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Abstract—The average cost optimal control problem is ad- developed by Borkaet al. [2], [40], [42]. The idea is to
dressed for Markov decision processes with unbounded cost. It is construct a solution to the average cost optimality equation by

found that the policy iteration algorithm generates a sequence figt considering thed-discounted problem with value function
of policies which are c-regular (a strong stability condition),

where ¢ is the cost function under consideration. This result o0

only requires the existence of an initialc-regular policy and an Vs(xz) = min E Z /Jtcw(@;")@() =z

irreducibility condition on the state space. Furthermore, under ' w =0

these conditions the sequence of relative value functions generated

by the algorithm is bounded from below and “nearly” decreasing, wherec,, is the one-step cost using the poligy ®* denotes

from which it follows that the algorithm is always convergent. the resulting state process when the poligyis used,z is

Under further conditions, it is shown that the algorithm does ha jnitial condition, and the minimum is with respect to all
compute a solution to the optimality equations and hence an

optimal average cost policy. These results provide elementary policies. The dlfferen.cé"@(a:). = Vg(a:)—Vg(a) is considered,
criteria for the existence of optimal policies for Markov decision Where a is some distinguished state, and one then seeks
processes with unbounded cost and recover known results for the conditions under whiclhs converges ag T 1 to a solution
standard linear-quadratic-Gaussian problem. o to the average cost optimality equations, thereby giving an
When these results are spgmahzeq to specific a_ppllcatl.ons theyoptimal policy [41]. To make this approach work, in [42],

reveal new structure for optimal policies. In particular, in the 43 d oth it d that th is a finit lued
control of multiclass queueing networks, it is found that there [43], _an other papers Itis assume attnere s a nnite-value
is a close connection between optimization of the network and function A/ on the state space and a constant- 0 such that

optimal control of a far simpler fluid network model. N < hy(z) < M(z) (1)
bt S hgld) < X
Index Terms—Howard’s algorithm, Markov decision processes, ’

multiclass queueing networks, Poisson equation, policy iteration for all statesz and all 5 sufficiently close to unity. This
algorithm. condition appears to be far removed from the initial problem
statement. However, it is shown in [40] that many common and
|. INTRODUCTION natural assumptions imply (1). Similar results are also reported
HE POLICY iteration algorithm is a recursive procedur'27[]2]’ and applications to control of queues are developed in
which may be used to construct a solution to the av- Another approach developed by Hordijk in [22] involves a

erage cost optimal control problerp for a Markov .deC'SIOBfIanket stability assumption. This is expressed as the uniform
process (MDP). Surveys on MDP’s and on the history q_ unov drift inequality over all policiess

such algorithms may be found in [1], [2], [21], and [39]. This” 2P

paper presents an analysis of the policy iteration algorithm E[V(®1)|0F = 2] < V(z) — colz), ze s (2)

for general models, providing criteria for convergence of the

algorithm and hence also the existence of optimal policieghere V' is a positive function on the state space ahds

The scheduling problem for discrete and fluid network mode#sfinite set, or more generally a compact set. It is now well

is taken as a particular application of the theory. A strorigrown that a drift inequality of this form impliesregularity

connection is established between the optimal control of théthe controlled Markov chain and hence also stability of the

two network models based upon the general results obtairf@@cess in a strong sense [33]. In particular, (2) can be used

in this paper. to establish bounds related to (1) and also a solution to the
The question of the existence of average cost optim@¥erage cost optimality equations [2].

policies for MDP’s has been studied for a number of years. ForThe present paper proceeds in a manner related to the

a control problem with unbounded cost, some of the weak&¥®rk of Borkar [2] in that we consider cost functions which

conditions for the existence of an optimal policy have beeie large, perhaps in an average sense, whenever the state
is “large.” However, rather than consider the question of
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constructed together witkelative value functiongh,} and state-space models, the main results apply to a diverse range
intermediate steady-state cogtg, }. In the finite state-space of systems, including the linear Gaussian model, multiclass
case it is known that the algorithm computes an optimal poligueueing networks, and partially observed MDP’s. The con-
in a finite number of steps, but in the general state-space casgence results and the intermediate bounds obtained are new
or even in the case of countable state spaces, little is knoawen in the special case of countable state-space models.
about the algorithm except in special cases. For instance, th@he remainder of the paper is organized as follows. In
paper [19] again imposes a uniform stability condition, an8ection Il, we present some general definitions for MDP’s
[12] imposes bounds on the relative value functions which aaed for Markov chains which possess an accessible state.
far stronger than (1). The paper [23] considers general actibn Section Ill, we derive convergence results for the policy
spaces, but the state space is assumed to be finite. iteration algorithm in the special case where an accessible
The “uniform Doeblin condition” described in, for instancestate exists for the MDP. These results are then generalized
[1], has a superficial similarity to the minorization conditiorto chains on a general continuous state space in Section IV.
A3) assumed in the present paper. In the text [15, ch. 7] the Section V, we give conditions under which the limiting
authors use a related minorization condition to ensure camdative value function solves the optimality equation and gives
vergence of the policy iteration algorithm. However, either afse to an optimal policy, and in Section VI it is shown how
these conditions is equivalent to 1-geometric regularity, whicll of these results may be “lifted” to the continuous time
requires the existence of a solution to (2) with bounded framework. In Section VII, we present a detailed application of
(see [33, Th. 16.0.2 and Sec. 6.2]). For many applications thiese results to the scheduling problem for multiclass queueing
interest, including network models and state-space models ratworks.
Euclidean space, the geometry of the problem precludes the

existence of a bounded Lyapunov function. Il. MARKOV CHAINS WITH AND WITHOUT CONTROL
We establish in this paper the following bounds on the

relative value functiongh,,}. These results are based upo : ; ;
extensions of [18], [22], [33], and [37] concerning propertie%' Markov Chains with an Accessible State
of solutions to Poisson’s equation. While the major emphasis of this paper is on controlled

ghains, here we set down notation and basic results in the
control-free case. Further details may be found in [33]. We
consider a Markov chai® = {®.: ¢t € Z, }, evolving on a
state spac&, with Borel s-algebra3(X). The state spacX
0 < hn(2) < by (hn_i(z) + 1) < ba(ho(z) + 1). is taken to be a general, locally compact, and separable metric
space, although in examples we typically confine ourselves to
2) The functionh,_; serves as a stochastic Lyapunowubsets of multidimensional Euclidean space. WeRiseand
function for the chaind™», and hence all of the chainsE. to denote probabilities and expectations conditionaibgn

1) When properly normalized by additive constants, the
are constantsy, b, such that for every state and
iteration n

are c,-regular, as defined in [33, ch. 14], wherg = having distributiory;, andP,, andE, when is concentrated
¢, 1S the one-step cost using the poliay,. at . The one-step transition function is defined to Be
3) The functions{hn} are “almost” decreasing and henc@.nd we also consider the resolvent defined .’tOE X and
converge pointwise to a limik. A € B(X) by
These properties hold without any blanket stability condition o0
on the controlled processes, except for the existence of an K(z, A) := Z(%)t“Pt(a:, A).
initial stabilizing policy. The only global requirement is an t=0

irreducibility condition on a single compact subset of the stallen

L i el [ 1
space and a natural unboundedness condition for the cos? constgntz_ IS not critical—the point is th_at) NER 1
function. SO that K is finite valued, andK(z, A) > 0 if and only if

starting from the state: the process has some possibility of

Our main result, Theorem 4.4, establishes the near monotone _, .
reaching the set.

convergence 3) and the bounds given in 1). As a corollary toIn the first part of this paper we assume that there is a state

1) and 3) we find that bounds such as (1) follow directly from € X which is accessiblein the sense thak(z, a) > 0
the structure of the model and the algorithm and need not pe .
e ) . . of every x € X. A somewhat stronger condition often
assumedh priori. Moreover, in Theorem 4.3, which establlsheﬁ . - . . .
S : . olds in practice: suppose that there isantinuousfunction
2), we see that the policy iteration algorithm constructs recur- .
/ i ; . . s: X — (0, 1) for which the lower bound holds
sive solutions to a version of the drift inequality (2). Hencée
the strong stability assumption implied by (2) is superfluous K(z, a) > s(z), zeX. (3)
when working with the policy iteration algorithm because -
the algorithm automatically generates stabilizing policies. Equivalently, K (z, «) is bounded below, uniformly fog in
is only necessary to find an initial stabilizing policy to initiateany fixed compact subset d&X. In this case, all compact
the algorithm. sets arepetite and consequently the Markov chain isTa
Given the strong form of convergence of the algorithm, ¢hain ([33, ch. 6]—see also Section IV-A below). In the
is then easy to formulate conditions under which the limgtountable state-space case, this assumption is much weaker

gives rise to an optimal policy. Because we consider genethan irreducibility. The assumption that the chain possesses an
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accessible state is relaxed in Section VI, where we consider oT;)
w-irreducible chains.

