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Abstract— In recent work it was shown that a deterministic
analog of stochastic approximation can be formulated to olin
a Q-learning algorithm for approximate optimal control of
deterministic and stochastic systems. This paper provides gen-
eral foundation for “quasi-stochastic approximation” in w hich
all of the processes under consideration are deterministianuch
like quasi-Monte-Carlo for variance reduction in simulation.

Applications to root finding and to TD-learning are de-
scribed, and numerical results are presented.
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I. INTRODUCTION

of the functionh or of the probability distribution of, as
long as we have access to the sequér(es,, ¢,,). This may
indeed be the case if the observatid$,,, ¢,,) are derived
from some physical process or experiment.

In other applications of this technique, the functiond
the distribution of¢ are known, but computation of is
infeasible or expensiveThat is, we know everything about
the system, yet we introduce uncertainty in the algorithm in
order to avoid the computational expense of calculafing
In these cases, stochastic approximation may be regarded as
an approach to numerical integration, much like MCMC.

Stochastic approximation can also be regarded as a gen-

The stochastic approximation algorithm is a speciallgralization of the Monte-Carlo algorithm for estimatingeth
constructed stochastic difference equation with diminigh mean of a random variable If {¢;} is a stationary sequence,
step sizes. It was introduced in the classic paper of Robbiggch identical to¢ in distribution, then the Monte-Carlo
and Monro [12] as a means to calculate the root of a functioestimate ofd* = E[(] is given by,
in a setting in which observations of evaluations of the =

On =~ ; G

function are corrupted by noise. More specifically, suppose )
that we wish to solve the equatidi{)) = 0, with ¥ € R,

and whereh: RY — R is nonlinear. For a given value of _ . _ . .

1}, we can obtain the noise-corrupted vah(@, ¢), where¢ This can be written in the recursive form,

is a random variable and
h(9) = E[h(9,¢)].

The stochastic approximation algorithm is then given by th
recursion,

19n+1 - 1971 + anh(ﬁna Cn) ) (1)

in which ¥y € R? is given, and(, is identical to ¢
in distribution (typically it is assumed to be i.i.d.). Unde
some general assumptions, the sequeficgnverges with

which is precisely (1) in the special casg = (n + 1)~ !,
fi0,¢)=¢—v.

In the method of quasi-Monte Carlo, the sequefi¢;é is
chosen to beleterministic in the sample path average (2); in
this way the rate at which the estimatgs, } converge tay*
can be accelerated [1]. In this paper we extend this idea to
stochastic approximation. Our goal is to reduce the ‘curse
of variance’ observed in these algorithms, and to reduce

probability 1 to a pointy*, whe_reh(ﬁ ) = 0. See [2], [7]; computational cost by avoiding the generation of random
an excellent recent reference is [5]. numbers

Stochastic approximation has found numerous appllcatlons.l.he idea of using deterministic sequences in stochastic

in a wide range of fields. Although its essential purpose in L ; C
many of these applications is the calculation of roots, th%pprOXImatIon has its origins in the works [13] and [14],

. . . —. . although in a very specific context. In [13], deterministic
variety stems from the way in which the functiéns derived oug very sp : [13] :
. sufficient conditions are provided for the perturbation se-
and also from the source of randomness. For example, in an

application to stochastic control(4)) is the gradient of the quences in Ra}ndom Dlrect!on Kiefer _V\(olfownz (RDKW)
) . L algorithms, while [14] contains deterministic necessamy a
mean square error in a value function approximation, @nd

. . . sufficient conditions for convergence of RDKW and Simulta-
represents some inherent randomness in the system. This_ IS

S . . ’ neous Perturbation Stochastic Approximation (SPSA). To ou
the underlying idea in Q-Ie.armng.and TD-learning [3], [5]’knowledge, [4] is the first paper claiming an improvement in
[9] (see also the example in Section IV-A).

