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Abstract

This paper concerns the structure of optimal codes for stochastic channel models. An
investigation of an associated dual convex program reveals that the optimal distribution
in channel coding is typically discrete. Based on this observation we obtain the following
theoretical conclusions, as well as new algorithms for constructing efficient channel codes:

(i) Under general conditions, for low SNR the optimal random code is defined
by a distribution whose magnitude is binary.

(ii) Simple discrete approximations may be highly accurate even in cases where
the optimal distribution is known to be absolutely continuous with respect to
Lebesgue measure.

(iii) A new class of algorithms is introduced, based on the cutting-plane method,
to generate discrete distributions that are optimal within a prescribed class.
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1 Introduction

Since Shannon’s celebrated paper [29], published in 1948, channel capacity has become a
fundamental topic in information theory. The i.i.d. additive white Gaussian noise (AWGN)
channel has been the focus of most research due to its tractability, and because this model
reflects the behavior of many communication channels. It is well known that the optimal
input distribution is i.i.d. Gaussian in this special case (see e.g. [12, 15, 8]).

More recently, there has been a significant research effort on fading channels, such as
found in wireless communication systems. Early papers restricted to Gaussian dispersive
channels [26, 15, 25], while more recent papers study a range of complex fading models with
correspondingly complex analysis. A recent survey is contained in [4].

A theme in recent work is the discovery of an increasing list of special cases in which
the magnitude of the optimal input distribution is discrete, with finite support. Examples
include,

(i) Amplitude and variance constrained Gaussian channels [30]:

If the input is not only constrained by the average power but also limited by
a given peak power constraint, the optimal input distribution is shown to be
achieved by a unique discrete random variable taking on a finite number of
values.

(ii) Average and peak power limited quadrature Gaussian channels [27]:

In this paper the conclusions of [30] are generalized to the complex case. The
magnitude of the capacity-achieving distribution is shown to be discrete, with
finite support. Moreover, its phase is uniformly distributed, and independent of
the magnitude.

(iii) Discrete-time Rayleigh fading channels [1]:

The capacity-achieving distribution is shown to be discrete in magnitude with a
finite number of mass points, one of them located at the origin. The exact number
and location of these mass points vary significantly with SNR. Extensions of this
result have appeared recently in [10].

(iv) Single antenna Rayleigh block-fading channels [22]:

It is proved that for a single-antenna block-fading channel, the capacity achiev-
ing random variable is the product of a discrete real random variable and an
isotropically distributed unit vector.

(v) Mobile multiple-antenna communication link in a Rayleigh flat fading [20]:

The capacity of a multiple antenna (M transmitters, N receivers) block-fading
Rayleigh channel, in which the propagation coefficient is assumed to be constant
over any T -symbol interval, is achieved when the T × M transmitted signal
matrix is equal to the product of two statistically independent matrices: a T ×T
isotropically distributed unitary matrix, times a certain T × M random matrix
that is diagonal, real, nonnegative and discrete.
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It is conjectured in [22] that optimal distributions have finite support in many other
fading models. In Section 3 we provide several propositions and examples to support this
principle.

In conclusion, the AWGN channel is a very special case, in that optimal distributions
rarely possess a density. Moreover, we show in examples below that even for the AWGN
channel in which the optimal distribution is continuous, there exist very simple discrete dis-
tributions that very nearly achieve capacity. For the non-coherent Rayleigh fading channel,
Gaussian input is shown to generate bounded mutual information as SNR goes to infinity
[10].

We note that discrete distributions also arise in a worst-case analysis of many statistical
models. In particular, for an additive-noise communication channel with fixed binary input,
the worst-case noise distribution is supported on an integer lattice [28]. A general framework
is developed in [24, 23] in the analysis of admission control algorithms, and general robust
hypothesis testing problems. A key observation is that the worst-case distribution is always
discrete.

A second, perhaps more important issue is computation. It is far easier to establish
qualitative properties of the optimal distribution than to obtain a closed form expression.
This is probably impossible in all but the simplest models. From these observations we
are led to the following question: Given a channel model, can we find a simple, discrete
distribution that almost achieves the optimal mutual information? If so, then there is no
need to exactly optimize.

To obtain discrete approximations to the optimal input distribution we approximate the
concave mutual information functional by a piecewise linear functional. Optimization of this
approximation may be cast as an infinite-dimensional linear program, and the optimizer may
be taken as a basic feasible solution, or extreme point in the constraint set. Such extreme
points are in fact discrete distributions, and the number of support points grows at most
linearly with the number of linear functions used in the approximations. In Section 4 we
construct an algorithm of this form based on the cutting-plane algorithm.

These results were previously published in abridged form in [17].

The remainder of the paper is organized as follows. In Section 2 we review the Kuhn-
Tucker theory for channel coding. In Section 3 we explain why the optimal input distribution
is discrete in many channel models, and in Section 4 we present theory and numerical results
for the cutting-plane algorithm. Section 5 contains conclusions and topics of future research.

2 Capacity of Memoryless Channels

2.1 Models

We consider in this paper a stationary, memoryless channel with input alphabet X, output
alphabet Y, and transition density defined by

P(Y ∈ dy | X = x) = p(y|x) dy , x ∈ X, y ∈ Y.
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Throughout the paper it is assumed that Y is equal to either R or C, and we assume that
X is a closed subset of R. Channel models in which X is equal to C will be reduced to this
form, as described below.

Let M denote the set of probability measures on B(X). For a given input distribution µ ∈
M, we denote by p(y|µ) the resulting output distribution given by p(y|µ) :=

∫

p(y|x)µ(dx).
When µ = δx we simplify notation by setting p(y|δx) = p(y|x).

Throughout the paper we restrict to non-coherent channels in which neither the sender
nor the receiver knows the channel state. In this case, channel capacity is determined by the
mutual information which is defined as the functional

I(µ) =

∫∫

ln
(p(y|x)

p(y|µ)

)

µ(dx)p(y|x) dy , µ ∈ M. (1)

The channel sensitivity function and channel discrimination function are defined, respec-
tively, by

gµ(x) := D(p( · |x)‖p( · |µ)) =

∫

ln
[

p(y|x)/p(y|µ)
]

p(y|x) dy , (2)

g0(x) := gδ0(x) = D(p( · |x)‖p( · |0)) , µ ∈ M , x ∈ X . (3)

The mutual information may be expressed using this notation as I(µ) = 〈µ, gµ〉.
The magnitude of g0(x) indicates how easily an input X = x may be discriminated

against X = 0. Observe that g0(x) ≥ 0 for all x ∈ X, and g0(0) = 0. In Theorem 3.3 we find
that the channel discrimination function is particularly valuable in analysis of the channel
when the SNR is low.

A representation of mutual information that emphasizes its concave nature is given in
the following proposition. The formula (4) will serve as a basis for the algorithms introduced
in Section 4.

Proposition 2.1 For any given any µ◦ ∈ M(σ2
P ,M,X),

I(µ◦) = 〈µ◦, gµ◦〉 = min
µ∈M

〈µ◦, gµ〉. (4)

Proof We have for all µ, µ◦ ∈ M,

〈µ◦, gµ〉 = I(µ◦) + D
(

p( · |µ◦‖p( · |µ)
)

≥ I(µ) .

