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Abstract— We present an on-line crosslayer control technique
to obtain policies for wireless networks. Our approach combines
network utility maximization and adaptive modulation over
an infinite discrete-time horizon using a class of performance
measures we callime smoothed utility functions. We model the
system as an average-cost Markov decision problem. Model
approximations are used to find suitable basis functions forap-
plication of least squares TD-learning techniques. The approach
yields network control policies that learn the underlying charac-
teristics of the random wireless channel and that approximately
optimize network performance.
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I. INTRODUCTION

In wireless systems the characteristics of the RF channel
vary randomly over time. Several different probabilistic mod-
els are used to represent this variation, but in many practical
systems the distribution is generally not well described.
In this paper we combine adaptive modulation (AM) and
network utility maximization (NUM) to model the network
in a manner similar to [1]: AM adapts a transmitter’s rate
and power as a function of the current channel state. NUM
models the upper layer performance of data flows through the
network and controls the rate at which packets are injected
into the network. NUM models upper layer performance
using concave utility functions. Different protocols are gen-
erally modeled using different functions. We consider time
smoothed utility functions, which measure an exponentially
smoothed average data rate for a data flow through the
system. The time averaging models the different time scales
used by the physical layer and upper layer protocols and
also the time sensitivity of the traffic being carried by the
network.

To obtain a policy for rate control, we model the system
as an average-cost, infinite-horizon Markov decision process
(MDP). We use this formulation on pragmatic grounds;
without prior knowledge, each packet is of equal value
and there is little justification in discounting future packets
as inherently having lesser value. The model captures the
tradeoff between the demand for average system performance
as measured by utility functions, and the cost of supplying
this performance as measured by average transmitter power.

The average-cost MDP problem and associated average-
cost optimality equation (ACOE) are difficult to solve. In

Daniel O’Neill. is with Dept. of Electrical Engineering, Stanford Univer-
sity. The remaining authors are with the Coordinated Science Laboratory,
University of Illinois at Urbana-Champaign.

many wireless systems the size of the state space can be
very large and the underlying transition probabilities maybe
unknown, limiting numerical techniques such as value itera-
tion to small problems. We address these issues through the
introduction of least squares TD-learning (LSTD) techniques.

The performance of LSTD depends critically on the basis
functions chosen to represent the relative value function
performance of the system. The main contribution of this
paper is to show how a basis can be created so that the LSTD
algorithm will provide a good approximation to the relative
value function of the system. Our approach is related to the
fluid-model approximations for value functions in [2]–[4],
previously applied to approximate dynamic programming
approaches of [5]. Our approach is more similar to the
recent work [6] in which the approximation to the ACOE
is obtained through Taylor series approximations. We obtain
approximate solutions to the resultant first order ODE, which
in turn yield basis functions useful for LSTD-learning. For
the case of multiple data flows with identical utility func-
tions, we show that the system experiences a form of state
space collapse, with individual flows converging to the same
average flow rates. Simple numerical simulations suggest
that the basis functions found by our approach yield good
approximation to relative value function found using value
iteration.

The remainder paper is organized as follows: Sec. II
describes the system model. Sections III and IV describe
the structure of the optimal control policy and the form of
our value function approximations. Sec. IV-D contains an
analysis of the optimization problem via state space collapse
for multiple flows on a single link. These results are used
to create basis functions in LSTD-learning in Sec. V, where
numerical results are also surveyed. Sec. VI summarizes our
conclusions and ideas for future work.

II. MODEL

For clarity, we consider a single wireless link carryingm=
1, . . .M data flows, under time varying flat fading. Timet =
0,1, . . . is discrete. We model upper layer performance using
time-smoothed utility functions [7]. Link performance is the
average affine combination of the smoothed utility functions
and transmitter power. The objective is to obtain a policy
that defines flow rates that is approximately optimal.

The link experiences i.i.d. flat fading, modeled by the
channel state processG(t) > 0, with unknown marginal
distribution. However, in each time period the transmitter
is able to sample the channel and so has certain knowledge
of the current state of the channel. For notational simplicity,
G(t) is normalized by the noise at the receiver. The link



transmits at an instantaneous powerE (t), and the link SNR
is G(t)E (t).