One of the main desirable features of stochastic appro&he rate of convergence due to use of deterministic seqegnce

Lo . . : again in the context of SPSA. They prove convergence
imation is that it can be implemented without knowledg%gt the rate improvement is demonystrpated only thgr]ough

n >0,
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1in several applications we may not care about the exactiliin of
¢. An example is the approximate dynamic programming problensee
Section IV-A.



numerical experiments. Our work can be considered to be

a generalization of these earlier works in a way, though o

not exactly since our analysis is in continuous time, the

justification for which is given next. o WWWMWA\
Motivation for this work came in part from the Q-learning o

algorithm for approximate optimal control introduced ifj.[9

¢ ii.d. Gaussian

In this prior work the parameter estimaig evolves in 0
continuous time. To provide a foundation for [9] and because o - -
of its mathematical elegance, in this paper we introduce a o 5000

differential equation instead of a difference equation rich
the ‘noise’ comes from a deterministic oscillatory signal Fig- 1. Finding roots of a function: Comparison of SA and QSA
rather than from a stochastic process.

The differential equation that defines the quasi-stocbasti lots comparing results from stochastic approximation and
approximation (QSA) algorithm has the general form P paring PP

guasi-stochastic approximation for a particular root-figd
LY(t) = a(t) f(I(t),£(1)). (3) application described in Section IV-B. The results from the
stochastic recursion on the left converge much more slowly

The no_n-neganvg func_t|0n of time is the ‘SteP SIZ€', than the output of the QSA algorithm shown on the right.
and ¢ is an m-dimensional process that constitutes the

‘driving noise’. As in the classical stochastic approximat ~ The remainder of the paper is organized as follows.
algorithm, our analysis is based on consideration of thatability and convergence of the QSA process is established

associated ODE, in Section Il under general conditions on the model mir-
d - o roring those imposed in the usual stochastic approximation
—0O(u) = f(O(u)), (4) algorithm. Section Il contains the results on the rate of
_ ) du S convergence of QSA, and several applications are presented
in which the “averaged’ vector field is given by in Section 1V. Conclusions and thoughts on future research
” . 1 T ) s 16 crd . are contained in Section V.
1) 00 T J, JO.6@)dt, forall 6 € R (5) Il. CONVERGENCE OFQSA

In most applications the procegswill be constructed so that  In the ODE approach for analysis of stochastic approxi-
it is deterministic, but ergodic. Under appropriate coiodis  mation algorithms, a continuous time trajectérjs obtained

on f, this implies that the limit in (5) is defined by an from the sequence defined in (1) through linear interpatatio
invariant measurer for £ via The n'" iterated),, in the recursion corresponds to a point

B 0(uy,) in the interpolated trajectory, where

76) = [ 6.0 7(d). ®) .
We envision processé&sobtained as mixtures of sinusoids, or tn = ; i
other periodic signals. In this case continuityfois sufficient ) ) ) ) ) o
to obtain (5) and (6). The piecewise linear trajector§ is then compared witt®

The extension of stability and convergence results frofhat is defined in (4). _ _ _
the classical stochastic model (1) to the deterministidegna A Similar construction is used in the analysis here: we
(3) requires some specialized analysis since the standafdPstitute in (3) the new time variablegiven by

methods are not directly applicable. In particular, thet firs t
step in [5] and most other references is to write (1) in the u=g(t) ::/0 a(r)dr, t=0.
form,

In1 = On + an (R(90) + M) , Thetime—scaleq process is then Qefinew@y):zﬁ(g—lﬁzll).).
We will shortly impose assumptions anto ensureg—" is

where M is a martingale difference sequence (or a pertuwell defined, nonnegative and monotonically increasingf wi

bation of such a sequence). This is possible whési.i.d., ¢ '(u) — oo asu — oo. For example, ifa(r) = (1+7r)71,

or for certain Markow [8]. A similar transformation is not then

possible for any class of determinis§c 1 “
In addition to convergence, we establish the rate of con- u=log(l+1) and (g™ (u)) =¢&(e” —1).  (7)

vergence of? to its limit ¥*. As in [6], we simplify analysis The chain rule of differentiation gives

by taking h to be a linear function of its arguments — d . . .

this can be justified via a Taylor-series approximation once aﬁ(g (w) = f(0(g~ (v),&(g™ (v))).

convergence is established. In the classical algorithm, . . . .