By definition, this lower bound is attained with µ = µ◦. ut

In this paper our main concern is the structure of distributions maximizing mutual in-
formation, subject to two linear constraints:

(i) The average power constraint that

〈µ, φ〉 ≤ σ2
P

where 〈µ, φ〉 :=
∫

φ(x) µ(dx), and φ(x) := x2 for x ∈ R.
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(ii) The peak power constraint that µ is supported on X∩[−M,M ] for a given M < ∞.

We summarize these constraints on the input distribution by writing µ ∈ M(σ2
P ,M,X),

where
M(σ2

P ,M,X) :=
{

µ ∈ M : 〈µ, φ〉 ≤ σ2
P , µ{[−M,M ]} = 1

}

. (5)

The capacity of a given channel subject to these constraints is denoted C(σ2
P ,M,X), and

may be expressed as the value of the following nonlinear program,

max I(µ)

subject to µ ∈ M(σ2
P ,M,X).

(6)

The existence of a solution to (6) requires some conditions on the channel and its con-
straints. We list here the remaining assumptions imposed on the real channel in this paper.

(A1) The input alphabet X is a closed subset of R, Y = C or R, and min(σ2
P ,M) < ∞.

(A2) For each n ≥ 1,
lim

|x|→∞
P (|Y | < n|X = x) = 0

(A3) The function log(p( · | · )) is continuous on X × Y and, for any y ∈ Y, log(p(y| · ))
is analytic within the interior of X. Moreover, gµ is an analytic function within the
interior of X, for any µ ∈ M(σ2

P ,M,X).

We occasionally also assume,

(A4) For any distinct pair of distributions µ1, µ2 ∈ M(σ2
P ,M,X) we have F (µ2 | µ1) > 0,

where

F (µ2 | µ1) :=

∫
(

p(y|µ2)

p(y|µ1)
− 1

)2

p(y|µ1) dy. (7)

(A5) For each finite M , the mapping µ → gµ is continuous from M(σ2
P ,M,X) to L∞[−M,M ].

That is if µn → µ weakly, with µn ∈ M(σ2
P ,M,X) for all n, then

lim
n→∞

sup
|x|≤M

|gµn(x) − gµ(x)| = 0. (8)

Condition (A4) simply expresses the assumption that distinct input distributions give
rise to distinct output distributions. We find in Proposition 2.6 that the mutual information
I(µ) is strictly concave on M(σ2

P ,M,X) under this assumption. The uniform continuity
(A5) holds for many channels, such as the Rayleigh channel (see (13), and the subsequent
analysis of this example.)

In many examples in which Y = R we may assume that the channel is symmetric. That
is, X = −X, and p(y | x) = p(−y | −x) for all x, y ∈ R.

Proposition 2.2 Suppose that (A1)-(A5) hold and that M ≤ ∞. Then, the mapping I :
M(σ2

P ,M,X) 7→ R+ is continuous.
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Proof Suppose µn → µ weakly as n → ∞, with µn ∈ M(σ2
P ,M,X) for all n. Write for

each n ≥ 1,

I(µn) − I(µ) = 〈µn, gµn〉 − 〈µ, gµ〉

= 〈µn, gµn − gµ〉 + 〈µn − µ, gµ〉

The second term vanishes as n → ∞ by weak convergence, the continuity of gµ (by (A3)),
and the assumption that M ≤ ∞.

The first term vanishes by (A5):

|〈µn, gµn − gµ〉| ≤ sup
|x|≤M

|gµn(x) − gµ(x)| → 0, as n → 0.

ut

If (A5) is relaxed then we still find that I is upper semi-continuous. Consequently, there
exists at least one optimal input distribution:

Proposition 2.3 The following hold under (A1)-(A3):

(i) The set M(σ2
P ,M,X) ⊂ M is compact with respect to the topology of weak con-

vergence.

(ii) The functional I : M(σ2
P ,M,X) → R is concave.

(iii) If M < ∞ then I is upper semi-continuous, and an optimizer µ∗ ∈ M(σ2
P ,M,X)

exists.

(iv) If M < ∞, Y = R and the channel is symmetric, then there exists an optimizer
µ∗ that is symmetric, in the sense that µ∗{A} = µ∗{−A} for all A ∈ B(X).

Proof Part (i) is standard (see e.g. [5]), and (ii) follows directly from Proposition 2.1.
To prove (iii), note that I is upper semi-continuous if

{

µ : I(µ) ≥ γ
}

is closed, for all γ > 0.

From (4) we obtain,

I(µ◦) ≥ γ ⇐⇒ 〈µ◦, gµ〉 ≥ γ for all µ

⇐⇒ µ◦ ∈
⋂

µ

{

ν ∈ M(σ2
P ,M,X) : 〈ν, gµ〉 ≥ γ

}

. (9)

The mapping from M(σ2
P ,M,X) to R defined by γ 7→ 〈γ, gµ〉 is continuous whenever M ≤ ∞.

Consequently, the right hand side of (4) is closed, and upper semi-continuity of I follows.
The existence of an optimizer µ∗ follows: For each n ≥ 1, let µn ∈ M(σ2

P ,M,X) satisfy
I(µn) ≥ C − 1

n
, where

C := sup
µ∈M(σ2

P
,M,X)

I(µ).
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Compactness of M(σ2
P ,M,X) ⊆ M implies that there exists a subsequence {nk} and a

distribution µ∞ ∈ M(σ2
P ,M,X) such that

µnk
→ µ∞, as k → ∞.

Upper semi-continuity of I then gives the upper bound,

C = lim sup
k→∞

I(µnk
) ≤ I(µ∞),

which shows that µ∞ is optimal.
Now we prove part (iv). If the channel is symmetric, and if µ◦ is any optimal input

distribution, then the input distribution µ∗ defined by

µ∗{A} := 1
2 [µ◦{A} + µ◦{−A}], A ∈ B(X),

is also optimal, by concavity of I( · ), and this distribution is evidently symmetric. ut

A complex channel model is more realistic in the majority of applications. We describe
next a general complex model, defined by a transition density p•(v|u) on C × C. The input
is denoted U , the output V , with U ∈ U = a closed subset of C, and V ∈ V = C. The input
and output are related by the transition density via,

P{V ∈ dv | U = u} = p•(v|u) dv, u, v ∈ C.

The optimization problem (6) is unchanged: The average power constraint is given by
E[|U |2] ≤ σ2

P , and the peak-power constraint indicates that |U | ≤ M a.s., where |z| de-
notes the modulus of a complex number z ∈ C.

We say that the complex channel model is symmetric if the following conditions hold:

The transition density on C × C satisfies,

p•(v|u) = p•(e
jαv|ejαu), u, v ∈ C, α ∈ R.

Moreover, the constraint set U for U is symmetric: U = ejα
U for all α ∈ R.

In many applications it is physically reasonable to assume symmetry since phase information
is lost at high bandwidths.

Under (10) we define,

(i) X = |U |, X = U ∩ R+, and M denotes probability distributions on B(X);

(ii) For any µ ∈ M, we define µ• as the symmetric distribution on C whose magnitude
has distribution µ. That is, we have the polar-coordinates representation,

µ•(dx × dα) =
1

2πx
µ(dx)dα , x > 0, 0 ≤ α ≤ 2π,

and we set µ({0}) = µ•({0}). This is denoted µx
• in the special case µ = δx. For

each x ∈ X, the distribution µx
• coincides with the uniform distribution on the

circle {z ∈ C : |z| = x}.
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(iii) The transition density p( · | · ) on C × X is defined by

p(y|x) := p•(y|µ
x
•), x ∈ X, y ∈ C. (11)

(iv) gµ : R+ → R+ is defined as the channel sensitivity function corresponding to the
transition density p. This may be expressed,

gµ(x) = D(p•(·|x)‖p•(·|µ•)) , x ∈ R+ ,

where µ• and µ correspond as in (ii).