The link instantaneous transmission rate is given by

µ(t) = log

(

1+
G(t)E (t)

λ

)

, (1)

whereλ = − log(BER) [8], and BER is the target bit error
rate ceiling.

Data flows arrive at rateum(t) ∈ R
M
+ , controlled by the

upper layers of the link. This is called the instantaneous
source rate. Different flows can correspond to different types
of traffic, such as video, data or voice, with different time
characteristics. We measure the upper layer performance
using time smoothed utility functions. Associated with each
flow m is a utility functionUm, which measures the upper
layer performance of the averaged flow ofum. Different
flows may have different utility functions, reflecting the use
of different protocols. Utility functions are assume to be
increasing, and strictly concave. The concavity assumption
means that there are diminishing marginal returns with
increasing rate.

For a given averaging parameterδ ∈ (0,1), the time
averaged data flowr evolving onR

M
+ is defined by,

r(t +1) = δ r(t)+ (1− δ )u(t) (2)

Averaging the flow rate reflects the demands of different
types of traffic. Whenδ = 0 each period is evaluated
independently. This models traffic that is delay sensitive or
where packets can’t be shifted between time periods. Voice
traffic, with the appropriate utility function, can be modeled
in this manner. For file transfer, packets can be shifted
between periods, with the average rate a more important
metric than the instantaneous rate. In this caseδ ≈ 1 may
be appropriate. For video traffic, short term averages may
be most appropriate and an intermediate value ofδ can be
used. For concreteness and simplicity we takeUm(rm) =
log(rm + 1) throughout most of the paper. We denote the
total utility by

U (r) =
M

∑
m=1

Um(rm) =
M

∑
m=1

log(rm+1). (3)

The system first samples the channelG(t). Based on
this and the average data flow rater(t), it then adjusts its
transmitter powerE (t), link rateµ(t), and the instantaneous
source rateu(t). Since no buffering is assumed, the instan-
taneous traffic rate carried by the link must equal the link
instantaneous transmission rate

1Tu = µ , (4)

and consequently from (1) the data flow rates and channel
state determine the transmitter power. WhenG(t) = g, then

E (t) = λ
e1Tu−1

g
. (5)

In each time period the objective function is the difference
between the sum of the utility functions and the scaled cost

of the transmitter power used by the system

c(r,g,u) = vE (g,u)−U (r) = vλ
e1Tu−1

g
−U (r) , (6)

wherev is the tradeoff between transmitter power and utility.

III. OPTIMALITY EQUATIONS

Throughout the paper we focus on the average-cost op-
timality criterion. We describe in this section the ACOE
and properties of the associated relative value function. Our
development follows [4], [9], [10].

We begin with a single-flow model. It is convenient
to define the state process as the joint processX(t) =
(R(t),G(t)) evolving on R

2. Let Pu denote the controlled
Markov transition kernel, interpreted as a linear operator
whose domain consists of measurable functionsh: R

2 → R

for which the conditional expectation is finite valued,

Puh(r,g) :=E[h(R(t +1),G(t +1))|R(t) = r,G(t) = g]

= E[h(δ r +(1− δ )u,G(1))].
(7)

For a given input sequenceU and initial conditionr =
R(0), the average cost is the limit suprimum

ηU(r) = limsup
n→∞

1
n

n−1

∑
t=0

E[c(R(t),U(t),G(t))]. (8)

The infimum over allU is denotedη∗, which is assumed to
be independent ofr for this model1. It is achieved using a
state-feedback policyU∗(t) = φ∗(R(t),G(t)). We findφ∗ by
solving the ACOE

min
u

(

Puh∗ (r,g)+c(r,u,g)
)

= h∗(r,g)+ η∗. (9)

The solutionh∗ is called the relative value function, and the
minimizer definesφ∗.