Stability of a Markov chain is frequently defined in terms of
the following return times to appropriate subsets of the state

spaceX: Fig. 1. TheG/G/1 queue.
o4 =min (¢t > 0: &, € A), T4 =min(t > 1: ¢, € A).

for general state-space chains even when an accessible state
does not exist. Results of this kind are further developed in
the Appendix.

Suppose that is a function onX with ¢ > 1. A setS € B(X)
is called c-regular if

Ta—1 Sincec is interpreted as a cost function below, it is natural
sup Bo | > o(®)| < o0 to suppose that this function iBrm-like—this means that the
®€S t=0 sublevel setS,, = {z: ¢(z) < n} is precompact for each.

The Markov chain itself is called-regular if the state spaceFOr @ T-chainc-regularity is therequivalentto the existence
X admits a countable covering lyregular sets (more general©f @ solution to (4) (see Theorem 4.2). Examples of norm-like
terminology suitable for chains which do not possess 4Wnctions arec(z) = ? with X = (—o00, o), of ¢(z) = x
accessible state will be introduced in Section IV)cAegular With X = [0, c0). However, the function(z) = =z is not
chain always possesses a unique invariant probahiligach norm-like on the state spac® = (0, oo) since the sublevel

that set S, = (0, n] is bounded but not precompact as a subset
of X.
7(c) == / c(z)m (dx) < oo. A common general state-space model is ¢h&7/1 queue

illustrated in Fig. 1. Assume that the arrival stream forms
Moreover, this class of chains satisfies numerous sample patihenewal process and that the service times are i.i.d. with
and mean ergodic theorems (see [33, ch. 14-17] and Theorgemeral distribution and finite means. The buffer level is the
4.1 below). main quantity of interest. However, to obtain a Markov chain
Under mild structural conditions on the Markov chain, we append theesidual service timek(¢), which is defined to
regularity is equivalent to the following extension of Foster’se the remaining service time for the customer in service at
criterion: the existence of a functiol’: X — IR, and a time ¢. Letting Q(¢) denote the total number of customers
constantx € IRy such that awaiting service at time, we obtain a Markov chain as
follows. LetT,,, n > 0 denote the arrival times of customers
PV (z) ::E[V@;l)'@t =] < V(z) = c(@) + 5, @ to the queue—we tak&, = 0. Then the process
z € X.

One such result is given in Theorem 4.2 below. A closely " R(T,)

related equation which is central to the theory of average cqst .
optimal control isPoisson’s equation 5fms a Markov chain on the state spake= Z; x Ry.

If the arrival rate is less than the service rate< 1), then
Ph(z) :=E[h(®i41)|®: = 2] = h(z) — (z) + 7, the system empties with positive probability from any initial
reX (5) condition, and it then follows that (3) holds with= 0 € X:

wheren = w(c), and under certain conditiorisis determined K(z,0) 2 s(z), z€X

by ¢ (up to an additive constant). In addition to its applicatioghere the decay rate of the functierdepends on the arrival

to optimal control, the existence of a solution to (5) can be USgfq service distributions. In [31] networks are considered, and

to establish the functional central limit theorem and law of th@e same results are shown to hold true, provided the arrival

iterated logarithm for the Markov cha# [33, Th. 17.0.1].  stream is unbounded. The unboundedness condition can be
When an accessible stateexists, a solution to Poisson’sig|axed for certain classes of networks [5], [17].

equation is easily found: define the functiarby If the service times possess a finite-second moment, one can

Ta—1 construct a quadratic solution to (4) to establistegularity
hz)=E, Z (D) (6) with ¢(z) = |z|. However, for queueing networks, the analysis
t=0 of an associated fluid model is a more convenient route to
where @ := ¢ — x(c). This function may be equivalently establishing regularity of the state process [10], [30].

expressedi(z) = E;[> 72, &(®:)] — ¢(a). If the chain isc- ,
regular so that the functioh is finite valued, it follows from B. MDP’s

the Markov property that solves (5). Given the similarity We now assume that there is a control sequence taking
between (4) and (5), and the close connection between (Jues in the action spacé which influences the behavior of
and c-regularity, it is not surprising thatregularity is closely ®. The state spac¥ and the action spacé are assumed to be
related to the existence of solutions to Poisson’s equation.latally compact separable metric spaces, and we continue to
[18], [33], and [37] it is shown that regularity is a simple aplet B(X) denote the (countably generated) Borfield of X.
proach to obtaining bounds on solutions to Poisson’s equatidasociated with each € X is a nonempty and closed subset
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A(z) € A whose elements are the admissible actions wh&uaussiarwhite noise. Note that the assumptier 1 fails in
the state proces®$, takes the valuer. The set of admissible this example. Howevegk; is positive, so that we can add one
state—action pair§(z, a): x € X, a € A(z)} is assumed to to the cost function to satisfy the desired lower bound and
be a measurable subset of the product spdce A. the MDP is essentially unchanged. The linear system (7) will
The transitions ofP are governed by the conditional probabe revisited to illustrate some of the assumptions introduced
bility distributions{F,(z, B)} which describe the probability in the paper.
that the next state is iB for any B € B(X) given that  We assume that there is a large penalty for large control
the current state is € X, and the current action chosen isactions or large excursions of the state. This requires that
a € A. These are assumed to be probability measurd¥(®) the cost be norm-like. The assumption of norm-like costs
for each state—action paitr, ) and measurable functionshas been used extensively in the recent literature; see for
of (z, a) for eachB € B(X). The choice of action when instance [1] and [2]. Our main result, Theorem 4.4, relaxes
in a statex is governed by golicy. A (stationary Markov) this condition so that the norm-like condition is only required
policy is simply a measurable function: X — A such that in a time/ensemble-averaged sense. This allows application to
w(z) € A(z) for all z. When the policyw is applied to the the LQG problem where the state weighting matf}xis not
MDP, then the actionuw(z) is applied whenever the MDP isnecessarily full rank.
in statez, independent of the past and independent of theOne fruitful approach to finding optimal policies is through
time-period. We shall writeP,,(z, B) = Py, (z, B) for the the following optimality equations:
transition law corresponding to a poliay. .
The state proces®® := {®¥: ¢+ > 0} of the MDP is, for " hiz) = aeA () (@, @) + Poh(x)] )

each fixed policyw, a Markov chain on(X, B(X)), and we w*(z) = arg min [c(z, a) + Poh(z)), zeX. (10
write the ¢-step transition probabilities for this chain as aCA(z)

P! (z, B) =P(®} € B|®Yy =1x), reX, BeB(X) Equality (9), a version of Poisson’s equation, is known as
tel,. the average cost optimality equatiofACOE). The second
equation (10) defines a poliey*. If a policy w*, a measurable
In the controlled case we continue to use the operator-theorétiaction, and a constant, exist which solve these equations,

notation then typically the policyw* is optimal (see for example [1],
Pth — B[ (DY) DY — . [2], [20], and [39] for a proof of this and related results).
W) [R(@:)|®" = ] Theorem 2.1:Suppose that the following conditions hold.
We assume that a cost functionX x.A — [1, co) isgiven. 1) The pair(s,, &) solve the optimality equation (9).

The average cost of a particular poligyis, for a given initial 2) The policyw* satisfies (10), so that

condition z, defined as
cw(x) + Py-h(z) <z, a) + Poh(x), zeX,

N-1
J(w, z) := lim sup % Z E,[c,(9})] a € A(z).
e t=0 3) For anyz € X and any policyw satisfyingJ(w, z) <
wherec,, (y) = c(y, w(y)). A policy w* will be calledoptimal 00
if J(w*, z) < J(w, ) for all policiesw and any initial state 1,
x. The policyw is calledregularif the controlled chainb? is a n Pyh(z) — 0, n — 00.

¢ -regular Markov chain. This is a natural and highly deSirabLFhen w
stability property for the controlled process: if the policy i
regular, then necessarily an invariant probability measyre
exists such that,(c,,) < co. Moreover, for a regular policy, . 1< W]
the resulting cost is/(w, z) = J(w) = [ 7w (dy)cw(y), L n tz_; A
independent ofc. -

An example of the class of MDP’s considered in this pap&ndJ(w, z) > 7, for all policiesw and all initial statesz. [J

i * is an optimal control and, is the optimal cost, in
%he sense that

is the controlled linear system We show in this paper that the policy iteration algorithm is
an effective approach to establishing the existence of solutions
Xip1 = AXy + Bwy + Wi, te€ly (") to the optimality equations for general state-space processes.
whereW;, X, € R% andw € IR¥. The costc in the linear- Becauge iF exhibits ne_arly mon_otone convergence, in some

quadratic control problem takes the form cases it gives a practical algorithm for the computation of
optimal policies even when the state space is not finite. In the

oz, w) = 327 Qr + §w’ Rw (8) special case of network scheduling we find that it gives insight

with Q > 0 andR > 0. If W is i.i.d., then this is an MDp Nt the structure of optimal policies.
with transition function

P,(z,C)=P(W, + Az + Ba € C).