Proposition 2.4 justifies a reduction to the input alphabet X under (10). Under appropri-
ate smoothness conditions on p•, this then provides a reduction to the special case (A1)-(A3)
considered in this paper.

Proposition 2.4 Suppose that (10) holds, and that (A1)–(A3) hold for the real channel with
transition density given in (11). Then,

(i) For any circularly symmetric input distribution µ• for the complex channel with
transition density p•, the mutual information may be expressed,

I(µ•) = 〈µ, gµ〉,

where µ denotes the distribution of X = |U |.

(ii) If M < ∞, then an optimal distribution µ∗
• exists, and it may be taken to be

symmetric. That is, for all A ∈ B(C) and all α ∈ R,

µ∗
•{A} = µ∗

•{e
jαA}.

Proof Part (i) follows from the observation that

D(p•(·|x)‖p•(·|µ•)) = D(p•(·|e
jαx)‖p•(·|µ•)), x ∈ R+, α ∈ R.

The proof of (ii) is similar to the proof of Proposition 2.3 (iv). First, note that under the
conditions of (ii) there exists an optimal distribution µ0

• by Proposition 2.3 (iii). For each
α ∈ R, define a new distribution µα

• on B(C) by

µα
• {A} := µ0

•{e
jαA}, A ∈ B(C) ,

and set µ∗
• = 1

2π

∫ 2π

0 µα
• dα. Under (10) we must have I(µ0

•) = I(µα
• ) for each α ∈ R, and

hence µ∗
• must also be optimal by concavity of I. ut

Proposition 2.4 justifies the consideration of a channel with real input alphabet, in which
X = R+ and Y = C. Throughout the remainder of the paper, in all of our analysis we restrict
to a channel satisfying (A1)–(A3) with real input-alphabet.
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Example: The Rician channel

This is the general complex fading channel, in which the input and output are related by,

V = (A + a)U + N (12)

where U and V are the complex-valued channel input and output, a ≥ 0, and A and N
are independent complex Gaussian random variables, A ∼ N� (0, σ2

A) and N ∼ N� (0, σ2
N ).

Throughout the paper we assume that N and A are circularly symmetric. Consequently, V
has a circularly symmetric distribution whenever the distribution of U is circularly symmet-
ric.

The Rician channel reduces to the complex AWGN channel when σ2
A = 0. ut

On setting a = 0 we obtain another important special case:

Example: The Rayleigh channel

The model (12) with a = 0 is known as the Rayleigh channel. Under our standing assumption
that N,A have circularly symmetric distributions, it follows that the output distribution is
symmetric for any input distribution (not necessarily symmetric.)

Based on this property, the model may be normalized as follows, as in [1]: Setting
X = |U |σA/σN and Y = |V |2/σ2

N , we obtain a real channel model with transition density

p(y|x) =
1

1 + x2
exp

(

−
1

1 + x2
y
)

, x, y ∈ R+. (13)

The sensitivity function gµ is easily computed numerically for a given µ ∈ M based on
(13). For the general Rician model, computation of gµ appears to be less straightforward:
This requires computation of gµ•

, which involves integration over the complex plane. ut

Proposition 2.5 Proposition (A1)-(A5) hold for the Rayleigh channel.

Proof Proposition (A1)-(A3) are easily established.
From [1, App. I, Lem. 2], we have for each pair µ1, µ2 ∈ M(σ2

P ,M,X), if the densities
coincide so that

p(y|µ2) = p(y|µ1) for all y ∈ [0,M ],

then µ2 = µ1. This shows that (A4) holds for the Rayleigh channel.
Next we establish (A5). Suppose that {µn} ⊂ M(σ2

P ,M,X) converge weakly to some
µ∞ ∈ M(σ2

P ,M,X). For each n ≥ 1 we express the channel discrimination function as
follows,

gµn(x) =

∫

log(p(y|x))p(y|x)dy +

∫

log(p(y|µn))p(y|x)dy. (14)

The first term on the right hand side does not depend on µn, so we only need to consider
the second term. For each y ∈ R the density p(y|x) is a bounded and continuous function of
x ∈ [0,M ]. Consequently, sinceµn → µ∞ weakly,

lim
n→∞

log(p(y|µn)) → log(p(y|µ∞)), as n → ∞ , y ∈ R. (15)
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Moreover, applying (13), we obtain the uniform bound,

| log(p(y|µ))| ≤ y + k0, y ∈ R, µ ∈ M(σ2
P ,M,X) , (16)

where the constant k0 only depends on M . Hence, by (14), (15) and the Dominated Con-
vergence Theorem,

gµn(x) → gµ∞
(x) for each x. (17)

To complete the proof that (A5) holds we now strengthen the pointwise convergence in
(17) to uniform convergence on [0,M ]. Similar to (16), it may be shown that for any M < ∞,
there exists k1 < ∞ such that for all x ∈ [0,M ] and all µ ∈ M(σ2

P ,M,X),

∣

∣

∣

d

dx
gµ(x)

∣

∣

∣
≤ k1.

It follows that {gµn : n ≥ 1} is equicontinuous on [0,M ]. Ascoli’s Theorem then implies the
desired uniform convergence. ut

Since M is a convex set, and I a concave functional on M, computation of capacity may
be viewed as a convex optimization problem. We turn to structural properties of its dual
next to obtain characterizations of optimal distributions, and sensitivity formulae.

2.2 Kuhn-Tucker conditions

Proposition 2.1 implies that gµ is the gradient of I at µ [19]. The next result expresses
this observation in terms of directional derivatives, and establishes a formula for the second
derivative that may be viewed as a form of Fisher information. Let µ◦ be a fixed element of
M(σ2

P ,M,X) and θ a real number in [0, 1]. For any µ ∈ M(σ2
P ,M,X), define µ̃ = µ−µ◦ and

µθ := (1 − θ)µ◦ + θµ = µ◦ + θµ̃. The sensitivity of mutual information along the direction
from µ◦ to µ is quantified in the following proposition.

Proposition 2.6 The first and second order sensitivities of mutual information with respect
to the input distribution are given by, respectively,

d

dθ
I(µθ)

∣

∣

∣

θ=0
= 〈µ − µ◦, gµ◦〉, (18)

d2

dθ2
I(µθ)

∣

∣

∣

θ=0
= −F (µ | µ◦) (19)

where F (µ | µ◦) is defined in (7). This is equal to the Fisher information on p(y|µθ), at
θ = 0.

Proof For any θ we have from the definition of mutual information,

I(µθ) = −

∫∫

p(y|x) ln

(

p(y|µθ)

p(y|x)

)

dy µθ(dx)
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and differentiating with respect to θ gives

d

dθ
I(µθ) = −

∫∫

p(y|x) ln

(

p(y|µθ)

p(y|x)

)

dy µ̃(dx)

−

∫∫

p(y|x)

(

p(y|x)

p(y|µθ)

)(

p(y|µ̃)

p(y|x)

)

dy µθ(dx)

=

∫∫

p(y|x) ln

(

p(y|x)

p(y|µθ)

)

dy µ̃(dx). (20)

In (20) we have abused notation slightly, writing p(y|µ̃) := p(y|µ) − p(y|µ◦).
The following identities follow directly from (20):

d

dθ
I(µθ) =

∫

gµθ
(x)µ̃(dx),

d2

dθ2
I(µθ) = −

∫∫

p(y|x)
p(y|µ̃)

p(y|µθ)
dy µ̃(dx).