We defineL∗(r) to be the conditional expectation ofh∗,
given R= r:

L∗(r) = E[h∗(r,G)] (10)

so that the ACOE can be expressed

η∗ +h∗(r,g) = min
u≥0

{

c(r,g,u)+L∗(δ r +(1− δ )u)
}

. (11)

The standard technique for computation of the relative
value function is through value iteration. In this model the
algorithm has a special form: Leth0 denote an initial guess
for h∗, and define inductively forn≥ 1,

(i) hn+1(r,g) = minu≥0
{

c(r,u,g)+Ln(δ r +(1− δ )u)
}

(ii) Ln+1(r) = E[hn+1(r,G)].

If h0 ≡ 0 then at thenth stage of the algorithm this gives,

hn(r,g) = min
U

Er,g[
n−1

∑
0

c(R(t),U(t),G(t))] (12)

1For sufficient conditions see [2], [4], [9].



whereEr,g[ f (R(t),G(t))] = E[ f (R(t),G(t)) |R(0) = r,G(0) =
g]. We shall take it for granted that the algorithm is conver-
gent. This means that for a given initial condition(r∗,g∗),
the limit

h∗(r,g) = lim
n→∞

(hn(r,g)−hn(r
∗,g∗)) (13)

exists, and is a solution to the ACOE — See [10] for suffi-
cient conditions. This construction is useful for establishing
properties of the relative value function in the following
result. Similar convexity results can be found for models
in the queueing literature (see [4], [6], [11]).

Proposition 1 If U is concave and non-decreasing, then
L∗ : R+ → R is convex and non-increasing.

Proof: We first establish these properties for the func-
tion hn defined in (12).

We first fix a value ofg and the two initial conditionsra ≥
0 andrb ≥ 0, and let{Ua,Ub} denote inputs that are feasible
at their respective initial conditions. Forθ ∈ [0,1] andt ≥ 0,
we denoterθ = θ ra +(1−θ )rb, andUc(t) = θUa(t)+ (1−
θ )Ub(t). This input is feasible from the initial conditionrθ ,
since linearity of (2) givesRc(t) = θRa(t) + (1− θ )Rb(t).
From (12) and the convexity ofc with respect tor we obtain,

hn(rθ ,g) ≤ Erθ ,g[
n−1

∑
0

(c(R(t),Uc(t),G(t)))]

≤ Era,g[
n−1

∑
0

θ (c(Ra(t),Ua(t),G(t)))]

+Erb,g[
n−1

∑
0

(1−θ )(c(Rb(t),Ub(t),G(t)))].

SinceUa andUb are arbitrary feasible inputs we obtain the
convexity ofhn.

To see thathn is nonincreasing we takera ≥ rb, and note
that any input that is feasible for the initial conditionrb

is also feasible for the initial conditionra. Consequently,
for any inputUb feasible with respect to the smaller initial
condition,

hn(ra,g) ≤ Era,g[
n−1

∑
0

(c(R(t),Ub(t),G(t)))]

≤ Erb,g[
n−1

∑
0

(c(R(t),Ub(t),G(t)))]

where the second equation again follows by linearity, com-
bined with the form of the cost structure (6) which implies
that c is non-increasing inr. Minimizing over all inputsUb

establishes the boundhn(ra,g) ≤ hn(rb,g).
We conclude thathn(r,g)−hn(r∗,g∗) is convex and non-

increasing for eachn, and hence so is the limith∗(r,g). It is
then obvious thatL∗ shares these properties by applying the
definition (10).

In the multi-flow problem we can obtain identical conclu-
sions using similar arguments. We now move on to establish
approximations for the value function. These approxima-
tions form the architecture for the TD-learning algorithms
described in Section V.

IV. VALUE FUNCTION APPROXIMATIONS

We consider several approximations for the functionL∗.
We begin with Taylor series approximations for the function
L∗, similar to those used in [6].

A. Single Flow Single Link Model

If L∗ is differentiable, as it will be a.e. under the assump-
tions of Proposition 1, then we approximate the ACOE (11)
via,

η∗ +h∗(r,g) ∼= min
u≥0

{

c(r,g,u)+L∗(r)+ ∇L∗(r)δ (u− r)
}

.