Ill. THE PoLICY ITERATION ALGORITHM

The policy iteration algorithm (PIA) is a method for suc-
The optimization of/(x, w) is known as the linear-quadratic-cessively computing increasingly well-behaved policies for an
Gaussian (LQG) problem in the special case wh#¥eis MDP. The important features of the algorithm can be explained
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in a few paragraphs. Suppose that a poligy_; is given, and These properties together imply that the relative value
assume that,,_; satisfies the Poisson equation functions are pointwise convergent to the functibfx) :=
lim,, g.(x).

The uniformity in the results P1) and P2) requires a subtle
where P,_1 = P, _., c¢u1lz) = ¢, _,(x) = analysisofthe sequence of procesde$ . In particular, we
c(a, wa_1(z)), and n,_, is a constant (presumed to beconsider a “split’ chain on an extended state space to derive
the steady-state cost with this policy). The relative valu@Ur main results. It is now well known that foryairreducible
functions {h,} are not uniquely defined: Ifs, satisfies chain, itis possible to construct an “atort’c B*(X) on an
Poisson’s equation, then so doks + b for any constan. €xtended state space with the property tRat, -) = P(y, )

The main results to follow all apply to specific normalizedor =, y € &. In this section only we assume that in fact a

By ihno1 = hn1 —cnot +1nt

versions of the relative value functions. singletona € X exists which is accessible for each chain.
Given h,_1, one then attempts to find an improved policyn Theorem 3.1, we demonstrate the desired properties of the
wy by choosing, for each PIA in a simplified setting where the action space is countable
and an accessible state exists. A far more general result and
wy(z) = ajg,;g)rl [e(, a) + Pahn—1(2)]. (11) a complete proof are given in Section IV. In Section V, we

provide conditions which guarantee that the limiting policy
Oncewy, is found, policesv, 1, wy42, - -+ may be computed is optimal.
by induction, so long as the appropriate Poisson equation mayt is convenient to work with the family of resolvent kernels

be solved, and the minimization above has a solution. {K,} defined as
To analyze the PIA we consider the pair of equations
Pnhn = hn - En (12) Kn = Z (%)H—lprtm n Z 0. (14)
Pnhn—l = hn—l —Cp — Tn (13) =0

is definedthrough (13). From We initially assume in Assumption 2) below that a condition
of the form (3) holds for a continuous functianso that each
of the chains®*~ is a T-chain. Condition 1) is related to
Cn+ Pohn_1 < o1+ Pooihpa the “near-monotone” condition of [2] in the case of countable
state-space models.
Theorem 3.1:Suppose that an initial regular policyg
Cno1 4+ Po_1hpn—1 = hp1 + 1. exists with average cosjy = 7w, (cw,), and suppose that
o ) ) the MDP satisfies the following.
Combining these two equatlon_s gives the lower bound 1) The cost functior: is norm-like on the product space
V(@) 2 1 =M1, @ € X we W'”. show that th? sequence X x.A, and there exists a norm-like functionX — R
{n.} converges monoto.mc.:a.lly, V\_/h|ch toggther with this lower such thate(z, a) > ¢(x) for anyz € X, a € A(z).
bound shows that the Ilmlt mferlor.c.)ﬁfyn} is bounded from ) There is a stater € X and a continuous function
below by zero. pnderSU|tabIe conditions we alsc_) show th_at the s: X — (0, 1) with the following property: if, for any
sequence{h,, } is bounded from below, and this then gives n > 1, the triplet(w,_1, hn_1, 7._1) is generated by

an upper bound o{~,}. Sincem,, (cn) = 7, it follows the PIA with initial ool :
. ” policy wq, then for any policyw,,
from the Comparison theorem [33, p. 337] that (v,) < 0. which satisfies (11)

Thus, for largen, the error ternry,, is small, and hence the
function h,,_; almostsolves the Poisson equation ;. One Ko (z, a) > s(x), for all z € X. (15)
might then expect that,, will be close toh,,_;. Under mild

conditions, this is shown to be true in a very strong sense.3) The action space is countable.

In Theorems 3.1 and 4.4 below we establish the foIIowinghen for each:, the algorithm admits a soluticfw,., /., )

where¢, = ¢, — ., and~y,
the minimization (11) we have

and from Poisson’s equation we have

remarkable properties of the PIA. such that each policyw, is regular, and the sequence of
P1) Uniform Boundedness from Belowor some constant re|ative value functiongh,,} given by
0 <N <x
Ta—1
peinl ) > =N hn(z) =Eq| > (@), n20  (16)
t=0
P2) Almost Decreasing PropertyThere exists a sequence o ]
of functions {g,: n > 0} such that is finite-valued and satisfies properties P1) and_P2).
Proof: We state the proof tersely here since a more
gn(®) S gn1(z) <~ <golw), x€X, n>0 general result is proven below. From (13), it is possible to

show inductively thath,_; acts as a stochastic Lyapunov
function, i.e., a solution to (4), for the policy,,. One can
gn(2) = aphn(x) + Ba, n>0 zeX then deduce from the Comparison Theorem of [33] that the

i PIA generates regular policies and that the sequdngg is
with o | 1, B | 0 ask — oc. decreasing.

and for some sequence of positive numbges, 5 }
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Let S denote the precompact set w. It is clear then from the cost structure that the bound (15)
on the resolvent cannot hold. A third example is given in [41,

§ = {a: clx) < 2o} 17 Appendix]. Here (15) is directly assumed! However, the cost
Given the assumptions of the theorem, there exists>a 0 IS not unbounded and is in fact designed to favor large states.
such thatK,(z, @) > & for any z € S. For anyn, by Assumptions 1) and 2) together imply that the center of
regularity and Theorem A.1 the functidn,_; is necessarily the state space, as measured by the cost criterion, possesses

bounded from below, and by (13) it satisfies the inequality S0me minimal amount of irreducibility, at least for the policies
{w, }. If either the unboundedness condition or the accessibil-

Pphp_t < hney — % 6o+ 1ae1ls (18) ity condition is relaxed, so that the process is nonirreducible
on a set where the cost is low, then we see from these

: < M . . .. .
where we have used the fact tht: cn(x) < -1} C 5, counterexamples that optimal stationary policies may not exist.

where the sef5 is defined in (17). It follows from Dynkin’s
formula and Fatou’s lemma, as in the proof of [33, Proposition

11.3.2], that IV. CONVERGENCE FORGENERAL PROCESSES
To—1 To relax the condition that an accessible state exists we
E:| Y (@) < 2<hn_1(a:) — 1 () consider a split chain for the process with transition function
=0 K, defined in (14). This also allows a relaxation of the norm-

Ta-1 , like condition on the cost functior. To begin, we must
71 Ee | > 15(@)| |. (19) introduce some terminology from the theory wirreducible
t=0 chains taken from [33].

The second term in parentheses is eliminated on using
hn—1(a) = 0. The last term can be bounded using thA. General State-Space Markov Chains

arguments of the proof of [33, Th. 11.3.11] to obtain The Markov chain® with transition function? is calledq-

Te1 Ta=1 irreducibleif the resolvent kernel satisfigs for some measure
t=0 t=0
From these observations and the inequality; < nq, (19) K@ A)>0,zeX < ¢A)>0.
may be replaced by We then calky a (maximal) irreducibility measuteWe let 5+
Ta—1 denote the set aft € B(X) for which (A) > 0. If the chain
E, Z (@) | € 2[hn—1(z) +10/8]. (20) s vp-irreducible, then from any initial conditiom, the process
=0 has a chance of entering any set8r (X) in the sense that

Px{TA < OO} > 0.
We call a setC € B(X) petiteif for some probabilityr
on B(X) andé > 0

In particular, this shows that P1) holds withh = 7,/06.
Using the inequalityP,h,—1 < hp_1 — ¢ + M1 and
Dynkin's formula gives an upper bound an,