Evaluating at θ = 0 then gives (18) and (19). ut

The first order sensitivity formula given in (18) is similar to the expression for mutual
information given in (4). These expressions form the basis for the new capacity computation
algorithms proposed in Section 4.

Now we turn to structural properties of the convex program (6) and its convex dual to
obtain characterizations of optimal distributions.

The dual functional Ψ: R+ → R+ is defined by

Ψ(r) = sup
µ∈M0

[I(µ) − r〈µ, φ〉] , r ≥ 0 , (21)

where M0 = M(M2,M,X) = M(∞,M,X) denotes the constraint set without an average
power constraint. The dual functional is a convex, decreasing function of r, as illustrated in
Figure 2.2. Note that we do not exclude M = ∞. In this case, M0 = M, which denotes the
set of probability distributions on X.

The proof of the following result is identical to the proof of Proposition 2.3 (iii).

Proposition 2.7 Suppose that (A1)-(A3) hold, and that M < ∞. Then for each r > 0
there exists an optimizer µ∗

r ∈ M satisfying Ψ(r) = [I(µ∗
r) − r〈µ∗

r, φ〉]. ut

The parameter r provides a convenient parameterization of the optimization problem (6).
This is made clear in Theorem 2.8 and its corollary, Proposition 2.9. Similar techniques are
used in the theoretical development of the random coding error exponent [15, 7, 8].

Theorem 2.8 Suppose an optimizing distribution µ∗
r exists for (21) for each r > 0. The

following then hold:

(i) Ψ(r) = minµ∈M0
‖[gµ − rφ]+‖∞.
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Ψ(r)

r

r0

C0 − r0 σ2(r0)

σ2(r0)−

Figure 1: The dual functional is convex and decreasing. For a given r0 > 0, the slope determines an average
power constraint σ2(r0), and the corresponding capacity C0 := C(σ2(r0), M, X) may be determined as shown
in the figure.

xM

gν∗(x)

qν∗(x) = r0 + r2x
2

x

q′′(0) ≥ g′′0 (0)

g0(x) = D(Px‖P0)

M

) =q0(x rx2

Figure 2: The left hand side shows alignment of g0 with a pure quadratic. When δ0 is perturbed to form ν∗,
the functions g0 and q0 are perturbed as shown at right.

(ii) Let σ2(r) := − d
dr

Ψ(r). The distribution µ∗
r is optimal under the corresponding

average power constraint:

I(µ∗
r) = C(σ2(r),M,X).

Moreover, we have
I(µ∗

r) = Ψ(r) + rσ2(r)

(iii) The capacity C( · ,M,X) is concave in its first variable, with

d

dσ2
P

C(σ2
P ,M,X) = r, when σ2

P = σ2(r).
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Proof To prove part (i), we first apply Proposition 2.1 as follows: For fixed r > 0,

Ψ(r) = sup
µ∈M0

[I(µ) − r〈µ, φ〉]

= sup
µ∈M0

inf
µ′∈M0

〈µ, gµ′ − rφ〉

≤ inf
µ′∈M0

sup
µ∈M0

〈µ, gµ′ − rφ〉

= inf
µ′∈M0

sup
x∈X, |x|≤M

(gµ′(x) − rx2)

= inf
µ∈M0

‖[gµ − rφ]+‖∞.

Conversely, suppose µ∗
r is optimal, fix |x| ≤ M , and for 0 ≤ θ ≤ 1, let µθ = (1 − θ)µ∗

r + θδx.
By optimality,

d

dθ
(I(µθ) − r〈µθ, φ〉)

∣

∣

∣

θ=0
≤ 0,

which gives, on applying Proposition 2.6,

gµ∗
r
(x) − rx2 ≤ I(µ∗

r) − rσ2
r = Ψ(r).

This completes the proof of (i) since x is arbitrary.
Part (ii) follows from [19, Sec. 8.3, Thm. 1], and (iii) follows from [19, Sec. 8.5, Thm.

1]. ut

Proposition 2.8 leads to the following version of the Kuhn-Tucker alignment conditions.
A related result is presented as [1, Theorem 4]. See also [15, 8].

Proposition 2.9 The following hold under (A1)–(A3):

(i) Suppose that an optimizing distribution µ∗
r exists. Then, setting q equal to the

quadratic function q = Ψ(r) + rφ, we have,

gµ∗

r
(x) ≤ q(x), x ∈ X;

gµ∗

r
(x) = q(x), a.e. [µ∗

r ]
(22)

(ii) Suppose that µ◦ ∈ M0, and that constants ε > 0, σ2
P > 0 together with a quadratic

function q = r0 + r2φ exist, satisfying

(a) 〈µ◦, φ〉 = σ2
P (b) gµ◦ ≤ q on X ∩ [−M,M ] (c) 〈µ◦, q − gµ◦〉 ≤ ε.

Then,
I(µ◦) ≥ C(σ2

P ,M,X) − ε.

(iii) Suppose that µ◦ ∈ M0, and that ε > 0, r0 > 0 exist, satisfying

gµ◦ ≤ r0, and 〈µ◦, gµ◦〉 ≥ r0 − ε.

Then,
I(µ◦) ≥ C(M2,M,X) − ε.
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Proof From Theorem 2.8 (i) we have

Ψ(r) ≥ gµ∗
r
(x) − rx2 , x ∈ X,

and by optimality Ψ(r) = 〈µ∗
r, gµ∗

r
− rφ〉. Part (i) easily follows.

To prove part (ii), define µθ := (1 − θ)µ◦ + θµ for θ ∈ [0, 1]. From the assumption that
〈µ◦, q〉 = 〈µ, q〉 we have,

dI(µθ)

dθ

∣

∣

∣

θ=0
= 〈µ − µ◦, gµ◦〉

= 〈µ − µ◦, gµ◦ − q〉

= 〈µ, gµ◦ − q〉 − 〈µ◦, gµ◦ − q〉 ≤ ε.

Because the mutual information is a concave function over µ, it follows that

I(µ) ≤ I(µ◦) +
dI

dθ
(µθ)

∣

∣

∣

θ=0
≤ I(µ◦) + ε.

Since µ ∈ M(σ2
P ,M,X) is arbitrary, this establishes (ii).

Part (iii) follows similarly:

dI(µθ)

dθ

∣

∣

∣

θ=0
= 〈µ − µ◦, gµ◦〉

= 〈µ − µ◦, gµ◦ − r0〉

= 〈µ, gµ◦ − r0〉 − 〈µ◦, gµ◦ − r0〉 ≤ ε.

Consequently, the proof follows from concavity of I( · ), as in (ii). ut

0 1 2 3 4 5 6 7 8
0

5

10

15

Alignment for the complex AWGN channel

µg (x)

q (x) = r0 + r2x
2

µ

x

Input distribution µ

0 1 2 3 4 5
0

0.5

1

P
r

x

Figure 3: The sensitivity function gµ for the complex AWGN channel for the distribution µ shown in Figure 8,
step 35.
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Example: Alignment for the complex AWGN channel

An illustration of Proposition 2.9 is provided by Figure 3. The channel considered is the
complex AWGN channel, whose statistics are shown in (32). The distribution µ on the
magnitude of the input is obtained from Figure 8, step 35. It is discrete, with five points of
support.