SubstitutingG for g and taking expectations then gives,

η∗ +L∗(r) ∼= E[min
u≥0

(c(r,G,u)+ ∇L∗(r)δ (u− r))]+L∗(r)

and thence,

η∗ ∼= E[min
u≥0

(c(r,G,u)+ ∇L∗(r)δ (u− r))]. (14)

Justification for this approximation is beyond the scope of
this paper. In [6] this is justified by firstdefining(K∗,η†) as
the solution to

η† = E[min
u≥0

(c(r,G,u)+ ∇K∗(r)δ (u− r))]. (15)

It was then shown thatK∗ ≈ L∗. Similar bounds can be
established for this model.

The first order condition for the optimality ofu is

vλ
eu∗

g
+ ∇L∗(r)δ = 0, G = g.

This can be solved to give an approximation forφ∗,

φ∗(r,g) ∼=
{

log(
δg
vλ

|∇L∗(r)|)
}

+
. (16)

Substitution into (14) then gives a nonlinear fixed point
equation for∇L∗.

B. Multi-Flow Single Link Model

Similar to (14), the average-cost optimality equation is
approximated as

η∗ ∼= E[min
u≥0

(c(r,G,u)+ δ∇L∗T(r)(u− r))], (17)

where ∇L∗(r) = (∂L∗/∂ r1, . . . ,∂L∗/∂ rM). The first order
condition for optimality givesu∗ as a function ofg = G,

vλ
e1Tu∗

g
+ ∇iL

∗δ = 0 if u∗i > 0,

vλ
e1Tu∗

g
+ ∇iL

∗δ ≥ 0 if u∗i = 0,

where ∇iL∗ = ∂L∗(r)/∂ r i . Solving for u∗ then gives the
approximation,

φ∗(r,g) ∼=







{

log( δg
vλ |∇iL∗|)

}

+
if i = argmin

j
∇ jL

∗

0 otherwise.
(18)

In the remainder of this section we obtain approximations
for the relative value function using these results. The
simplest approximations are obtained by considering a large
initial condition.



C. Approximations for large r

The functionsh∗ and L∗ are convex inr ∈ R
M and are

bounded on bounded subsets ofR
M, sinceU is continuous.

To obtain further structure we consider large values ofR(0)
and apply the approximations from above.

For this we apply the dynamic programming equation,
which in the case of average cost may be interpreted as a
martingale representation of the relative value function:For
any timeT ≥ 1, and(R(0),G(0)) = (r,g),

h∗(r,g) = min
U

E

[T−1

∑
0

(

c(R(t),U(t),G(t))−η∗
)

+L∗(R(T))
]

(19)
The minimum is achieved using the policyφ∗. Note that we
have used the identityE[h∗(R(T),G(T))] = E[L∗(R(T))].

When Ui(r i) = log(r i + 1) as assumed here, we obvi-
ously have d

drUi (r i) → 0 as r i → ∞, and consequently
limr i→∞ ∇iL∗ (r) = 0. Based on the approximation (18) we
conclude thatU∗

i (t)∼= 0 whenRi(t) is sufficiently large. The
evolution of R is thus approximated byRi(t + 1) = δRi(t)
whenRi(t) is large.

Consider the single flow case, withr = R(0)≫ 1. Assume
that r• ≥ 1 is a constant for whichφ∗(r,g) = 0 whenever
r ≥ r•. We then have,R(t +1) = δR(t), 0≤ t ≤ T, whereT
is the first time thatR(t) < r•. Applying (6), this gives the
approximation,

h∗(r,g) ≈ Er,g

[T−1

∑
0

(

−U (R(t))−η∗
)

+L∗(R(T))
]

(20)

It is simplest to approximateT(r) and the right hand side
of (20) by first approximating{R(t) : 0 ≤ t ≤ T} via the
differential equation (or fluid model)

d
dt r(t) = −(1− δ )r(t).