analog of the Central Limit Theorem holds, so that the rate ;%r?t is, the time-scaled process solves the differentiaheq

convergence i€(t%). In this deterministic setting, we find ' d .

that the convergence i9(t~!). Shown in Figure 1 are two 2,0w) = £(0(u), &(g™ (). (8)



The two processed and ¥ differ only in time scale, and of @ with that of 8, initialized at some large time to (s).
hence, proving convergence of one proves that of the othdio this end, let us definé*(t), t > s, to be the unique
For the remainder of this section we will deal exclusivelysolution to (4) ‘starting’ ats:
with & — It is on the ‘right’ time scale for comparison with B o

0°(t) = f(0°(2), t = s, 9)

0, the solution of (4).

We begin with resolving stability of the algorithm: In _ e _
the following subsection, we establish boundedness of th&mma 2.4 bounds the difference betwerand 6 . This
trajectory 6 for each initial condition. This is the main Pound is then used to establish a drift condition fbr
requirement in the convergence proof provided in Section IBU first, we assume the required drift condition and prove
B. We first state the assumptions under which our analysidtimate boundedness &k
is valid: Lemma 2.2: The solution to (8) is ultimately bounded if

(A1) The system described by equation (4) has a glob-f0r Some0 < 7" <1, andso, b < oo,
ally asymptotically stable equilibrium @t = 9*.

(A2) There exists a continuous functidn: R? — R,
and a constanty, > 0 such that, for0 < T < 1,
[16(s)I| > co,

V(0(s+T)) = V(0(s)) < =T[0(s)].-

(A3) There exists a functiorf : R? x R — R¢ and

a procesg&(t) }1>o that takes values in a compact set

Q ¢ R™ such that, for somé, < oo, and all§ € R¢,
T>0,

&lg_

V(6(s+T)) = V(0(s)) < =T6(s)];
for all s > sg, ||6(s)|| > .
Proof: Suppose for somé(0) = 0, there iss > sg
such that|0(s)|| > b. Let 7:=min(u > 0 : [|0(s+u)|| < b);
if |60(s+ w)| > bforall u>0,setr = 0. Form € N,
definer,,, = min{r, m}. Then,

S+Tm
—mﬁz—T/ 16|

S+Tm

> [ et ) - Vo) ds
Ss-ﬁ-‘rm-Q-T s+T

:/ V(@(r))dr—/ V(O(r)) dr

+Tm,

D14 o))

1 [T ~
7| rocw)a-fo) <2

(Ad4) There exists a constant < oo such that the
functionsV, f and f satisfy the following Lipschitz
conditions:

IV {E) = VOl < 16",
I£(0") = FO)I < efl6" — 6],
(0, €) — f(6, ) < £ll6" 0],

(A5) The process: is non-negative and monotonically

s+T
> —/ V(0(r))dr.

This establishes a uniform bound ep for all m € N, thus
proving T < co. Also, we have the following bound on the
o', 0 € R growth of 6 (see Appendix, Section B): For some < oo,
16(s +u) = 0(s)[| < brull0(s)[| < ba7l|0(s)[| for u <.

decreasing, and ds— oo,
¢ Thus, we havd|0(s)|| < b(1 + b17), s > sg. This proves
a(t) | 0, / a(r)dr — oo. ultimate boundedness @k [ |
0 Next, we prove a Law of Large Numbers (LLN) for the time
Assumption (A1) uniquely determines the solution pointcaled proces$¢(g—'(u))}.>0. Notice the difference from
to which we wish to converge. Assumption (A2) ensures that conventional LLN. Here, the interval of integration is som

there is a Lyapunov functiol’ with a strictly negative drift arbitrary fixedT", and the averaging becomes more accurate
wheneverg escapes a ball of radiug. This assumption is as the interval is shifted towards infinity.

required to establish boundedness of the trajectory. Apsum | emma 2.3: For anys, T > 0, ||0]| > 1, the function f
tions (A3) and (A4) are technical requirements essential #atisfies the following bound:

the proofs; (A3) is only slightly stronger than ergodicitfy o

& as given by (5), while (A4) is necessary to control the|| 1 /s+7T . _
growth of the respective functions. The processn (A5) T f(0,6(g7 (w)) du — f(0)
is a continuous time counterpart of the standard step siz °