The sensitivity function gµ is in nearly perfect alignment with a quadratic on the interval
[0, 5]. For x > 5 we see that gµ is greater than this quadratic, from which we conclude that
µ is not optimal for X = R+, but it is very nearly optimal when X is equal to the interval
[0, 5]. ut

3 Why Are Optimal Distributions Discrete?

As surveyed in the introduction, it is known that the capacity-achieving distribution is
discrete in many channel models. In fact, the AWGN channel under an average power con-
straint, with M = ∞ is the only example we know of in which the optimal input distribution
is absolutely continuous with respect to Lebesgue measure. Here we consider the general
channel model satisfying (A1)-(A3) and provide a series of results and examples to explain
why the optimizer µ∗ ∈ M(σ2

P ,M,X) for (6) is typically discrete.
Throughout this section we take X = R+.

3.1 Alignment

For a channel subject to only the peak power constraint, we have

Proposition 3.1 Suppose that (A1)–(A3) hold with X = R+, and with σ2
P = ∞, M < ∞.

Then, there exists an optimal input distribution µ∗ which is discrete, with a finite number of
mass points.

Proof Existence of µ∗ follows from Proposition 2.3 (iii).
We show next that the channel sensitivity function gµ is unbounded for any input dis-

tribution µ. In particular, this holds for µ = µ∗. Since gµ∗ is assumed to be an analytic
function on X, and it is not a constant function, it then follows that gµ∗(x) = I(µ∗) for only
a finite number of x ∈ X ∩ [−M,M ]. We conclude from Proposition 2.9 that the optimal
input distribution is discrete, with a finite number of mass points.

We now show that gµ is unbounded. For any fixed n ≥ 1, define bn > 0 by

b−1
n :=

∫

|y|≥n

p(y|µ) dy.

We note that that bnp(y|µ)1 (|y| ≥ n) defines a probability density on Y.
We define h : R+ → R by

h(z) = z log(z), z ∈ R+.
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This is a convex function for z ∈ R
+, and is bounded from below by −e−1.

The channel sensitivity function may be bounded from below as follows, for each n ≥ 1:

gµ(x) =

∫

|y|≤n

log

(

p(y|x)

p(y|µ)

)(

p(y|x)

p(y|µ)
p(y|µ)

)

dy +

∫

|y|>n

log

(

p(y|x)

p(y|µ)

)

p(y|x)

p(y|µ)
p(y|µ) dy

≥ inf
z∈

� h(z) + b−1
n

∫

|y|>n

h

(

p(y|x)

p(y|µ)

)

[bnp(y|µ)] dy

≥ −e−1 + b−1
n h (bnPx(|Y | > n)) ,

where the last inequality follows from Jensen’s inequality.
From this bound and (A3) we conclude that for any n ≥ 1,

lim inf
|x|→∞

gµ(x) ≥ −e−1 + b−1
n h(bn) = −e−1 + log(bn).

Since bn → ∞, as n → ∞, it follows that gµ is unbounded. ut

We have the following corollary for the symmetric complex channel. The assumptions of
Corollary 3.1 hold for many models, including the AWGN, Rayleigh, and Rician channels.
The proof follows directly from Proposition 2.4 and Proposition 3.1.

Corollary 3.1 Consider a complex channel model satisfying (10). Suppose that (A1)–(A3)
hold for the transition density given in (11). Assume moreover that σ2

P = ∞, and M <
∞. Then, there exists an optimal input distribution µ∗

• on B(C) whose phase is uniformly
distributed and independent of magnitude. Its magnitude µ∗ is discrete, with a finite number
of mass points in [0,M ]. ut

3.2 Optimal binary distributions

We now consider the case of vanishing SNR. Recall that we restrict to X = R+.
We say that µ ∈ M(σ2

P ,M,X) is binary if it has two points of support in [0,M ]. It is
known that a binary distribution is approximately optimal in certain limiting regimes. For
example, it is shown in [14] that the restriction to binary inputs is essentially optimal for a
discrete-time, point-to-point channel with an input alphabet {0, 1, ...,K}, in the broadband
limit as SNR goes to zero. Similarly, a binary input is approximately optimal when ‘bits are
sufficiently inexpensive’ [31, Theorem 3].

The conclusions of both [31] and [14] may be interpreted via properties of extreme points
in an associated infinite-dimensional linear program. To see this, fix any symmetric µ0 ∈
M(σ2

P ,M,X), and conclude by Proposition 2.1 that C(σ2
P ,M,X) is bounded from above by

the solution to the linear program,

max 〈µ, gµ0
〉

subject to 〈µ, φ〉 ≤ σ2
P

〈µ,1 〉 ≤ 1

(23)
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where the variable µ in (23) is a positive measure on [0,M ]. An optimal solution to this
linear program can be taken with at most two points of support since this corresponds to a
basic feasible solution. That is, the optimizer of (23) is binary.

The linear program (23) may be interpreted as a relaxation of the original convex program
(6). We show in Theorem 3.3 that, for an appropriate choice of µ0, this relaxation is a minor
perturbation when σ2

P ∼ 0. Based on this approximation, we conclude in Theorem 3.3 that
for σ2

P > 0 sufficiently small, the optimal input distribution for (6) is in fact binary.
The next question is, how should we choose the distribution µ0? Since optimizer of (23)

has average power σ2
P ∼ 0, it is reasonable to take µ0 = δ0, the point mass at the origin.

The function gδ0 is then precisely the channel discrimination function g0 defined in (3). We
let ν∗ denote the (symmetric) binary optimizer of the linear program (23) with gµ0

= g0.
Under (A1)–(A5) we may conclude that gµ ≈ g0 for small values of σ2

P whenever µ ∈
M(σ2

P ,M,X) with 〈µ, φ〉 ≤ σ2
P . It follows that 〈µ, g0〉 ≈ 〈µ, gµ〉 for such µ, which strongly

suggests that ν∗ is nearly optimal. This approximation is made precise in Theorem 3.3. We
first consider an example.

Example: Sensitivity for the Rayleigh channel

For the Rayleigh channel, normalized according to (13), the channel discrimination function
is given by

g0(x) = x2 − log(1 + x2) , x ∈ R+. (24)

From this expression it follows that g′0(0) = g′′0 (0) = 0. Consequently, applying Proposi-
tion 2.6, we see that first and second order sensitivity are extremely low when µ is supported
on a small interval containing the origin, and in this case I(µ) is also extremely small.

This observation suggests that the optimal input distribution may take on very large
values, albeit with small probability. ut

In addition to a peak power constraint, the following restriction is imposed in Theo-
rem 3.3:

d log(g0(x))

d log(x)
> 2, 0 < x ≤ M. (25)

This implies that the growth rate of g0 is faster than any quadratic, in the sense that

d

dx
log(g0(x)) >

d

dx
log(rx2), r > 0 , 0 < x < M .

The conclusions of Lemma 3.2 are the only structural properties required in the proof of
Theorem 3.3.

Lemma 3.2 Suppose that (25) holds. Then, setting r(0) = g0(M)/M2, and q0 := r(0)φ, we
obtain the following conclusions:

(a) g0(0) = q0(0) and g0(M) = q0(M);

(b) g0(x) < q0(x) for x ∈ (0,M);

(c) g′0(M) > q′0(M);

(d) g′0(0) = q′0(0) = 0, and g′′0 (0) < q′′0(0) = 2g0(M)/M2.
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Proof All of these conclusions are obvious, except for the bound g′′0 (0) < 2g0(M)/M2,
which is demonstrated here.