This has the solutionr(t) = r(0)e−(1−δ )t , t ≤T, wherer(0)=
R(0) = r. On writing r(T) = r• we can solvere−(1−δ )T = r•
to obtain,

T =
1

1− δ
(

log(r)− log(r•)
)

.

Based on this, we approximate (20) by,

h∗(r,g) ≈

∫ T

0

(

−U (r(t))−η∗
)

dt+L∗(r•),

valid for r ≫ r•. Moreover, fort ≤ T we haveU (r(t)) ≈
log(r(t)) = log(r)− (1− δ )t. On combining these approxi-
mations we finally approximateh∗(r,g) by a function that is
quadratic in log(r),

h∗(r,g) ≈ θ0 + θ1 log(r)+ θ2(log(r))2, r ≫ r• ,

with {θi} constants.
For application to TD-learning we prefer to express this

approximation forL∗ instead ofh∗, and modify the approxi-
mation slightly so that it will be meaningful for small values
of r: For parametersθ1,θ2 ∈ R, andr ≫ r•,

L∗(r) ≈ θ1ψ1(r)+ θ2ψ2(r) (21)

ψ1(r) = log(r +1) , ψ2(r) =
(

log(r +e)
)2

(22)

The shift by 1 and bye is to firstly ensure that the right hand
side of (21) is finite at the origin, and secondly to enable an
approximation that is convex overr ∈ R+. The right hand
side of (21) is convex wheneverθ1 andθ2 are non-positive.

Generalization of this bound to the multi-flow case is
straightforward. However, we can obtain a far simpler de-
scription by exploiting a form ofstate space collapseob-
served in this model.

D. State space collapse

The notion of state space collapse comes from the heavy-
traffic theory of stochastic networks [4]. In this context, a
reduction in dimension is obtained through a separation of
time-scales, much like in singular perturbation analysis in
dynamical systems and Markov chains. Here state space
collapse follows from the special structure of the system.

The set onto which the state is “collapsing” is the ray
denotedS:= {r|r i = r j ,0 ≤ i, j ≤ M}. There are various
reasons to suspect that the processR(t) will favor this
region:
(i) S is absorbing. Suppose thatR(0)∈ S. Then by symme-

try of the model we conclude thatU∗
i (0) =U∗

j (0) for each
i, j. It follows from (2) thatR(1) ∈ S, and thusR(t) ∈ S
for eacht.

(ii) φ∗ favors S. It can be shown from the approximation
(18): If R(0) is far fromS, thenUi(0) will be large only for
i for which Ri(0) ≪ R(0), where the bar denotes average.
A third way of understanding this collapse is through a

relaxation. We consider the multi-flow model in whichR(t)
is constrained toRM

+ and 1TU(t) is constrained to be non-
negative, but no constraints are imposed on the individual
values{Ui(t) : 1≤ i ≤ M}. We call this the relaxed problem.
We prove in this subsection,

Proposition 2 For each t and initial condition R(0) ∈ R
M
+ ,

the optimal solution for the relaxation satisfies R∗(t) ∈ S.

The proof follows easily from the following lemma. Let
ĥ∗ denote the relative value function for the relaxation, and
defineĥ+(r,g) := ĥ∗(r,g)+U (r).

Lemma 1 The functionĥ+(r,g) depends on r only through
r :=M−1 ∑ r i .

Proof: Denote by{ĥn} the sequence of solutions to the
value iteration algorithm, initialized witĥh0 ≡ 0, and define
ĥ+

n (r,g) = ĥn(r,g)+U (r) for eachn, r,g. To prove the lemma
we establish by induction that̂h+

n is a function of(r,g) for
eachn.

For n = 0 it is trivial. If it is true for a givenn≥ 0, then
we apply the definition,

ĥn+1(r,g) = min
1Tu≥0

{

c(r,u,g)+ L̂n(δ r +(1− δ )u)
}

where L̂n(r) = E[ĥn(r,G)]. Applying (6) that defines
c(r,g,u) = λ v

g (e1Tu−1)−U (r), we obtain

ĥ+
n+1(r,g) = min

1Tu≥0

{λv
g

(e1Tu−1)+ L̂n(δ r +(1−δ )u)
}

(23)



To prove the lemma we must show that the right hand side
is determined by(r,g).