Ta—1 Kz, A) > dv(A), z€eC, AeBX).
hn(2) =B | > ea(@)) . o _ o
=0 Equivalently, for ay-irreducible chain, the sef’ is petite if
<Pt () = 1 (@) 4 (et — 1) Ex[7al for eachA € BT (X), there exists» > 1 andé > 0 such that
<[+ 2(mm—1 — m))hn—1(x) + 2(10/8) (-1 — 7n) P.(ry<n)>6  foranyzeC. (23)

where we have used the inequalB[7,] < 2[h,—1(x) +

10/8], which follows from (20). Thus, for alh, andzs we have For a #-irreducible chain, there always exists a countable

covering of the state space by petite sets.
—110/6 < hn(2) < (14 ) hn_1(z) + (10/8)en (21) To connect the topology of the state space with measure-
theoretic properties of the Markov chain, we typically assume
wheree,, = 2(7,-1 — 7). The proof of P2) follows on letting that all compact sets are petite, in which case the Markov
00 00 chain is called a T-chain. The Markov chain igdrreducible
< H (1+5t)> <hn($)+(770/5) Z 5t>_ (22) T-chain if and only if there exists a continuous function
t=n+1 t=nt1 s: X — (0, 1) and a probability measure such that

gn(x) =

- K(z, A) > s(x)v(4), ze€X, AeBX). (24
It is well known that the average cost optimal control

problem is plagued with counterexamples [1], [11], [39], [41]This lower bound is analogous to (3) and is used to construct
It is of some interest then to see why Theorem 3.1 do#we artificial atoma: described earlier.
not fall into any of these traps. Consider first [41, p. 142, A «-irreducible chain is calletarris if P {74y < o0} =1
counterexamples 1 and 2]. In each of these examples foeany A € B1(X) and anyz € X. If, in addition, the chain
process, for any policy, is completely nonirreducible in thadmits an invariant probability measure then the chain is
sense thaP(®¥ < @¥) = 0 for all times¢ and all policies called positive Harris
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Suppose that: X — [1, oo) is a function on the state spacewhereX,, W, € RY, andW is i.i.d. with W, ~ N(0, ¥). Let
For av-irreducible chain, a sef € B(X) is calledc-regular F by any matrix of suitable dimension satisfyidgF™? = 3.
if for any A € BT(X) If Iis d x q for somegq, then thecontrollability matrixis the
d x (dq) matrix C := [A47LF|A4=2F| ... |AF|F), and the

Ta—1 . . . .
pair (A, F') is called controllable if the matrix C has rank
ilelg Ba ; o(%o)| < oo d. The process igp-irreducible with ¢ equal to Lebesgue

measure if the paifA, F) is controllable, since in this case
From the characterization in (23) we see that-legular set _Pt(a;7 -) is equivalent to Lebesgue measure for angnd any

is always petite. The Markov chain is again calledegular ¢ > 4. By continuity of the model it is easy to check that (24)
if the state spac&X admits a countable covering leyregular holds with s continuous and- equal to normalized Lebesgue
sets. The definition oé-regularity given here generalizes theneasure on an open ball IR?. We conclude that all compact
previous definition which depends upon the existence of gats are petite if the controllability condition holds. To find
accessible state, and virtually every result can still be provanstochastic Lyapunov functiol with c(z) = =7 Qz, first

in this more general context. In particular,caegular chain solve the Lyapunov equation

is automatically positive Harris, it always possesses a unique

invariant probabilityr which satisfiesr(c) < oo, and we have

the following consequence of th&Norm Ergodic theorem of If P> 0, thenV

ATPA=P-Q.

(z) = 2T Px is a solution to (4).

[33, Th. 14.0.1]. ) For the nonlinear state-space model
Theorem 4.1:Assume that: X — [1, oo) and that® is
c-regular. Then, for any measurable functipmhich satisfies Dip1 = F(Py, Wigq), teZy
. lg(z)] < 00 the /-irreducibility condition can still be verified under a
m@f; () nonlinear controllability condition callebrward accessibility
33, ch. 7].
the following ergodic theorems hold for any initial condition:[ :
n B. Stability and Convergence of the PIA
D nlggo n z_: 9(®:) =7(9), a.s.[Ps] We now return to controlled Markov chains and present
" =t our main results. Since these kernels greatly simplify further
2) lim 1 Z E.[9(®)] =7 (g). analysis of the PIA, much of our analysis focuses{df, }
n—oo 14— rather than{P,}. This is possible because if (12) and (13)
O hold, we have the analogous pair of equations
Theorem 4.2 shows that the strongegularity property is Kphy =h, — Kn@p (28)
equivalent to the generalization (4) of Foster’s criterion. Knhp_1 <hp_1— KnGn + a1 — . (29)
Theorem 4.2:Assume that: X — [1, co) is norm-like and
that all compact subsets & are petite. Then: To invoke the algorithm we must ensure that the required

1) if there exists a finite, positive-valued solutibhto (4), minimum exists. The following condition holds automatically

then for eachd € B+(X), there exists al(4) < oo under appropriate continuity conditions. See Theorem A.4 for
' results in this direction.

such that
. Al) For each n, if the PIA vyields a triplet
E, Z o(®,)| < 2V () + d(A), reX. (25) (wp—1, hn—1, 7n—1) Which solves Poisson’s equation
t=0 Pn—lhn—l = hn—l —Cp1t+ Thh—1

Hence, each of the sublevel séls = {z: V(z) < n}
is c-regular, and the process itselfdsregular;
2) if the chain isc-regular, then for anyc-regular set wp(z) ;= arg min [¢(z, a) + Pyh,—1(2)]
S € B+(X), the function acA(z)
admits a measurable solutian,.
, zeX (26) Condition A1) may be relaxed by taking a “near minimizer”
w,, such that

with h,,_1 bounded from below, then the minimization

s

> e(@0)

t=0

is a norm-like solution to (4). en(@) + Pohp—1(2) <z, a) + Pohp—1(z) + e,
Proof: The result is essentially known. Bound (4) is zeX, ae Alx)
equivalent to the drift conditio®Vy < Vo—c+blg, whereK ) N
is compact. If (4) holds, we can takg = 2V andb = 2x. The where{e, } is a positive, summable sequence. The develop-
result is then an immediate consequence [33, Th. 14.23]. ment to follow then requires only superficial modifications.
Consider for example the linear stochastic system Condition A2) relates the average optimality problem with
the discounted optimal control problem; this assumption is
Xiy1 = AXy + Wi, teZ, (27) satisfied if the state dependent cd$f, is norm-like, where
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Vi/2(x) denotes the optimal cost for the discounted optimalthough it may take on positive-infinite values. This kernel
control problem when the discount factor is one-half, and thes the interpretation
initial condition is z. ox
A2) For each fixedr, the functionc(z, -) is norm-like on Gn(z, A) =E, Z La(wy)
A, and there exists a norm-like functien X — IR t=0
such that for the policies,, obtained through the PIA \yhereq - is a Markov chain with transition functiok,,, and
T4 1S the first return time to the atom on an extended state
space. We also hav@, s(z) = P,{os < oo} < 1 [33], [36].
Under Assumptions A1) and A2), the algorithm produces If the assumptions of Theorem 4.3 hold so that the relative

stabilizing policies recursively. The proof of Theorem 4.3 ma lue functions are bounded from below, it then follows from
be found in the Appendix. 37, Corollary 3.2], Theorem A.1, and Theorem A.3 that

Theorem 4.3:Suppose that A1) and A2) hold and that fothe minimal solution’,, to Poifsson’s.equation (28). which is
somen, the policies{w;: i < n} and relative value functions Pounded from below, and which satisfiegh,,) = 0, is

o0 > Kpen(z) > c(z), foranyz € X, neZ;.

{hi: ¢ < n} are defined through the PIA. Suppose moreover () = GpKnen(z)
that:
1) the relative value functiom; is bounded from below, = // G, dy)Kn(y, dz)en(z). (34)
t < n-—1; X xX

2) all compact sets are petite for the Markov chainghege jdeas are used in the Appendix to prove the main result
{®¥, i < n—1}, and for®“~, wherew, is a policy o this paper.

given in Al). Theorem 4.4:Under A1)-A3), for each: the PIA admits
Then, the PIA admits a solutiofw,,, k., 7,) such that a solution (wy, h,, 7,) such thatw, is regular, and the
1) the relative value functioh,, is bounded from below; sequence of relative value functionsi,} given in (34)
2) all of the policies{w;: i < n} are regular; satisfies Properties P1) and P2). O
3) for all 0 < ¢ < n the constant); is the cost at théth To give a more concrete interpretation of the assumptions of
stage,n; = J(w;), and the costs are decreasing Theorem 4.4, consider (7). Condition A1), which demands the
existence of a minimizing policy, is satisfied because the model
N2 2 2 is continuous. The assumption of an initial regular policy in

A3) is simply stabilizability of (A, B), and the accessibility
D condition (30) holds if the noise is full rank. We show here
To obtain convergence of the algorithm, we strengthqRat the norm-like condition A2) is implied by the standard
Assumption 2) of Theorem 4.3 to the following uniformppservability condition on(4, v/Q), where Q is the state
accessibility condition. weighting matrix given in (8).