Let H(x) = log(x−2g0(x)), 0 < x ≤ M , and define H(0) = limx↓0 H(x). An application
of L’Hopital’s rule gives H(0) = log(g′′0 (0)/2).

Under (25) we have H ′(s) > 0 on (0,M ] and we can conclude that

log(g0(M)/M2) := H(M) > H(x) , 0 < x < M .

Letting x ↓ 0 then gives log(g0(M)/M2) > H(0) = log(g′′0 (0)/2), which is the desired con-
clusion. ut

The following result provides conditions under which the optimal input distribution is
binary, as well as sensitivity bounds with respect to σ2

P for low SNR. Theorem 3.3 also shows
that the discrimination function gives a strict upper bound on capacity for a peak power
constrained channel satisfying (25).

Theorem 3.3 Suppose that Conditions (A1)–(A4) hold, together with the bound (25). As-
sume moreover that X = R+. Then, there exists σ̄2

P > 0 such that the following hold for
0 < σ2

P ≤ σ̄2
P :

(i) ν∗ is equal to the unique binary distribution on {0,M} satisfying 〈ν∗, φ〉 = σ2
P .

(ii) This binary distribution ν∗ is optimal. That is, I(ν∗) = C(σ2
P ,M,X).

(iii) The sensitivity with respect to the average power constraint satisfies,

lim
σ2

P
↓0

( d

dσ2
P

C(σ2
P ,M,X)

)

= g0(M)/M2 > g′′0 (0).

Consequently, for all σ2
P ,

C(σ2
P ,M,X) ≤ max

{g0(M)

M2
σ2

P , g0(M)
}

= g0(M)max
{ σ2

P

M2
, 1

}

Proof For θ ∈ [0, 1] define νθ ∈ M0 by,

νθ := (1 − θ)δ0 + θδM , gθ := gνθ
.

For each fixed x ∈ R, gθ(x) is a non-negative, convex function of θ on [0, 1]. For each θ we
let qθ denote the unique quadratic of the form qθ = r0(θ) + r2(θ)φ satisfying qθ(0) = gθ(0)
and qθ(M) = gθ(M). Note that qθ → q0, gθ → g0 as θ ↓ 0.

Under properties (a)–(d) above it easily follows that there exists θ̄ > 0 such that the
following analogous conditions hold for θ ∈ (0, θ̄]:

(a) gθ(0) = qθ(0) and gθ(M) = qθ(M);

(b) gθ(x) < qθ(x) for x ∈ (0,M);
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(c) g′θ(M) > q′θ(M);

(d) g′θ(0) = q′θ(0) = 0, and g′′θ (0) < q′′θ (0).

In particular, the alignment conditions hold, so by Proposition 2.9 the distribution νθ opti-
mizes Ψ(r2(θ)). This completes the proof of (i) and (ii), with σ̄2

P := 〈νθ̄, φ〉.
Part (iii) follows from Lemma 3.2 and Theorem 2.8 which in particular implies concavity

of C(·,M,X), and the observation that r2(θ) → r(0) = g0(M)/M2 as θ ↓ 0. ut

These results also imply conclusions for the channel optimization problem without peak
power constraint. The following result is an easy consequence of Theorem 3.3.

Corollary 3.2 Suppose that (25) holds, and consider the parameterized family of optimiza-
tion problems, parameterized by a = σ2

P > 0. We let µ∗
a denote the optimizing distribution

on X and set M(a) = sup
(

M > 0 : µ∗
a{[M,∞)} > 0

)

. Then M(a) → ∞, as a → 0.
ut
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Figure 4: The sensitivity function gµ. The illustration at left illustrates the alignment condition for the real
AWGN channel, with µ = 1

2
(δσ + δ−σ). The illustration at right shows the alignment condition for the

complex Rayleigh channel, with input distribution symmetric, with magnitude supported on {0, 5}. The
channel statistics are shown in (32).

We conclude with examples illustrating the assumptions and conclusions of Theorem 3.3.

Example: Simple input distributions for the real AWGN channel

To place the real AWGN channel within the context of Theorem 3.3 we first perform a
reduction to the case X = R+, just as was done in our consideration of complex channel
models. In this case the input X is interpreted as the magnitude of the channel input.
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However, in this model the bound (25) is violated, since the left hand side of (25) is
identically 2. Nevertheless, we show here that the optimal input distribution has only one
point of support (it is a degenerate binary distribution) for certain parameter values.

Take σ2
N = 10, σ2

P = 10, and set µ∗2 := δσP
. This is the distribution on the magnitude

of X: The associated input distribution for the channel will use ±10 with probability 1
2 .

Figure 4 shows the function gµ∗2 and a quadratic function qµ∗2 satisfying gµ∗2 ≤ qµ∗2 on
[−σP , σP ] with gµ∗2(σP ) = qµ∗2(σP ). It follows that the alignment condition holds for the
convex program with peak power constraint given by M = σP . For M > σ, the alignment
condition is violated on [−σP , σP ]c. We conclude that µ∗2 is the optimal distribution using
the constraint set M(σ2

P ,M, R) with M = σP , but µ∗2 is not optimal when M > σP .
The mutual information using the binary input distribution is approximately I(µ∗2) ≈

0.337, while the capacity under an average power constraint alone is given by

C(10,∞, R) = 1
2 ln(1 + σ2

P /σ2
N ) ≈ 0.347.

In conclusion, we find that restricting the input to be binary results in a capacity loss of
approximately three percent. Similar conclusions are discussed in [28]. ut

Example: Binary distributions for the Rician channel

Consider the Rician channel (12), normalized with σ2
N = 1. The channel discrimination

function may be explicitly computed,

g0(x) = (a2 + σ2
A)x2 − log(1 + σ2

Ax2) , x ∈ R+,

and hence,

d log(g0(x))

d log(x)
=

xg′0(x)

g0(x)
= 2

[ x2[(a2 + σ2
A)(1 + σ2

Ax2) − σ2
A]

(1 + σ2
Ax2)[(a2 + σ2

A)x2 − log(1 + σ2
Ax2)]

]

.

When σ2
A = 0 we obtain the complex AWGN channel. In this case the bound (25) is violated

since d log(g0(x))/d log(x) ≡ 2.
The right hand side is strictly greater than 2, for all 0 < x < ∞, whenever σ2

A > 0.
Consequently, in this case the bound (25) holds, and the conclusions of Theorem 3.3 also
hold for any M < ∞.

Figure 4 shows results from one numerical experiment for the Rayleigh channel model
in which a binary distribution is optimal without a peak power constraint. The channel
statistics are shown in (32), resulting in an SNR equal to 4 (i.e. 6 dB). ut

4 Algorithms

We now introduce new classes of algorithms to estimate capacity and construct efficient,
discrete input distributions. All of these algorithms are based upon approximations of the
convex program (6) with an appropriate linear program.
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4.1 Cutting plane algorithm

We have already seen in Section 3.2 that a relaxation of the expression for I given in Propo-
sition 2.1 may provide insight into the structure of optimal distributions, and even compu-
tational methods. Here we describe a general computational algorithm based on a sequence
of increasingly tight relaxations of (4).

The algorithm introduced here is a special case of the cutting plane algorithm first pro-
posed in [18]. Modern treatments of the general cutting plane algorithm may be found in
[9, 3, 16].