< dboe(s) 1011/ T,

10
schedules in stochastic approximation, except that Wemmwheres(s) 0858 — oo, (10)
monotonicity in place of square integrability. Proof: Define
A. Sability Lt
Theorem 2.1: The solution to (8) is ultimately bounded: f(0,1) = 2/ f(0.&(r)) dr — f(0).
for someb < oo and for anyf(0) = 6, there is aly < oo 0
such that||0(¢)|| < b for all t > Tj. Note that by assumption, fdj|| > 1,
We prove Theorem 2.1 by establishing a ‘drift condition’ R
similar to (A2) for 8. To do so, we compare the trajectory [1£(8, 0| < bo(1+ 0]/t < 2bo]|6]| /¢ (11)



Consider the following integral which we simplify using B. Convergence

integration by parts: We now show that the solution to (8) convergegitg the
¢ unigue asymptotically stable equilibrium point of (4). $Fjr
we present a variation of Lemma 2.3. A proof is included in
to the Appendix.
Lemma 2.5: For any7T > 0,

/tl a(t)f(0,&(t)) dt = [a(t) /Ot £(0,£(r)) dr]

to

_ /t:] o (#) /Otf(e,g(r))drdt

s+t
. -1 _F _
_ [tla(tl)f(o,tl) _ toa(to)f(e,to)] Shjgo tGSEL(l)PT] ‘/S (f(@(u),f(g (u))) f(@(u)) du 0.
t1
- / ta'(t)£(0,t) dt u
to _ The next result is very similar to Lemma 1 in Chapter 2
+ (9(t1) — g(t0)) f(0) of [5].

. . . ) Lemma 2.6: For anyT > 0,
Rearranging and taking norms, we obtain on applying (11)

and after some algebra, lim sup [[6(s+t) —0°(s + )| = 0.
ST 40,7

t - Proof: Use Lemma 2.5 and Gronwall inequality. m
/ a(t)f(0,&(t)) dt — (g(t1) —g(to))f(G)H Theorem 2.7: For any initial condition6(0) = 6, the
to solution to (8) converges t6*.
< 4boal(to)||6]- Proof: By ultimate boundedness ®fu), there exists
. ) b < oo such that ford(0) = 6, there is aly such that
We have used the fact thaft) is decreasing and sea’(t) >
0. Lettingto = g7 (s), t1 = g (s + T) andt = g~ *(u) [0(w)]| < b forall u>Tp.
yields Thus, fors > Ty, |°(s)| = [|8(s)]| < b. By the definition
of global asymptotic convergence, for every> 0, there
exists a7 > 0, independent of the initial conditiof’®(s),
such that

s+T
i e wnan - fo)

< 4boa(g~"(s))6]l/T

16°(s +u) — 9*|| < e forallu>T"

Sete(s) :==a(g~(s)). As s — oo, g~ 1(s) — oo and hence, From Lemma 2.6, we have
g(s) — 0. This completes the proof. [ |

Lemma 2.4: For someb < oo and any0 < T < 1, lim sup [|6(s + 1) — 0"

§—00

<limsup ||0(s + T¢) — 0°(s + T°)||

10(s +T) = °(s + T)|| < (5T + 4bos(9))|0(s)]|.  (12) R
Proof: See Apendix. [ | + limsup [|0°(s + T°) — ¥
Proof: [Proof of Theorem 2.1] Recall tha¥ is the - O+S:°°
Lyapunov function assumed in (A2). We now prove a drift - '
condition for@. For0 < T <1, ||6(s)|| > 1, Sincee is arbitrary, we have the desired limit,
V(0(s+ 1)) = V(0(s)) = V(O(s + T) = V(8*(s + 7)) Jm [19(w) =97l = Jim JI6(s +T7) = 97| = 0.
+ V(0 (s +T)) =V (6°(s)) This completes the proof. n

<|V(O(s + 1)) = V(0" (s + 1))