A3) There is a fixed probabilitys on B(X), a é > 0, Assume thaW is i.i.d. and Gaussian with, ~ N(0, ).
and an initial regular policyw, with the following To verify A2), we show that the value functioki /, for the
property. For eactn > 1, if the PIA yields a triplet optimal 1/2-discounted control problem is norm-like &
(wWn—-1, hn—1, Mn—1) With h,,_; bounded from below, and then takec(z) = 3Vi/2(z). By definition, V 5(z) =
then for any policyw,, given in Al) 2 miny, {Kywew(2z)}, and if w* achieves this minimum then

K, (z, A) > 6v(A) forallz €S, n=>0,

Vija(z) = 27"EY [z Quy + uf Rue].
A€ BX) / ; ' '

(30)  The optimal policy for the discounted optimal control problem
is linear, and consequently it is easy to formulate criteria under
which V5 is norm-like. To see this, let = w*(z) = =K,z
denote the optimal control for the discounted control problem.
Then, the value functioivy, is of the form

where S denotes the precompact set
S ={z:c(z) < 2no}. (31)

Under AS), the_ kernelK,, — s ® v is positive, where Vm(x) _ xTAerVl/Q(O)
s: X — Ry is defined ass(z) = §1s(x), and
where A is positive semidefinite. To show th&j /» is norm-
(Kn —s@v)(z, A) =K, (z, A) — dls(z)r(A), like, we must prove that > 0. The functionV; ;, satisfies
reX, AeB(X). (32) the dynamic programming equation

1 _
Hence the followingpotential kernelis well defined: 3w V12 = Vip2 = Cur

00 or equivalently
— t
Gp(z, A) = tz_% (K —s@uv)(z, A), z € X, LV, 2(0) + 3 Bp[aTAwn] = 27 Az + V4 2(0)

A€ B(X) (33) — o' [Q + K] RK Jo.
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Given the closed-loop system description= (A— BK,)z+ Proof: We first establish the upper bound
Wi, it follows thatV; ,,(0) = 2trace(AY) and thatA satisfies
the Lyapunov equation

%AfAA*JrQ* =A Assuming thatw is a pointwise limit of {w,}, it follows
that for eachz there is a subsequendg:;(x)} such that
Wy, (z)(z) — w(z) asi — oc. Observe that from Poisson’s

n+ h(z) < cp(z) + Puh(z), z e X. (37)

where A, = A — BK,, andQ, = Q + KI'RK,. From this
it can be shown that observability 6fi, /@) is sufficient to

o equation
guarantee positivity ofA [29].
To verify A3), suppose the initial policyy is linear so that n+h(z) = co(z) = im By, o)/, ()
each subsequent policy is of the foim (z) = — Kz, and let R 1 B
A, = A — BK,, denote the closed-loop system matrix. Then = lim - P (2)gn; (T) = anz

the accessibility condition A3) holds ¥ > 0, and the steady- ]

state costs{n,} are bounded. The boundedness condition Lm P, (w) g, ()

holds automatically under Al) and A2) through stability of < Pygn, (2)

the algorithm, which is guaranteed by Theorem 4.3. In the °

nonlinear setting a noise controllability condition implies A3)yvherek is arbitrary, and the first inequality is a consequence

using the approach of [33, ch. 7]. of the fact that{g,} is decreasing inn. By dominated
From these results it follows that Theorem 4.4 recoveg®nvergence, it then follows that (37) does hold. Conversely,

known properties of the Newton—Raphson technique applig have that

to the LQG problem. The well-known decreasing property of 4 5 (2) — ¢, (2) > Pohn1(2)

IN

the solutions{A,,} to the associated Riccati equation is also 1 By
closely related to P2). The proof of P2) given in the Appendix =— Pugn_1(z) — ——
depends upon the bound 01" P On-1
n—1

hn(x) < L+ 2y = na)lhncs(2) + b (35) 2 o Dlt@) =
where b,, is a constant. In the linear case, it can be Sho"\f_rbtting n — oo through the subsequende;} then gives by
that the relative value functioh,, takes the formh,(z) = a4
h,(0) + A,z whenever the controls are linear. Letting
x — oo, it follows from the previous inequality that 1+ h(z) > co(x) + Puh(z), z e X.

Ap S[142(0a—1 = n:)]An—1,  n 21 (36) Hence, the limith satisfiesP,h = h — n + ¢, wherec(z) =

It may be shown directly that,, < A,_, [14], [49], so the Cw(2)- Thatis, (9) is satisfied. o
bound (35) is not tight in the linear model. However, the semj- To see that the optimality equation is satisfied, recall from
decreasing property (36) is sufficient to deduce converger{éé) that

of the algorithm. n(@) + Pohn1(z) — clz, a) < Pahp_1(z)

V. OPTIMALITY for all admissible(z, a) € X x A. It follows that for anya

Now that we know thafh,,} is pointwise convergent to a
function, we can show that the PIA yields an optimal policy.
Theorem 5.1 is similar to [20, Th. 4.3] which also reqwreEetting 1 — 50, we see that (10) is satisfied. O

a continuity condition related to Ad). Weaker conditions are Theorem 5.1 still does not address a central issue: does the

surely possible ff’r a specific appllcat|0|_1. _ solution to (9) give rise to an optimal policy? The example on
A4) The functione: X x A — [1, c0) is continuous, and 5 ", 871 shows that some extra conditions are required, even
the functions(Lohy (2): n > 0) and Poh () aré  \yhen the cost is norm-like. We now present a new approach

continuous ina for any fixedz & X. which in many examples gives a direct verification of the

Theorem 5.1:Suppose that there exists a regular poligy technical Assumption 3) in Theorem 2.1 and thereby proves

and that Assumptions A1)-A4) hold. Then: that the policy given through the PIA is indeed optimal.

1) for the policy wy, the PIA produces a sequence of If the controlled chain® is ,,-irreducible and the result-
solutions (wy, hn, 17,) such that{h,} is pointwise ing costn, := mw(cw) = [ cw(x)me (dz) is finite, let S,
convergent to a solutio. of the optimality equation denote any fixed:,-regular set for whichr,,(S,,) > 0. We
(9) and any policyw which is a pointwise limit ofw,, then define the function
satisfies (10). Moreover, the costg, } are decreasing

en(z) + 1 P, h(z) — c(z, a) < ozi Pog,—1(x).

n n

Tw—1
with n; V(@) =Bz | Y cu(®)) (38)
2) any limiting policyw is ¢,,-regular so that for any initial —

condition X . . .
v e where 7, = 75,. Sincem,(S,) > 0, the functionV,, is

J(w) = np = lim % Z E.[co(2Y)]. a.e. fr,] finite-valued [33, Th. 14.2.5]. Note that by [33,

par Th. 14.2.3], the particular,-regular setS,, chosen is not
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important. If S} and $2, give rise to functiond’} and V2 of To prove the theorem, we must now consider the limit and
the form (38), then for some constant> 1 limit infimum in (40) for everyz. That

T(Vel@ + 1) SVE@) Sa(Ve@) +1),  weX —ZE Cor (@) =M, wEX

Theorem 5.2: Suppose the following.

1) The optimality equations (9) and (10) hold for
(w*, h, n+), with 1 bounded from below.

2) For any policyw the average coskK ¢, is finite and
norm-like, and all compact sets are petite for the Markq

follows from Theorem 4.1. The limit infimum is more subtle.
From the assumptions of the theorem, the functiogc,, is
unbounded off petite sef83]. It then follows as in the proof
of [33, Th. 17.1.7] that, for every initial condition, the law of
arge numbers holds

chain ®*.
3) For any policyw there exists some constant b(w) < . =
~ such that %%(1—/3) z% BEK (@) = nuly+ooly.  as.[P,]
t=l
|h(z)| < b(1+ Viu(x)), z € X. (39) where H is the event that thes-controlled chain®* enters

its maximal Harris set. On the eve#{¢ we actually have
Thenw* is optimal in the sense that for any initial condition . (¢¥) — o0 ast — oo, since then the process visits

@ € X, and any policyw each petite set only finitely often [33, Th. 9.0.1]. Taking
expectations of both sides of this equation and applying
J(w*, x) =n. = lim ~ Z E.[cw- (2F)] Fatou’s lemma then gives
t=1 [e9)
<mulew) ) (=) Y FBK e @) 20 @
C t w
< hInglnf 1=5) Z B Eufew(24)] It can also be shown using the resolvent equation [33, p. 291]
' t=0 . . o
< J(w, 7). (40) that for anyz which satisfiesk,,c,,(z) < oo

oo

Proof: First note that ifJ(w, ) = oo for all z, then 15?11(1 - 5) Z BN (Ex[Kwew(®)] — Exlcw(2})]) =0
there is nothing to prove. If not, then since all compact sets are t=0
petite, the Markov chai@® is a positive recurrerii’-chain, and this completes the proof of the second inequality in (40).
with unique invariant probabilityr,,, and 7, := m,(c,) is The last inequality follows from [39, Lemma 8.10.6]. [

finite [33, Th. 14.0.1]. To see how Theorem 5.2 is applied, consider again the linear
Under the assumptions of the theorem, we can show induodel (7) with Gaussian noise satisfyilig= E[W;W,"] > 0.
tively that For this example we showed above that a solutioh, 7, 7,)
to the ACOE exists withh a quadratic. Suppose thatis any
s (measurable) nonlinear feedback control. From the assumption
™ = -_ t _— . . ’ . .
PV =V ; Py(Co = s0) that ¥ > 0, the process®* is ¢-irreducible, with¢y =

Lebesgue measure. The functiBp given in (38) then satisfies
wheres,, > 0 and satisfiesr,, (s.,,) = 7, (¢, ). This function the lower bound

can be written explicitly as
Z 2R Pley(r) 2 Vipalz) = b (41)

Tw—1

Z Cw(P) |-

t=0

Sw(x) :/S Py(z, dy)E,

whereV] , is the value function for the discounted problem
andb,, is a finite constant. To see this, lef = 75,, and write

It follows from [33, Th. 14.0.1] thatP?V,,(z)/n — 0 as

n — oo for ae. fr,] * € X. By (39) we also have V ,(x 22 'Plcy(x

P2h(z)/n — 0 for suchz.