Cutting plane algorithm

The algorithm is initialized with an arbitrary distribution µ0 ∈ M(σ2
P ,M,X), and

inductively constructs a sequence of distributions as follows. At the nth stage of
the algorithm, we are given n distributions {µ0, µ2, . . . , µn−1} ⊂ M(σ2

P ,M,X).
We then define,

(i) The piecewise linear approximation,

In(µ) := min
0≤i≤n−1

〈µ, gµi
〉, µ ∈ M . (26)

(ii) The next distribution,

µn = arg max{In(µ) : µ ∈ M(σ2
P ,M,X)}. (27)

From Proposition 2.1 it is evident that In(µ) ≥ I(µ) for all µ ∈ M.
The celebrated Blahut-Arimoto algorithm is also obtained as a relaxation of the convex

optimization problem (6) (see [6].) This algorithm requires a computation of C(σ2(r),M,X)
for a range of r > 0 in order to find C(σ2

P ,M,X). In numerical experiments using simple
finite channel models we have found that the cutting plane algorithm converges slightly faster
than the Blahut-Arimoto algorithm.

The optimization problem (27) is equivalently expressed as the solution to the linear
program,

max c

subject to 〈µ, gµi
〉 ≥ c,
0 ≤ i ≤ n − 1,
µ ∈ M(σ2

P ,M,X).

(28)

We note that the linear program (28) is finite-dimensional only when the cardinality of X is
finite.

We let (cn, µn) denote the optimizer of (28). The algorithm is convergent under a peak
power constraint:

Theorem 4.1 Suppose that (A1)–(A5) hold and M < ∞. Then, the cutting plane algorithm
generates a sequence of distributions {µn : n ≥ 1} ⊂ M(σ2

P ,M,X) such that
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(i) µn → µ∗ weakly, as n → ∞;

(ii) I(µn) → I(µ∗) = C(σ2
P ,M,X);

(iii) c1 ≥ c2 ≥ c3... → I(µ∗);

(iv) µn can be chosen so that it has at most n + 1 points of support for each n ≥ 1.

Proof Because M is a compact set, there exists a subsequence {µnk
} that converges

weakly to some distribution µ∞ ∈ M. We show here that µ∞ is the optimal distribution.
From the definitions (26) and (27), we obtain for all k, all i < k, and all µ

I(µni
) + 〈µnk

− µni
, gµni

〉 ≥ Ink
(µnk

) ≥ Ink
(µ) ≥ I(µ). (29)

By (A5), we have

gµni
(x) → gµ∞

(x) uniformly on X ∩ [−M,M ] . (30)

Hence 〈µnk
− µni

, gµni
〉 → 0, as i, k → ∞.

The function I is a continuous function on M(σ2
P ,M,X), by Proposition 2.2. Hence,

from (29) and (30) we obtain

I(µ∞) ≥ I(µ), for any µ ∈ M(σ2
P ,M,X). (31)

So µ∞ = µ∗ is optimal and both I(µn) and In(µn) converge to I(µ∗).
The proof of part (iv) is similar to [2, Thm. 2.2, 2.5], and can be found in other linear

programming books as well . ut

Example: The real AWGN channel

Figures 5 and 6 show results from one experiment for the real AWGN example, where
σ2

P = 10, σ2
N = 10 and X = [−10,−9, ..., 9, 10]. The state space was taken finite to facilitate

computation.
Some of these numerical results are surprising:

(i) When M = ∞, the optimal distribution is Gaussian. One might expect that µ∗

on the twenty-one point state space X would approximate this continuous distri-
bution. However, the results shown in Figure 6 show that the optimal distribution
is supported on only five of these twenty-one points in X. On these five points
however, the optimal distribution takes the form of a Gaussian distribution.

(ii) Figure 5 indicates that the optimal distribution µ∗ on X very nearly achieves the
same mutual information as the optimal Gaussian distribution on R, even though
µ∗ is far simpler, with only 5 points of support.

(iii) It is found in this example that convergence of mutual information, as seen in
Figure 5, is far faster than convergence of the distributions shown in Figure 6.
This is again explained by the fact that a large family of distributions are nearly
optimal for the AWGN channel with these parameters. ut
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Figure 5: The real AWGN Channel : Convergence of the cutting-plane algorithm on M(10, 10, X).
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Figure 6: Convergence of input distributions for real AWGN channel.
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Example: Complex channel models

We conclude this subsection with several numerical examples for the complex AWGN,
Rayleigh and Rician channels.

To facilitate computation we take X finite as in the previous example, so that the linear
program (28) is finite dimensional for each n. We take

X := {0, 1, 2, 3, 4, 5}, M = 5, σ2
A = σ2

N = 1, and σ2
P = 4 . (32)

In each case, the signal to noise ratio is 6 dB.
From the numerical results provided below we arrive at the following conclusions:

(i) In each experiment, for each of the three models, the mutual information I(µn),
and the upper bound cn converge rapidly to a common value.

(ii) In Figure 7 we find that the convergence is slowest for the AWGN channel, where
the optimal input distribution shows greater complexity than seen in the Rician
or Rayleigh channels.

(iii) In Figure 10 we see that the sequence of distributions {µn} obtained for the
Rayleigh channel converges to a three-point distribution in just six iterations.
Figure 12 shows that convergence is slightly slower for the Rician channel.

(iv) Generally, the convergence of the input distributions is slower than the conver-
gence of mutual information. This suggests that the directional derivative of
mutual information may be small in certain directions.

24



0 5 10 15 20 25 30 35
0.5

1

1.5

2

2.5

3

3.5

4

Iterations

C(4 ,∞, R)

Upper bound

Mutual information

Figure 7: Complex AWGN Channel : Convergence of the cutting-plane algorithm on M(4, 5, X).
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Figure 8: Convergence of input distributions for complex AWGN channel.
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Figure 9: Rayleigh Channel : Convergence of the cutting-plane algorithm on M(4, 5, X).
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Figure 10: Convergence of input distributions for the Rayleigh channel.
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Figure 11: Rician Channel : Convergence of the cutting-plane algorithm with constraint set M(4, 5, X).
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Figure 12: Convergence of input distributions for the Rician channel.
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4.2 Computation of the optimal input alphabet

Although the cutting plane algorithm is convergent even in the infinite dimensional setting in
which X is continuous, a finite dimensional algorithm is needed in any practical application.
This is the reason that the input alphabet was taken to be fixed and finite in each of the
numerical examples described in Section 4.1.

In this section we introduce an extension of the cutting plane method to construct the
input alphabet X. Given an initial finite alphabet X0, a sequence of finite alphabets {Xn :
n ≥ 0} is obtained by induction, each a subset of a closed interval [−M,M ]. At the nth
state of the algorithm, the optimal input distribution µn on Xn is obtained using the cutting
plane algorithm introduced in Section 4.1. The details of this procedure are described as
follows:

Steepest-ascent cutting plane algorithm

The algorithm is initialized with a finite alphabet X0, together with a distribution
µ0 ∈ M(σ2

P ,M,X0). At the nth stage of the algorithm, we are given n distribu-
tions {µ0, µ2, . . . , µn−1} ⊂ M(σ2

P ,M,X), and an input alphabet Xn−1. The next
distribution and input alphabet are then defined as follows:

(i) The nth piecewise linear approximation,

In(µ) := min
0≤i≤n−1

〈gµi
, µ〉, µ ∈ M . (33)

(ii) The next distribution,

µn = arg max{In(µ) : µ ∈ M(σ2
P ,M,X)}. (34)

(iii) The new alphabet Xn+1 = Xn ∪ {xn+1}, where

xn+1 = arg max{gn(x) − rnx2 : |x| ≤ M,x ∈ X}, (35)

gn(x) := gµn(x), and rn is the associated Lagrange multiplier obtained
in the solution of (34).