Introducing a Lagrange multiplierα ≥ 0, the Lagrangian
relaxation for this optimization problem is expressed

ĥ+
n+1(r,g) = min

u∈RM

{λv
g

(e1Tu−1)+ L̂n(δ r +(1− δ )u)−αu
}

with u := 1Tu. On taking derivatives with respect tou we
obtain for the optimizing valueu∗,

(1− δ )∇mL̂n(r
∗) = α −

λv
g

e1Tu∗ , 1≤ m≤ M,

where r∗ := δ r + (1− δ )u∗. Observe that the derivative is
independent ofm= 1, . . . ,M. To complete the proof we apply
the induction hypothesis, which implies that the functionL̂n

can be expressed asL̂n(r) = −U (r)+ ℓn(r) for a function
ℓn : R → R. From (3) this then gives,

(1− δ )U ′
m(r∗m) = (1− δ )ℓ′n(r

∗)−α +
λv
g

eMu∗ (24)

with u∗ = M−11Tu∗, andr∗ = δ r +(1−δ )u∗. We can invert
(24) (recallUm(rm) = log(rm + 1) is independent ofm) to
obtain,

r∗m = U
′

1
−1

(

ℓ′n(r
∗)+

1
(1− δ )

(

−α +
λv
g

eMu∗)
)

. (25)

We now consider two cases: Ifα > 0 then complementary
slackness givesMu∗ = 0. Hencer∗ = δ r, and (25) becomes

r∗m = U
′

1
−1

(

ℓ′n(δ r)+
1

(1− δ )

(

−α +
λv
g

)

)

(26)

On summing overm,

δ r = M−1∑
m

r∗m = U
′

1
−1

(

ℓ′n(δ r)+
1

(1− δ )

(

−α +
λv
g

)

)

The Lagrange multiplierα is determined as the solution to
this equation, and is hence a function of(r,g). It follows
from (26) that r∗ is a function of(r,g), and thence from
(23) thatĥn+1(r,g) is a function of(r ,g), providedα > 0.

If α = 0 we again sum each side of (25) overm to obtain

r∗ = U
′

1
−1

(

ℓ′n(r
∗)+

1
(1− δ )

λv
g

eMu∗
)

Once again, from (25) andr∗ = δ r +(1−δ )u∗ we conclude
thatu∗ andr∗ are each determined as functions of(r ,g), and
once again (23) then implies thatĥn+1(r,g) is a function of
(r,g).
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Fig. 1. (a) Relaxed relative value function̂L∗ computed using value
iteration. (b) Difference between relaxed and unrelaxed value function

The optimal policy is obtained as the minimum,

u∗ = φ̂∗(r,g) = argmin
1Tu≥0

{

c(r,u,g)+ L̂∗(δ r +(1− δ )u)
}

where L̂∗(r) = E[ĥ+(r,G)]−U (r). Lemma 1 implies that
E[ĥ+(r,G)] is a function only ofr . Familiar arguments then
show that given any value ofr = R(0), the next stater∗ =
R(1) lies in the setS, which proves Proposition 2.

Fig. 1 (a) showŝL∗ for a model with two flows — The
value functionL∗ is shown in Fig. 2 (b) below. Fig. 1 (b)
plots the error|L̂∗−L∗| as a function ofr. The relative error
is extremely small in this example.

V. EXAMPLES AND SIMULATION

The results of the preceding section motivate an approxi-
mation of the form,

L∗(r) ≈−U (r)+ θ1ψ1(r)+ θ2ψ2(r) (27)

where the basis functions{ψi} are defined in (22). In this
section we apply LSTD-learning to compute parameters
{θ1,θ2} that give rise to the best approximation.