From the optimality equations (9) and (10), we have Tw—1 00
=E, Z 2 k¢ +E. | Y 27F
n)fnt Z Eqfew(®§)] 2 h(a)/n + 1. } .
<Vlz) +E |27 27 ¢, (DY
n>1 zeX. (@) Z wtt ]
Letting n — oo proves the inequality The lower bound (41) orV,, then bound follows from the

strong Markov property and regularity of the s#t,. If
(A, /Q) is observable so thal;,, dominates a positive
hrllrigéf n 2 Eolco(®)] 2 ae.x € X[my] definite quadratic, then from Theorems 5.1 and 5.2, we deduce
i that the PIA does yield an optimal policy over the class of all
It also follows from [33, Th. 14.0.1] that,, > 7. nonlinear feedback control laws.
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VI. CONTINUOUSTIME PROCESSES To see when this is an improved policy, let= w,,_;. From

Because the general theory of Harris processes in continudfg inéquality above, and Poisson’s equation whih is

time is now rather complete, the previous results carry ov@fSumed to satisfy, we have
to this setting with few changes. The reader is referred to Dep, hne1 < —Cp + 1.
[13], [32], and [34] for details on how to extend the theory
of [33] to continuous-time processes. We sketch here whatliis is a stochastic Lyapunov drift inequality, but now in
necessary for the understanding of the PIA in continuous tinf@@ntinuous time. Again, if,,_, is bounded from below, it,,
The text [39] also describes methods for “lifting” continuousis norm-like, and if compact sets are petite, then the process
time optimality criteria from existing discrete-time theory®*" is c,-regular, and we have, < 7,_1.
This approach is based upon uniformization, which requiresSince the policyw, is so well behaved, one can assert that
a countable state-space model and some strong bounds orPi@§son’s equation
infinitesimal generator. D hy, = —&,

Consider a continuous time MDP with (extended) generator
D, parameterized by the actiane .A(z). First, suppose that has a solutiom,, which is bounded from below, and hence
w* is a policy, and lek solve Poisson’s equation in continuoughe algorithm can once again begin the policy improvement
time step. Results analogous to Theorem 4.4 can then be formulated

using almost identical methodology.

where the definitions ot,, and r, remain the same. The VIl NETWORKS

existence of well-behaved solutions to (42) follows under In this section we apply the general results of Sections IV
conditions analogous to the discrete time case [18]. Suppéssl V to the scheduling problem for multiclass queueing

that for any other policyw networks using a countable state-space network model with
deterministic routing, as may be used in the design of a
Cwr + Duh < e +Dih semiconductor manufacturing plant. It will be clear that the

_ . results obtained apply to many other related models in the
where we assume thdt is in the domain of the generatoroperations research area.

D,,—this is the only significant technicality in the continuous- Consider a network of the form illustrated in Fig. 2, com-

time framework. From Poisson’s equation (42), the bourbd05ed ofd single server stations, which we index by—
above may be written '

1, ..., d. The network is populated ki classes of customers.
Ner < Cw + Dwh Classk customers require service at statiefk). An exoge-
nous stream of customers of class 1 arrive to machiie.
and then by the definition of the extended generator If the service times and interarrival times are assumed to be
T exponentially distributed, then after a suitable time scaling and
Ner < 1 / E.[co (®Y)] dt + 1 (PTh(z) = h(z)). sampling of the process, the dynamics of the network can be
T Jo r described by the random linear system
This bound holds for any and any?” > 0. Letting 7" — oo, K
it follows that oy =D+ Y Ly (R)[eF — Fun(k)  (43)
1 T k=0
lim inf T /0 E.[co(®)]dt 2 10 where the state procesB evolves onX = 7, and ®.(k)
denotes the number of classcustomers in the system at time
provided that t.
1, The random variable$l,,: n > 0} are i.i.d. on{0, 1}%+1,
7P h(z) =0 asT — oo with P{Y", I,(k) = 1} = 1, and E[l,(k)] = . For

i ) . 1 <k < K, uy denotes the service rate for cldssustomers.
Conditions under which this holds may be formulated as jfy, 1. — o we let 1o := A denote the arrival rate of customers

Theorem 5.2. _ S of class 1. Forl < k < K we let ¢* denote thekth basis
The PIA in continuous-time is given as follows. Supposgacior inRE . and we set® — K+ :— 0.

that the policyw, 1 is given and thak,, _; satisfies Poisson’s  1pe sequencdw,: n > 0} is the control, which takes
equation values in {0, 1}%X+1. We definew,(0) = 1. The set of
admissible control actionsd(z) is defined in an obvious
manner. Fora € A(x):

where we again adopt the notation used in the discrete-timey for any1 < k < K, aj, = 0 or 1;

development. This equation has a solution provided that thez) foranyl <k < K, zp = 0 = az = 0;

chain Prn-t is c_n__l-regular [18]. A new policyw, is then  3) for any stations, 0 < Dk s(y=o @ S 1S

found which satisfies, for any other poliay 4) for any station o, Ek:s(k):cr ax = 1 whenever

Cn + Dwn hn—l S Cw + thn—l- Ek s(k)=o Ty > 0.

Dp_ithp_1 = —Ca1
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®,(2)

H, K,

Muchine 1 Mochine )

@)

W, Uallooess «—

Fig. 2. A multiclass network withd = 2 and K = 4.

If a; = 1, then bufferk is chosen for service. Condition 2)where the overbar denotes weak closure. The progess
then imposes the physical constraint that a customer canewblves on the state spadﬁﬁ and, for a wide class of
be serviced at a buffer if that buffer is empty. Condition 33cheduling policies, satisfies a differential equation of the form
means that only one customer may be served at a given instant K
ata single_machin_e. The _nonidl?ng Condition _4) is satisfied 4 P(t) = Z et = Flug (k) (44)
by any optimal policy. An inductive proof of this fact may be =0
con_structed based upon value iteration [35]. . where the function:; is analogous to the discrete control and

Since the control is bounded, a reasonable cost function ISisfi imil traints 19

= Tz, wherec € R” is a vector with strictly positive satisfies similar constraints [9] . .

oz, a) = c*z, It is now known that stability of (43) in terms efregularity

entries. For concreteness, we take, a) = |z| := .. k- s closely connected with the stability of the fluid model [9],
Since A(z) is a finite set for any:, it follows that A2) holds [10], [27], [30]. The fluid modelc. is called L -stable if
with this cost function. ' ' : P

The transition function has the simple form tlim sup E[|¢(t)|P] = 0.
T gcL
kL _ kY
Po(w, z4+em —c )—“k“’“;, O<hsK It is shown in [27] thatL,-stability of the fluid model is
Po(z, ) =1 = equivalent to a form ot-regularity for the network.
o\ #) =2 20: He O Theorem 7.1—Kumar and Meyn [27]The following sta-
o - bility criteria are equivalent for the network under any non-
The accessibility condition (15) holds whete denotes the jgling policy.
— T
empty statea = (0, ---,0)" € X, and hence also A3) i) Drift condition (4) holds for some functior/. The

is satisfied. ThIS follows from the nonldllng assumption: _|f function V is equivalent to a quadratic in the sense that,
|z| = m, and if the total number of buffers in the system is some~y > 0

K, then because of the nonidling Assumption 4) the network
will be empty at timemX provided that 1) no customers 1+9ef <V(z) <1447Yz)?,  zeX.  (45)
arrive to the network during the time intervfl, mK] and
2) none of themK services are virtual services. That is,
SR Lk +Dwk = 1,0 < k < mK. The probability of
this event is bounded from below by — \)™& & and
hence we have for any nonidling policy

if) For some quadratic functioi”
> 124l
n=0

whereo,, is the first entrance time ta = 0.

E, < V(-’L’), reX

Koy(z, @) 2 () PR (2 a) > s(x) iii) For some quadratic functio and some: < oo
i= (H)lFIEAL L = NleEN=E S for all 2 € X, N
Associated with this network is #uid model For each > E:(|2a)l S V(@) +eN,  forallzandN > 1.
initial condition ®(0) = x # 0, we construct a continuous- n=l
time process)®(t) as follows. If |z|¢ is an integer, we set iv) The fluid modell is L-stable. u
1 The previous result can be strengthened. If the fluid model is
P*(t) = ] (|[t). L,-stable, then in facp(t) = 0 for all ¢ sufficiently large [35].