The algorithm is convergent for models with finite peak power constraint:

Theorem 4.2 Suppose that (A1)–(A5) hold and M < ∞. Assume moreover that F̄ :=
supµ1,µ2∈M F (µ2;µ1) < ∞. Then the steepest-ascent cutting plane algorithm has the follow-
ing properties:

(i) I(µn) ↑ C(σ2
P ,M,X), n → ∞.

(ii) µn → µ∗ weakly, as n → ∞.

(iii) rn → r, where r is the Lagrange multiplier given in (22).
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Proof Let L(µ, r) := I(µ) − r〈µ, φ〉, for µ ∈ M, r ≥ 0, and for each n ≥ 0 define two
functions on the interval [0, 1],

Sn+1(θ) := L((1 − θ)µn + θδxn+1
, rn) − L(µn, rn)

S◦
n+1(θ) := L((1 − θ)µn + θµn+1, rn) − L(µn, rn) , 0 ≤ θ ≤ 1.

10

θ

I (µn+1) − I(µn)max
0≤θ≤1

max
µ∈M

〈µ − µn, gn − rnφ〉

0

Sn+1(θ)

S◦
n+1(θ)

{

Sn+1(θ)
}

Figure 13: Convergence of the steepest-ascent cutting plane algorithm.

We set En = S′
n(0) for n ≥ 1. From the definition of xn+1 and the derivative formula

(18) we have,

En+1 = 〈δxn+1
− µn, gn − rnφ〉 = sup

µ∈M
〈µ − µn, gn − rnφ〉. (36)

Applying Proposition 2.9 (ii), we see that to prove (i) it is enough to show that En → 0
as n → ∞.

As shown in Figure 13, we have

sup
0≤θ≤1

Sn+1(θ) ≤ εn+1 := I(µn+1) − I(µn) , n ≥ 0. (37)

Since {I(µn) : n ≥ 0} is a bounded increasing sequence, it follows that εn is a summable
sequence. In particular, εn → 0 as n → ∞. Consider then the Taylor series expression, for
any given θ ∈ [0, 1],

Sn+1(θ) = Sn+1(0) + θS′
n+1(0) + 1

2θ2S′′
n+1(θ̃)

where θ̃ ∈ (0, θ). From the definitions and Proposition 2.6 we have

Sn+1(0) = 0 , S′
n+1(0) = En+1 , and |S′′

n+1(θ̃)| ≤ F̄ .

Since we assume F̄ is bounded, this combined with (37) gives the following bound,

En+1 ≤ θ−1[εn+1 + F̄ θ2] , 0 ≤ θ ≤ 1.
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The best bound is obtained on setting θ =
√

εn+1/F̄ , which is less than one for sufficiently
large n. We thus obtain, for n ≥ 0 sufficiently large,

En+1 ≤

√

εn+1

F̄
.

This proves part (i).
To prove part (ii), suppose that {ni} is subsequence of {1, 2, 3, ...} and that µ∞ is a

distribution on X such that

µni
→ µ∞ weakly, as n → ∞.

Then by part (i) and upper-semicontinuity of I, we have

C(σ2
P ,M,X) = lim sup

i→∞
I(µni

) ≤ I(µ∞).

By the uniqueness of µ∗, we obtain µ∞ = µ∗. This proves part (ii). To prove (iii), note that
from (36), we have

〈µ − µn, gn − rnφ〉 ≤ En+1 .

As n → ∞, suppose rn → r∞, we have

〈µ − µ∗, gµ∗ − r∞φ〉 ≤ 0,

that is
gµ∗ ≤ Ψ(r∞) + r∞φ.

From the Kuhn-Tucker condition, we know r∞ = r is the Lagrange multiplier given in (22).
ut

Intuitively, the steepest-ascent cutting plane algorithm attempts to distort the peak of
the sensitivity function gn downwards so that it will fall below a quadratic function. In
the special case where σ2

P = ∞, the algorithm attempts to impose an alignment condition
between gn and some constant function on [−M,M ], where the constant corresponds to
channel capacity.

Observe that the size of the input alphabet grows linearly with n. Consequently, the
complexity of each iteration grows since the cutting plane algorithm is more complex for
larger input alphabets. However, if the algorithm is modified by discarding points with neg-
ligible probability, then the complexity of the algorithm may be bounded. This is illustrated
in the following example.

Example: Steepest-ascent for the Rayleigh channel

Recall that this is given by V = AU + N , with A and N mutually independent, circularly-
symmetric complex Gaussian random variables. In our analysis and numerical results we
consider the equivalent real channel whose transition density is shown in (13). The input
and output are non-negative in the equivalent real channel, since each represents the scaled
magnitude of their complex counterpart.

30



We first show that the conditions of Theorem 4.2 hold in this special case. Recall that
properties (A1)-(A5) were established for the Rayleigh channel in Proposition 2.5. Hence it
is enough to show that F̄ is finite. This follows directly from (13):

p(y|µ2)

p(y|µ1)
=

∫

p(y|x)µ2(dx)
∫

p(y|x)µ1(dx)

≤

∫

exp( −y
1+M2 )µ1(dx)

∫

1
1+M2 exp(−y)µ2(dx)

,

which is bounded. Consequently, the algorithm is convergent by Theorem 4.2.
Figure 14 shows numerical results from one experiment using the steepest-accent cutting

plane algorithm for this model with X = R+, and the peak power constraint |X| ≤ M = 10.
The algorithm was initialized with a binary distribution {0, 10} with 0.2 = P(X = 0) =
1 − P(X = 10).

It appears from the figure that the algorithm converges to an optimal distribution sat-
isfying the required alignment condition on the interval [0,M ] in just one iteration. The
distribution µ∗ obtained in Step 2 has only three points of support {0, x∗, 10} where x∗ is
equal to the point at which gµ0

achieves its maximum on (0, 10).
In fact, at steps 3 and 4 there are respectively 2 and 3 points clustered around the point

x∗. However, the mutual information is essentially unchanged in iterations 3 and 4. ut
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Figure 14: Convergence of the steepest-ascent cutting plane algorithm for the Rayleigh channel. It is seen
that the alignment condition, and hence an optimal distribution is obtained after only two steps. The optimal
distribution has three points of support, located at the points where gµ reaches its upper-bound, as shown in
Steps 2-4 above.
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5 Conclusions

We have shown in this paper through theory and numerical results that in many instances it is
possible to construct a simple, discrete distribution that performs nearly optimally in channel
coding. Motivated by these findings, we have constructed a cutting plane algorithm and
related algorithms to compute effective discrete distributions. We believe that these insights
will provide new methodology for signal constellation design in a range of applications.

Several extensions are currently under investigation. In particular, we are considering
multiple access models. In addition, we have recently discovered that the techniques intro-
duced in this paper may be extended to optimization of the associated error exponent for a
given capacity target. The duality theory developed in the recent papers [13, 11] strongly
suggests that extensions of this algorithm will also be effective in lossy data compression.

Finally, with a deeper understanding of the sensitivity of mutual information with respect
to various parameters we expect to achieve a deeper understanding of the impact on capacity
by channel uncertainty, and channel variation. Such insights may also lead to refinements
of the algorithm considered here. Bounding techniques such as those employed in [21] will
likely prove useful in this analysis.
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