We note that in many wireless systems the size of the state
space can be very large and the underlying transition prob-
abilities may be unknown, limiting value iteration to small
problems and necessitating an on line learning approach such
as LSTD-learning. For the simple cases considered here, the
difference between the relative value function using value
iteration and the approximation by the proposed bases was
found to be extremely small. This suggests that the basis (27)
accurately approximates the relative value function and the
performance characteristics of the system. In more complex
problems we suggest the application of policy improvement
combined with LSTD-learning as in [6].

In our numerical experiments we restrict to a model in
which the i.i.d. channel state takes on only three values
{1,2,3}, with probability{0.25,0.5,0.25} respectively.

A. Value Iteration

In this subsection we compute the relative value function
for a discrete version of the problem using the value iteration
algorithm (VIA). Unfortunately the complexity of the value
iteration technique grows exponentially with the dimension
of the state space, limiting its use to smaller problems. Here
we consider for a single link with either a single flowM = 1
or two flows M = 2. The state space is 100 for single flow
case and 104 for the two-flow model.
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Fig. 2. (a) VIA result for single flow relative value function. (b) VIA result
for two flows relative value function.



We compute the relative value function using value itera-
tion, as described in [4], [12]. The relative value functionis
normalized relative toL∗(0) as L∗(r) = L∗(r)−L∗(0). The
results are shown in Fig. 2. The plots illustrate the convexity,
symmetry and non-increasing properties ofL∗ for both the
single and multiple flows cases.

B. Basis Approximation to Value Function

In this subsection we find the best least squares approxi-
mation to the value function using the basis (22). In particular
we minimize‖L∗(r)+U (r)−θψ(r)‖2, whereψ is defined
in (22). The distance between the relative value function from
VIA and the approximation by the proposed bases is shown
in Fig. 3. The small error demonstrates the effectiveness of
the bases.
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Fig. 3. (a)|L∗(r)−Lθ∗
(r)| for the single flow model. (b)|L∗(r)−Lθ∗

(r)|
for the two-flow model.

C. LSTD-Learning

LSTD-learning is an online learning method for finding
approximations to value functions. The technique seeks the
best least squares approximation to an unknown value func-
tion over a given class of basis functions using sampled data
[4]. The technique can be extended to a form of generalized
policy iteration to jointly estimate the relative value function
and find the associated control policies (see recent examples
in [6]).
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Fig. 4. (a) Control policy for the single flow model. (b) Control values
u∗1 = φ∗

1 (r,g) wheng = 1 for the two-flow model;u∗1 = 0 whenr1 > r2.

We use LSTD-learning to obtain the optimal coefficients
for the set of bases (27). The policy used in LSTD is taken
from (18). The relative value functionL∗(r) used in the
policy is approximated by (27). The corresponding control
policies are shown in Fig. 4 for both (a) the single flow case,
and (b) for two-flow model. As anticipated, the policy is zero
when the state is large. Fig. 5 shows results obtained after
100,000 iterations of the LSTD algorithm. Convergence was
rapid for both the single-flow and two-flow models.
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Fig. 5. Coefficients from LSTD for the single-flow and two-flowmodels.

VI. CONCLUSIONS & FUTURE WORK

We have seen that a combination of MDP modeling and
approximate dynamic programming techniques allow tight
approximations of optimal policies for crosslayer network
control design. The application of fluid model approxima-
tions and state space collapse emerge as a general purpose
tool for many other stochastic control problems.

A focus of current research is the extension of these tech-
niques to multiple interfering links. The greatest challenge is
addressing the complex rate region in these models. Our hope
is that relaxation techniques can result in tractable solutions
that adequately approximate real-world systems.

REFERENCES

[1] Daniel O’Neill and Stephen Boyd Andrea J.Goldsmith. Optimizing
adaptive modulation in wireless networks via utility maximization. In
Proc. IEEE International Conference on Communications, May 2008.

[2] S. P. Meyn. The policy iteration algorithm for average reward Markov
decision processes with general state space.IEEE Trans. Automat.
Control, 42(12):1663–1680, 1997.

[3] S. G. Henderson, S. P. Meyn, and V. B. Tadić. Performanceevaluation
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