VO (s + T),) — V(0%(s)) The goal in this section is to establish a rate of convergence
<L0(s+T) = 0°(s +T)|| = T|0(s) for the QSA algorithm. In the stochastic approximation
< U(BT? + 4boe(s))]10(s)|| — T)16(s)], algorithm it is known that, under appropriate assumptions,

the algorithm satisfies a Central Limit Theorem, genenadjzi
where the second inequality follows from the Lipschitzhe usual CLT for the Monte-Carlo recursion (2). That is, in
assumption orl/ and the last inequality uses Lemma 2.4the stochastic model (1) we can write,
Let us choos&” small enough to make/vy7T? < T/2, and

IIl. RATES OF CONVERGENCE

. _1
then sy large enough so thathye(s) < vT2 for all s > so, Un =07 + 072 W (13)
which leads to where the approximation is in distribution, arid is a
T Gaussian random variable with some finite covariance matrix
V(O(s+T))—V(0(s)) < _EHQ(S)H' ¥ [5]. The proof of this result is based on comparing the

stochastic approximation recursion with a linearizatibow
Lemma 2.2 completes the proof. B Y. In this section we take this step for granted, assuming



that the function given in (A3) is in fact linear. A similar Let z(u) := ¢“6(u). Then
simplification is made in the analysis of two-time scale

stochastic approximation in [6]. This and further assuomsi #u) = (A4 D)z(u) +e"E(e” —1).
are collected together here: For notational convenience, let us defiBe= A + I. Then
(AB) The functionf is linear, f(6,¢) = A0 + &, and B is Hurwitz because of the assumption on eigenvalues of
moreover A. From linear system theory, we know that
@i Ais Hurwitz, and each eigenvalug A) satisfies u
Re(\) < z(u) = eP* - 2(0) +/ eBU=v) L eve(e? — 1)dv.
0
ii has zero meanimy_. o t)dt =0 € ) .
¢ )R§ e T fo Clearly, the first term decays to zero and hence, is bounded.

Assumption (A6) impliesf(o) _ A6, and the unique stable To show that the second term is al§o bounded, we use

equilibrium point is¥* = 0. integration by parts and denot§v) = / e"é(e" —1)drto
Observe that the assumption (i) of (A6) is slightly strongeobtain 0

than what is imposed in the usual Central Limit Theorem for w
stochastic approximation, which requires(Rp< —31. We / P evé (el — 1)dv = [eB(u_v)ﬁ(U)}o
will see that this stronger bound is indeed required to obtai "
the rate of convergence sought in this section, which is a +/ B BB(v)dv
significant improvement on (13). Under the assumptions of 0 (18)
this section we show that for some constant co we have,

Note that by changing the variable of integratiort te e —1

hﬂgp tlo@) -0l <o (14) " in the expression fop(v), we obtain
Theorem 3.1: Suppose that assumptions (A1)-(A6) hold, ) = /ev1 eyt
and thata(t) = 1/(1 + ¢). Then? converges td) at a rate —Jo '

of 1/(1 +¢). That is, (14) holds with}* = 0.
The proof is given at the end of this section.
Observe that the eigenvalue condition in (A6) can b

achieved by scaling: That is, replacind0,§) = A0 +& i Hurwitz, it represents a BIBO stable system aBd(v)

by x(A6 + &) for a sufficiently large positive constant s 4 hounded input. So the second term is also bounded and
However, this might result in poor transient behavior. Aths completes the proof. -

alternative is to use the two-time-scale approach of Polyak
and Juditsky [11], [5]. We propose the following continuous
time counterpart of their algorithm: Fix € (0,1), and

which is bounded as a function of Thus, the first term in
(18) is bounded. The second term is just the response of the
finear system represented Byto the inputB3(v). SinceB

IV. APPLICATIONS

consider the algorithm witla(t) =1/(1+1)°: A. Approximating a value function
d In this section, we consider an application of the algorithm
E’Y(t) 1 +t)5 f((1),€(1)) (15 to approximation of solutions of differential equations by

