp(07h)) < (m, boA"f) = boA"¢c,

with equality when m = 7*. Thus 7* solves (7). 0

Proof of Theorem 1.5 The proof follows from Lemma A.10 and Lemma A.7 (ii): From
these results and maximality of M), we have,

I,(r) > 0r — Mg« ,(0) > 0r — Mp(6), 6>0,

and all inequalities become equalities when 6 = 6*. O
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