A policy w* is calledoptimal for the fluid modelif for any
For all othert > 0, we define¢”(¢) by linear interpolation other policyw which is L,-stable

so that it is continuous and piecewise linear tin Note -
that |¢*(0)| = 1, and that¢® is Lipschitz continuous. The lim inf Lim inf [ E® / 167(s)| ds
collection of all “fluid limits” is defined by T—oo  |z|—oo “1Jo

/ ' |¢w<s>|dsD >0,

L= ﬂ {¢%: |z| > n} —~E¥

n=1
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In [35, Th. 3.2(v)] it is shown thal,-stability is equivalent  To see 2), we use the approximation
to uniform boundedness of the total cost. Herdgestability

may be assumed without any real loss of generality. If the 1 _ Tt b, w T .
paths of the fluid limit model are purely deterministic, this |, ™= [ Z H =E; / |#%(s)ds| +o(1) (46)
form of optimality amounts to minimality of the total cost t=0
= where the ternv(1) vanishes ag — oo. Consider Poisson’s
/0 |#(7)] dr. equation and the bound (13) together, which when iterated
Currently, there is much interest in directly addressing metho%lé/eS for anyT” > 0
for the synthesis of optimal policies for fluid network models T|z|-1
[7], [16], [38], [48]. PI (@) Shnoi(@) = > B[]+ Tl
Theorem 7.1 is used to establish the following theorem, t=0
which shows that policy iteration always converges for this T|w|-1
network model if the initial policy is stabilizing. To initiate P! *h,(z) =hn(z) = > E (&[] + T|x[n,.
the algorithm, one can choose one of the known stabilizing t=0

policies such as last buffer-first served or first buffer-fir
served [8], [28], or one may choose a policy whiclogimal
for the fluid model.

Theorem 7.2:1f the initial policy wq is chosen so that the
fluid model is L,-stable, then

1) the PIA produces a sequen§éw,, hy,, n,): n > 0}

ﬁ}\/e will combine these equations with (46) and take limits,
but to do so we must eliminate the tedf "1, (z)/|z|2. To
show that this converges to zero as— oo, T' — oo, apply
the upper boundh,, (x)| < W(z) = b(|z|*+1), whereb < oo

is a constant, and use weak convergence to obtain

such that each associated fluid modeLisstable. Any _ Pl () Pl ()
policy w* which is a pointwise accumulation point of h;n_i‘ip B < h;n_i‘ip TR
{w, } is an optimal average cost policy; 9
2) for eachn > 1 <b sup E[|¢(T)].
T
lim inf lim inf <E;””—1 / |6” ()] ds] Hence, byL,-stability of the fluid modelPY*! h,, ()/|z|> —
Tmeo fol=eo 0 0 asz — oo, and thenT — co. Combining the previous
T equations and using (46) then proves 2).
o / lp*(s)|ds| | 20 The proofs of 3) and 4) are similar. Lettirg denote the
value function for the optimal policy*, we have

Hence ifwq is optimal for the fluid model, so is,, for
all n; oo Pyh(z) = h(z) — |2| + n.

3) with A equal to the relative value function for anYand for any policyw

optimal policy w* generated by the algorithm
T
| 5wl ds] R
0 where 7, is the optimal steady-state cost. The proof then
_ ) follows as above by iteration and letting| — cc. O
Henc_e, when properly normalized, th_e relative valye The exponential assumption here is not crucial. In [10] the
function approximates the value function for the ﬂu'%ase of general distributions is developed, and the analogous

model cont_rol problem; . , regularity results are obtained when a fluid moddljsstable.
4) for any policyw whose fluid model ig- stable

Mo) g Puh(x) 2 h(z) ~ |z| + 7.

=0.
]2

lim sup lim sup

T—o0 |z]|— o0

) <0 VIIl. CONCLUSIONS AND EXTENSIONS

T'—oo  |z|—oo This paper has introduced several techniques for the analysis
of MDP’s which suggest further development of MDP’s on a

general state space.

1) Itis likely that duality theory using linear programming
formulations may be strengthened using the bounds on
solutions to Poisson’s equation obtained in this paper
(see [20]).

2) Given the wuniform lower bounds obtained in

T
lim sup lim sup <% -EY [/ |¢% ()| ds
z 0

Hence, the limiting policyw* is optimal for the fluid
model.

Proof: Observe from Theorems 7.1 and A.1 that when-
ever the fluid model id.,-stable, the relative value function
h is equivalent to a quadratic, in the sense of (45). Moreover,
for any policy w, we have the lower bound

= w 112 Theorem 4.4 and the lower bounds required in the
V(@) :=Ex | > cu(®)| = 5|zf°. analysis of, for instance [19] and [42], the relationship
t=0

between discounted and average control problems may
This is a consequence of the skip-free property of the network  be further developed using the techniques presented
model. From this and Theorems 5.1 and 5.2, we obtain 1). here.
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3) In [3] and [44] conditions are provided which ensure that Theorem A.1:Suppose that the Markov chadh is positive
value iteration generates an optimal policy, and in [4flarris. Assume further that(c) = [ c¢(z)r (dz) < oo and
convergence of this algorithm has been addressed untteat the setS defined in (47) is petite. Then there exists a
a global Lyapunov condition of the form (2). Since thisolutionh to Poisson’s equation (5) which is finite azg.pnd
Lyapunov condition does not generally hold for simplés bounded from below everywhere
network examples such as that illustrated in Fig. 2, and
the irreducibility condition of [3] is not satisfied in l}g( h(z) > —o0.
general for network models, it is of interest to see if
convergence, or even near monotone convergence can b & is alsoc-regular, themh can be chosen so that
guaranteed under assumptions similar to Theorem 4.4.

Some results in this direction were obtained recently in 2!
[6] and [35]. h(z) < dVs(x) := dE, ; ()|, =zeX

4) Sample-path versions of the PIA such as the actor—critic
algorithm have been subject to much analysis in rgvhered is a finite constant.
cent years [26], [45]. A generalization of the bounds  Proof: From [33] and [36] we know that the invariant
obtained here to this setting would greatly enhance ogfobability for ® may be written
understanding of these algorithms.

We are currently investigating the network problem of /G(a:, A (dz)
Section VIl to see if some additional insight can be gained in m(A) = , A € B(X).
this interesting application. /G(a:, X)v (dx)

Sincer(c) < o it follows thatG(z, ¢) < oo for almost every
x € X [v], and as in the proof of [33, Proposition 14.1.2] we

) ) know thatG(z, ¢) < oo for almost everyr € X [7].
In this section, we collect together some general results ontg optain a lower bound. observe that

Poisson’s equation for uncontrolled chains on a general state

space. We assume throughout that the chain is positive Harris Ke(z) > { 0, on §¢
with unique invariant probabilityr. The functione: X — =\ —n(e), ons.
[1, o) in (5) is assumed to satisfy

APPENDIX A
PoISSON'S EQUATION

It follows that K¢(z) > —Ns, whereN = =(c)/6. Hence,
for any »
7(c) ::/ c(z)m (dz) < o0,
X M) := GKe(z) > —NGs(x) > —N.

Define the functions: X — [0, 1] ass = é1g, whereé > 0,

The functionh solves Poisson’s equation, and the lower bound
and S denotes the sublevel set

is thereby established.
To obtain the upper bound when the chair-igular, [33,

S ={z: Kc(zx) <m(c)}. (47)  Th. 14.2.3] may be used to show tH@K c(z) < dVs(z) for a
constantd. It follows that the functiorh given in (48) satisfies
We always have that(S) > 0, and hencer(s) > 0. Under the desired upper bound. O
the assumption tha$ is petite, foré > 0 sufficiently small Given the lower bound oh, it is easy to establish unique-
the resolvent satisfies the minorization conditifh> s ® ¥  ness. Related results are given in [18], [20], [33], and [37].
as in (32). In this case we l&€¥ denote the kernel First we give the following technical result.

Lemma A.2: Suppose thatb is positive Harris with invari-
i . ant probabilityr, and suppose that: X — IR is bounded
G= Z (K —s@w). from below and is superharmoni®z < z. Then

=0 1) z(x) = 7(z) for almost everyr € X [r];

If the sumGc(z) = 3 (K — s ® v)'e¢(x) is convergent for 2) Z(x)_z m(z) for everyx E_X' .
eachz, which amounts ta-regularity of the process, then a ~_Proof: The  superharmonic  property implies that

solution to Poisson’s equation may be explicitly written as (#(®:), F1) is & supermartingale. Since it is bounded from
below, it must be convergent. This together with Harris

00 ‘ recurrence implies that is constant a.e., exactly as in the
h(z) = GKe(x) = Z(K - s@u)'Ke(x). (48) proof of [33, Th. 17.1.5]. We then have by Fatou’'s lemma,
i=0 for every z

The following theorem establishes the existence of suitably z(x) 2 lim inf E;[2(®+)] 2 Eglim inf 2(2¢)] = 7(z).
bounded solutions to Poisson’s equation, given that the process
is c-regular. O
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Theorem A.3:Suppose that the Markov chadh is positive where {b;} are finite constants{S;} are petite, and the
Harris, thatn = w(c) < oo, and assume thaf defined in functions {V;} are finite-valued and positive (see [33, Th.
(47) is petite. Lety be finite-valued, be bounded from below,14.2.3]). Wherc = 1, this condition is equivalent to requiring
and satisfy that E,.[73] be bounded orf, for A € BT(X). See [46] for
further discussion.