_ _ . a linear combination of basis functions as in TD-learning
The output of this algorithm is then averaged as follows: [3], [10]. As a specific example, we look at an uncontrolled
d 1 diffusion process with state dependent cost. Our goal is to
d—f/‘(t) = ——(=9(t) + (1)) (16) approximate an associated discounted-cost value function
t 1+1¢ . . .
_ We choose basis functions based on heuristic arguments and
Theorem 3.2 Suppose that assumptions (A1)-(A6) holdprovide numerical results to demonstrate the accuracy of
so that in particularf (v(t),£(t)) = Avy(t) + &(t) in (15).  approximation.
Then (14) holds with)* = 0 for the averaged process defined Consider the following scalar diffusion,
in (16).
The proof of Theorem 3.2 is skipped due to space con- dXy = —X}dt + dW,,
isrtrr]alnts _3I1t is similar to, but messier than the proof O(NhereW is a standard Brownian motion. For a given cost
eorem 5.2 functionc: R — Ry and discount factory > 0, the value

Proof of Theorem 3.1: We can use the transformatian=  function is given by
log(1 + t) as before, and equivalently prove

Viz) = E[/:;evtc(xt) dt | Xo =z .

Subject to growth conditions oa it can be shown that’
The linear system in the transformed time scale is given hyatisfies the following differential equation:

sup |[le“O(u)| < oo. (17)
u€[0,00)

O(u) = Af(u) + £(e* —1). YV (z) =c(x) + DV (z), z€R, (19)



where the differential generator is given By :=(—z%)V’'+  Our goal is to findy* € R? that solvesf(9*) = 0. We need

v a procesg&(t) }1>o that satisfies

The discounted-cost dynamic programming equation (19) T
could of course be directly solved using numerical integra- f(¥) = lim 1 f, &) dt, 0e R3.
tion. To demonstrate the use of our algorithm, we seek to T—oo T Ji—g

approximatel” by a linear combination of basis functions,In fact, we need something stronger, since we require the
denoted{¢1, ¢o, ..., pa}. Ford € R?, the approximation to assumptions of (A3). Sincg is uniform on some interval

V' is given by [—1, 1], we choset to be a triangular wave with amplitude
d I. Let A denote the non-negative triangular wave process
Vo(a) =Y digi(x). (20)  with periodr:
=1
We want to findd such thatVy(z) satisfies (19) ‘as closely A(t) = 2/, t<7/2 modr, (23)
as possible’. 2—2t/T, t>7/2 mod T.

To quantify this approximation we use ti@ellman error ¢ procesg was taken to be the scaled process,
[3]. Forz € R, ¥ € RY this is given by,
() =21(A@) ~ ) >0,
L(x,9) :=vVy(x) — c(x) + DVy (z). (21) . _
We chose the period = 40, a discount factory = 0.5, and
On denotingey (z) = L(x,9) +c(z), * € R, we see thaly  stepsizea(t) = 1/(1 +t).
solves the dynamic programming equation, Due to space constraints, we did not display the plot
showing convergence of trajectories of;, ¥, and vs.

The parameters converge to the solutiohi, v;,95) =

Subject to general conditions, this implies tHas is the (0-49,—0.02,0.81). The errors,, (") was numerically com-
value function associated withy. Hence we obtain a good Puted to be0.008, which suggests an extremely close
approximation ifc ~ ¢, which means that the Bellman error@PProximation. The approximation at largetaken to be
is small. 3 log(1+2?) is corroborated by the coefficient 6f = 0.49

As a scalar mismatch criterion we consider the mearfOf the ¢1(x) = log(1 + 2?) basis term. _
square Bellman error: We assume that a probability measureSnown on the leftin Figure 2 is the Bellman error obtained

Vo (z) = co(x) + DV (z), =€ R.

1 on R is given, and denote usmg@*. For pompgrison we incIuQe resglts from two.other
experiments in which only the distribution was varied
o (V) 1= /(L(x,ﬁ))z pu(dz) (22) _through_ ch0|_ce of: In the_cgntral flg_ure we took = 5, gnd
in the final figurel = 1, giving p uniform on, respectively,

The choice ofu will affect the approximation: If we obtain [—5,5] and[—1,1]. The plots show that the approximation

a small mean-squared error, then we can expect the appréx-900d on the support gf, and may be very poor outside

imation V ~ V' to be reasonably good over the support off Fh|s support. Moreover, with a smaller support we obtain
1. In the experiments described below we tgoko be a @ tighter approximation on the support.

