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Background: Mismatch Channel

X — > memoryless channel > ¥

Optimal detector ML: Based on the empirical distributions,

i* = arg max (I F)
i

where, F isthe log-likelihood ratio (real-valued function of z, y)

I is the empirical distribution of (X*, Y)

n



Background: Mismatch Channel

> Y

X — > memoryless channel

Optimal detector ML: Based on the empirical distributions,

i* = arg max (I F)
i

where, F' isthelog-likelihood ratio

I'* is the empirical distribution of (X*, Y)

n

Question considered by Lapidoth 1994, Csiszar et. al. 1981, 1995:

What if the channel model is not known exactly ?



Background: Robust Hypothesis Testing

Uncertainty classes defined by moment constraints Pg, P

For given false alarm exponent 7,
min-max optimal missed detection exponent 3*

8" = inf  inf  D(u|m)
7'('16]131 ,UJEQn(]P)o) 1
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Background: Robust Hypothesis Testing

Uncertainty classes defined by moment constraints Pg, Py

For given false alarm exponent 7,
min-max optimal missed detection exponent (3*

B* = inf inf  D(ul| m)
7T1€]P)1 MEQn(Po) 1

F: Generalized Log Likelihood Ratio
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Goal: Robustness

Original motivation for the research on mismatched detectors

What is the impact on capacity given a poor model?

How should codes be constructed
to take into account uncertainty?

X — > | memoryless

channel



Goal: Complexity

Detection and capacity - easy. Its just mutual information!!

Linear detectors suggest relaxation techniques for multiuser
and network settings



Goal: Adaptation

A new point of view!

How can a detector be tuned on-line
in a dynamic environment?

X —— | memoryless

This will depend on SNR
Other users
Network conditions ...

channel | — Y

Estimates

Capacity
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Mismatched Channel

X > memoryless

channe — Y




Mismatched Detector

A given function F'(x,y) defines a surrogate ML detector:

it = arg max(Ffl, F) = arg max{z F(XZ,Yt)}
1 1 t—1

Empirical distributions for :th codeword:
FZ’;L — n_l Z 5X§,Yt
t=1

Reliably received rate (in general a lower bound):
Generalized Mutual Information (Lapidoth, Csiszar)



Mismatched Detector: Sanov’s Theorem

Sanov’s Theorem (in form of Chernoff’'s Bound) gives

log P, < —nlpp(Px; F) (P, pair-wise prob. of error)

Loe(Px; F) = inf{ D(T|Px ® Py) : (T, F) = (Pxy, F) }
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Mismatched Detector: Sanov’s Theorem

Sanov’s Theorem (in form of Chernoff’'s Bound) gives

log P, < —nlipp(Px; F)

Loe(Px; F) = inf{D(T|Px ® Py) : (T, F) = (Pxy, F) }

= Px®Fy




Mismatched Detector: Generalized Mutual Information

Generalized Mutual Information - introduces typicality constraint,
log P, < —nlowi(Px; F)

Iown(Px; F) :=nt{D(T||Px ® Py) : (T, F) = (Pxy, F), T2 = Py



Mismatched Detector: Generalized Mutual Information

Generalized Mutual Information
log P, < —nlowi(Px; F)

Iown(Px; F) :=nt{D(T||Px ® Py) : (T, F) = (Pxy, F), T2 = Py

Derivation of GMI bound using Sanov:



Mismatched Detector: Generalized Mutual Information

Generalized Mutual Information
log P, < —nlowi(Px; F)

Iow(Px; F) :=nt{D(T||Px ® Py) : (T, F) = (Pxy, F), T2 = Py|
Derivation of GMI bound using Sanov: For any function G(y),

i* = argmax(l'},, F+ G) = arg maX{Z[F(Xf, Vi) + G(Yt)]}
L ’ t=1

log P, < —nlipp(Px; F+G) any G(y)



Mismatched Detector: Generalized Mutual Information

Generalized Mutual Information
log P. < —nlgw(Px; F)
Iowi(Px; F) = iﬂf{D(FHPX ® Py) :(I',F) =(Pxy,F),I's = PY}
log P, < —nlpe(Px: F+ G) any G(y)

Slg-l; ILDP(PX§F‘|‘ G) — IGMI(PX;F)
G(y

G" : Lagrange multiplier for equality constraint T'; = Py
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Learning the Best Detector




Learning the Best Test

Given a parameterized class of detectors,
{F — ZO&Z??DZ oA Rd}

What is the best value of a?

Maximize
MM capacity: J(«) := Iipp(Px; Fo)



Learning the Best Test

Maximize
MM capacity: J(«) :=Ipp(Px; Fo)
Derivatives: VJ =1 — (I'*, )

VQJ — <Fa7¢¢T> o <Fa7¢><ra7¢>T

where for any set A € B(X xY),

Px @ Py, efely)

ol gy . &
LX(A) = s B o)




Learning the Best Test

Maximize
MM capacity: J(«) :=Ipp(Px; Fo)
Derivatives: VJ = — (I'®, )

VQ'] — <Fa7¢¢T> o <Fa7¢><ra7¢>T

where for any set A € B(X xY),

PX X PY7 eFaHA>

af gy . ¢
D(A) = e o)

Newton Raphson based on channel model, or

Stochastic Newton Raphson based on measurements alone!



Learning the Best Test

Estimation algorithm is decentralized and model-free

memoryless

channel

Y

—>

—>
I

.% a(t)

X Estimation




AWGN Channel

Y=X+N SNR=2

Basis: ¢ = (22,92, 2y)"

0.8 — Estimates

.............. Capacity

T T T T T T T T T T T I T T | . .
0 2000 4000 6000 8000 10000 Iterations



Mismatched Neyman Pearson Hypothesis Testing

Numerical experiment: X' uniformon [0,1], X° = VX!

7 False Alarm Error Exponent

B*(n) Missed Detection Error Exponent

Stochastic Newton-Raphson to find [ 1, 87(n) ] pairs

Parameterized class of detectors,

{Fo, = aith; s o € RY}

Y(x) = [x,log(x) /10]"  optimal detector




Mismatched Neyman Pearson Hypothesis Testing

X' uniformon [0,1], X° = VX! Stochastic
Newton-Raphson

0.8

. False Alarm

0.0 \l\\\\\\%_\\ I Error Exponent

0.4 = T —— — ——

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

o3 3 *(77@)
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Parallel simulation for a range of iy



Mismatched Neyman Pearson Hypothesis Testing

X' uniformon [0,1], X° = VX!
o DL — Y(x) = [x,log(x) /10]" Optimal detector
brn) ® — Y(z) = [z,2? ... ,2%]"
= ¢(x) = [z, (14 10x)*]"
0.30— - w(x) _ x’x2]T
: — ¢(x) = [z,1/(1 +10x)]"

00+——7— 77— 7T 7T 7T T T T T T T T T /r]
0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4

Parallel simulation for a range of iy
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Conclusions

Geometry based on Sanov’s Theorem combined
with Stochastic Approximation provides powerful

computational tools



Conclusions

Geometry based on Sanov’s Theorem combined
with Stochastic Approximation provides powerful
computational tools

Future work:
Optimizing the input distribution

Application to MIMO will simultaneously resolve coding
and resource allocation. Extensions to network coding possible?

Simulation algorithm exhibits high variance.
Application of importance sampling? Revisit robust approach?
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