We now establish continuity. A similar result may be found
in [24] for V-uniformly ergodic chains.

. _ _ i Theorem A.4:Assume thai: X — R4 is norm-like and
) g(z) = GKe(x) + b for almost every: € X [r]; continuous and that all compact subsetXo#re c-regular of

. > >
) g(z) 2 GKelx) +b for everyz € X, degree two. Assume moreover that
Proof: Since the sefS is petite, we may again choose 1) the chain has the Feller property;

= > .
6 >0 so smallin the definition of = 615.50 thatk’ > s@v. 2) for some compact sét € B+(X), and some continuous
We also assume without loss of generality th@j) = 0. From .
function V: X — IR

the inequality whichy is assumed to satisfy, we have

Pg<g—c+n.

Then @ is c-regular and for some constatit

TC

= (K =sonly = Ke. E.|Y o®)| <V(), cexX:
Iteration then gives t=0
lim sup [9(z) — (K — s @ )N g(2)] > GKe(x). 3) PVis a_ COI‘]tII’IUOL-JS function. _ |
N—oo Then there exists a continuous solutfoto Poisson’s equation

Since we always hav&lK¢(z) > —w(c)G(z, S) > —o0, the (5)-
inequality above establishes finiteness@K¢(x) for all z.
We must also havé&/l(z) < oo, and since the functiop is
bounded from below, it follows thaim infy_,.. (K — s ® KV, <Vi — Kc+dys
v)Ng(z) > 0. The bound on7K¢ then becomes

h(z) .= GKé(x) < g(x).
whereV; < d(V + 1) for a constant], and the functior¥% is

Thus, the positive function(z) = g(x) — h(x) is superhar- finite everywhere and uniformly bounded on compact subsets
monic, and the result follows from Lemma A.2. U of X. The functions is continuous with compact support, and

We saw in Theorem A.1 that solutions to Poisson’s equatigqi satisfiesK > s @ v.
may be taken to be positive. Here we show that solutions arewe can show by induction that the functién defined by
continuous under extra conditions. While this result is not used
explicitly, it is clear that continuity can greatly simplify the
verification of some of the conditions imposed in the paper.

The transition function? is calledFeller if Pg is a contin-
uous function onX wheneverg is bounded and continuous.is a continuous function oX. The proof will be complete
It is easy to show that for a Feller chain, if compact setghen we show thaf., — h uniformly on compact subsets
are c-regular, then the solutioh to Poisson’s equation may of .
be taken to be lower semicontinuous. This follows from the From the bounds o{V;} we can show by inversion as
representation of. through (48), wheres is a continuous agpove that
function with compact support. To obtain continuity requires

Proof: From regularity of degree two we can obtain
solutions to the pair of inequalities analogous to (50):

KVo <Vo—Vi+dss

3
|
—_

hp, = (K —s®@v)'Ke, n>1

t

Il
<

some stronger assumptions. We call a%etregular of degree GKesWVi+d,
two if for any A € BH(X) GV1 <Va+ds
TA—l H 1
which shows thatZGKc¢ < V, + dy + ds. The left-hand side
igg E. 2% (k+1)e(®:)| < o0 can be computed as follows:
t=
From the relation GGKcl(z) = - K s V)z)
TA— 1 TA— 1 TA— 1 o .
z:O
E.| Y (E+1)c(@ Z Eo, | Y <(®)|]| (49)
t=0 1=0

K—-sov) |Kcz)

\,
Mg

it follows that the setS' is c-regular of degree two if and only

if it is simultaneouslyc-regular, andV -regular, whereV is

the function (26) given in Theorem 4.2. That is, the pair of =
equations are satisfied i,

PVi<Vi—c+bils, =
PV <Vo = Vi + bals, (50)

—s@v) T Kc(z)

'Mg

0

o
Il

(m+ 1)K —-s@v)"Kdz).

o

3
Il
o
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Using the boundg| < (1 + 7)c, this gives Applying "1t (K, — s@w)" to both sides of this inequality
allows us to invert the kerndl — (K,, — s @ v)]

hiz) — hp(z)| = K—-s®u)Kex i
() @) Z( ) Kz) lim sup (hp—1 — (Kn—s@v) N hn_1) > %GnKncn_@Gns'

t=n 0 N—oo 6
<(1+n) 1 Z HK —s@v) K(z) Usin _ N _
n g the crude boundX, — s ® v) hp_1 > —no/b
) t=n together with the bounds,s < 1 shows thatG, K, c,(z)
<({1+mn) - (Va(z) +dy + da). is everywhere finite. Sincé(,c, is norm-like andh,_; is

bounded from below, it then follows théin infy ... (K, —
The right-hand side evidently converges to zero uniformly o )N h,,_; > 0 so that the previous bound gives
compact subsets &, and this proves the theorem. O

0< GuKnen < 2Dy +2 % (52)
APPENDIX B
SOME TECHNICAL PROOFS Using (52) we may now obtain an upper bound lan =

Proof of Theorem 4.3 The main idea is to apply (29), G»fnCn- Inequality (29) can be written
which is a version of (4) ifh,_; > 0. We first prove 1) _ _ S KA _
and 2). Result 3) is then a consequence of 2), (29), and the [ = (B = s @)lhn—1 2 Knln = (-1 = 7).
Comparison Theorem [33]. . By c,-regularity of &<~ we can applyG,, to both sides of
For any: < n, assume without loss of generality thatpig identity to give
h;—1 > 0, and letw; be the policy which attains the minimum

w;(z) = arg min [e(x, a) + Pyh,—1(z)]. fin—1 2 G KT = (M1 = 1) Gl
a€A(xz) = hn - (nn—l - nn)Gn]l (53)
Then by (29) the functiorV; = h;, satisfies where 1 is the function onX which is identically one. The
KV, <Vi— Kici +ni—1 justification for this inversion follows as in the derivation of

_ _ (52). SinceG,1 < GnKncn < 2(hp—1 + (n0/6)) by (52),
a version of (4). Applying Theorem 4.2 we see that 2) holdgjs gives
O

and applying Theorem A.1 we obtain 1).
Proof of Theorem 4.4:To begin, we prove by induction h,,(z) < [1+ 2(f,—1 — M) rn—1(x) + 2(10/8) (=1 — 7).
that the policies{w,, } are regular using the following induc-
tion hypothesis. Thus, we recover the bound (21) obtained in the special case
For anyn > 0, the PIA generates polici€suo, - - -, wy, } where an accessible state exists. To prove P2), we again define
such that the policyw, is regular and a finite-valued ~ {9n} through (22). Itis clear thafg,,} and {h,.} are related
solution h,, to Poisson’s equation exists which satisfies by additive and multiplicative constants as required in P2). To

the lower bound conclude, we now establish th§, } is monotone decreasing
o and bounded from below.
ha(r) 2 =5,  z€X. From the bound (21)

Assume that the induction hypothesis is true fior 1. We e

have from (29) the inequality gn(z) < < H (1 +5t)> <(1 +en)hn—1(x) + (10/8)en
t=n+1
Knhn—l S hn—l - %Kncn + 770]15 (51) ad
. . . . . +(10/6) Z €t

where S is defined in (31). Since the s& is assumed to My
be petite in A3), and sincé,,_; is bounded from below, oo
Theore_m 4.2 s_hows that the Mark(_)v chain with transition < H (1+e) |(1+en)
probability K, is K, c,-regular, and it then follows that the te=ntl
policy w,, is regular. oo

We now obtain the lower bound df,. From (34) and the <hn_1(a:) + (1n0/6) Z 5t>
definition of S we have t=n

h’n = GnKnEn Z _nnGn]lS Z —% GnS :gn—l(-’f)-

We also have from the lower bound iven in (21
SinceG,,s(x) < 1 for any z, this establishes the lower bound @R 9 (1)

and completes the proof of the induction hypothesis.

Mo - Mo
To obtain an upper bound ah,, first note from (51) and 9» = =~ [[+e) = —5 xp2mo—m),  nE€L4.
the assumption thaf h,_; dv = 0 that t=0
= (Kp = 5@ 0)]hnoy > & Knen — Mo Hence,g,(x) | g(z) > —oo asn — oo for eachz, and this
n n— Z 92 nbn .

6 and the form ofg,, proves P2). O
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