uniform distribution on a finite interval. 'B. Finding roots of a function

Next, we provide a rationale for our choice of basis ) ) i . L
As mentioned in the Introduction, the original motivation

functions. We now fix the cost function to héz) = 22. ) L e
In this case the cost function as well as the system af8 Stochastic approximation was finding the roots of a

symmetric about the origin. So the basis functions shoulffnction based on its noisy measurements. In particular, we
be even functions of:. For largez, the solution to (19) Ca0 solvef(x) = 0 using only noise corrupted observations

can be approximated hyg(|z|). To make the function well f(z,¢) where

defined at the origin, we can usglog(1 + z?). For z near F(z) = E[f(x,¢)], forall z € R

the origin, the term(—z3)V’(x) is neglible. With this term

neglected, the solution is of the formz2 + ¢,. To make Let G' be the distribution function of the random variable

this part of the solution bounded for large we propose ¢. One of the advantages of stochastic approximation is

22/(1+2*) and1 as basis functions. In summary, we havghat we can apply it without the knowledge Gf In many
applications however, the complete statistics are knowh, b

¢1(x) =log(1+2?), ¢o(z) = 2*/(1+2"), and ¢3(z) =1. the the main hindrance to knowing is computational:

. o : 1 5 Stochastic approximation is used to approximate the ex-
rnga}:frleilsaré:gsl’;_si%éloe’ %)aictglzgﬁéxghgvi E;ggv 41;)“7 |)s pec_tation, by generat!ng a sequence of in_depgndent random
bounded byL+ log(1 + 22) plus a constant. ’ variables{¢,} acgordl_ng toG_. An e_llternatlve is to ma_lke

To apply (2)ur algorithm, we denote use of the deterministic algorithm given by (3) for a suiéabl
’ process;(t).
. _ To illustrate the application of this approach, we consider
F9,2):=VEaa (9, 2), f(9):=VoBe(V) = /wa’x) wdr) 4 model with¢ a scalar valued random variable. Observe that



L Support /1 =[-10,10] 1 L Support ft =[-5,5] 1 Support ft =[-1,1]
) | | — % | | — v

-1 L L L L L L L L L L L L L L L L L L L L
-10 - -6 -4 -2 0 2 4 6 8 0 -10 -8 -6 -4 -2 0 2 4 6 8 0 -10 -8 -6 -4 -2 0 2 4 6 8 10

Fig. 2. Learning where you look: Bellman error is small on sugport ofp

the proces&\ defined in (23) takes on values uniformly over V. CONCLUSIONS

[0, 1], for any value ofr. We can then usg(t) = G~'(A(t))  This paper was initially motivated by our recent pa-
in (3) to obtain a process with the desired distributigas  nher [9] concerning Q-learning for nonlinear, determiristi
distribution G in the sense that for any continuous functionsystem& We wrote that a “proof of convergence will be

h:R =R, straightforward following standard arguments from stacha
T tic approximation theory”. With significantly more work tha
E[h(¢)] = lim l/ h(E(t)) dt. anticipate_d this conjectured_turned out to be correct. _
T—oo T Ji—g Our main current interest is the development of algorithms

) ) for approximate dynamic programming based on these tech-
However, for the purpose of comparison with stochastq:,iques_ In particular

approximation, we used the following discrete time version

of (3): (i) Techniques for basis selection based on approximate

models.
Unt1 = Un + anf(Vn,&n). (24) (i) The special case of large interconnected models

in which mean-field theory suggests simplified basis
The specific function used for the numerical experiment was functions [9].

f(9,¢) = —tan(9) + ¢, where¢ was taken to be a normal iiiy Extensions to partially observed models, distritiite
random variable with meap = 1 and standard deviation models, and dynamic games.

o = 3. Thus, f(9) = E[-tan(¥) + (] = —tan(9) + 1,

which gives the equilibrium poin#* = /4. The step size APPENDIX

schedule used in both (1) and (24) was= 1/(n+1). The Here we collect together the more technical arguments.

sampless,, were generated using, = ¢~ '(A,,), where¢ . . .

is the Gaussian distribution function a@d;n(} is)a sampled A. Bounds using Gromwall’s inequality

triangular wave with a period of0 samples. Of coursa,, The well known Gronwall inequality can be found in any
must be truncated so that it is never exactlpr 1, which ~ of the stochastic approximation texts referenced, sucblas [
would resulting='(A,,) becoming—oco or +oco respectively. The following resuIE is an immediate consequence.

Figure 1 shows a sample trajectory each of SA and QSA. Lemma 1.1: For § and 6 satisfying (4) and (8) respec-
QSA clearly converges faster and more smoothly than SAlvely, there exists) < oo such that for any, u > 0, and
Even after10,000 samples, SA hasn’t exactly converged toll?(s)| [[6(s)[| = 1, we have
thf/vreellljgc?dees:rl!lrggﬁgdpoqa the period & and it was 1905 +w) = 6(s)l < buc™ 1605 ()

Xperi Wi i it w tu
found that for longer periods, the trajectory was more escil 16(s +w) = 0(s)]| < bue™[|6(s)]] (26)
latory and convergence was slower. This is to be expectethere ¢ is the Lipschitz constant introduced in (A4).
since averaging for QSA takes place over a full period; sProof: Write expressions for the left hand sides, use Lips-
when we are in the first half of the triangular wae we chitz properties off and f and apply Gronwall inequality.
have introduced a bias in one direction, which gets nullified [ ]
during the second half. So it would seem that the shorter
the period, the better. But we also need enough resolution%f Proof of Lemma 2.4
samples over a period. For example, in the extreme caseUsing Lemma 1.1, we have for sonte< oo and any
of a period of2 samples, the sampled, would be all 0<7 <1,
zeros. An intermediate value needs to be found, mainly 18(s +T) — 8(s)|| < bT||6(s)| "

through experimentation, which may depend on the specific ,
application. <biT||0(s)||, b1 :=be".



Similarly, [|0(s + T) — 6(s)|| < b1T||0(s)||. On combining
the above bounds with Lemma 2.3, we obtain
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s+T _
/ (F(0(s), &g~ (1)) — F(0(s))) dt

s+T
<o ( [ - dt) 1005)1] + 2boe(s)16(5)]
< (52T + 2o (s))[0(s) I,

wheree(s) is defined in Lemma 2.3, anig := ¢b;. [ ]

C. Proof of Lemma 2.5

First let us assume € [, 7] for somen > 0. Let the
interval [0,¢] be divided inton subintervals of lengtht/n
each. Let us introduce the following notation:

s+r
/ (F(O), €9 (@) — F(O(u)) du

Then, we have

A[s,err] = ’

A[s,s+t] < A[s.,s#»t/n] + ...+ A[er(nfl)iE/n,eriE]' (27)

Assumes is large enough so thdt(u)|| < b for u > s, as
proved in the Section II-A. Also assumeis large enough
so thatT/n < 1.

Consider the first term in the sum (27):

s+t/n B

Aoty < / (F(0(), (g™ () — F(6(5)) du
s+t/n

4 / (F(O(w), £~ () — F(0(s). (g™ (w))) du
s+t/n B B

+ / (F(O(u) — F(O(s))) du
n s+t/n B

<3 [ (6. W) - Fe) du

s+t/n
+ 2£/ 10(u) — 0(s)||du
< % . w + 2@/5”/” bby(u — s) dt
o T Bhelon T2

derivation applies for each subinterval of length. Adding
up, we obtain

A g4 < 20bgTe(s)n/n+ 26bboT? /n, for all t € [n, T).

Given§ > 0, let us chooser such that2ebbyT?/n < §/2,
and thens, such that for alls > sq, 2bbyTe(s)n/n < §/2,
which yields

sup A sqq <0, forall s > 5.
te[n,T]

(28)

Also, sup A, 4 is bounded above by,
te[0,n]

s+n _
/ (I1£(0(w), &g~ @Dl + 1F @)} du < bban.

Lettingn < §/(bb1) and using (28), we obtain Lemma 2.5.
|
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where the second to last inequality follows from Lemma 2.3,

Lemma 2.4, and the ultimate boundednes®ofThe same



