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Abstract— The mismatched-channel formulation is generalized can be used to balance the tradeoff between complexity and
to obtain simplified algorithms for computation of capacity —performance.

bounds and improved signal constellation designs. The falving In Merhav et. al. [1] and Csiszar [2] the following bound on

|s$uis(,)rarae ails:;e:ziz: dimensional familv of linear detector the reliably received rate is obtained, known asgéeeralized
9 y S mutual information: Iy (Px; F):=

how can we compute the best in this class to maximize the
reliably received rate? That is, what is thebest mismatched ; . _ _
_detector in a given class? _ _ min{ D(I|[Px ® Py) : (T F) =7, Ta = Py}, (3)
(i) For computation of the best detector, a new algorithm is  whereT'; denotes theith marginal of the distributiol on
proposed based on a stochastic approximation implementa- X x Y, andy = (Pxy,F). Under certain conditions the

tion of the Newton-Raphson method. lized tual inf fi incid ith th abl
(i) The geometric setting provides a unified treatment of generalized mutual Information coincides wi e refa

channel coding and robust/adaptive hypothesis testing. received rate using (2).
In this paper we provide a geometric derivation of this
[. INTRODUCTION result based on Sanov’s theorem. This approach is related to

Consider a discrete memoryless channel (DMC) with inp@siszar'sinformation Geometry [3], [4], [5], which is itself a
sequenceX on X, output sequenck onY, with Y = C, and close cousin of the geometry associated with Large Deviatio
X a subset ofR or C. It is assumed that a channel densityrheory [6], [7], [8], [9], [10], [11].

exists, Based on this geometry we answer the following question:
Given a basis{y; : 1 < j < d} of functions on the
P{Y(t) € dy | X(t) € 2} = Py|x(y | x)dy, product spaceX x Y, and the resulting famiby of detectors
x € X, y € Y. We consider in this paper the reliablydased on the collection of functioqd, = >} aiti}, how

received transmission rate over a non-coherent DMC using@ We obtain the best reliably received rate over this elass
mismatched detector, following the work of Csiszar, Kaplarf© computea” we construct a new recursive algorithm that
Lapidoth, Merhav, Narayan and Shamai [1], [2], [3]. The basiS & stochastic apprOX|mat|on_ implementation of the Newtpn
problem statement can be described as follows: We are gid@@Phson method. The algorithm can be run at the receiver
a codebook consisting af*** codewords of lengttn, where blindly - without knowledge ofX' or the channel statistics.

R is the input rate innats. The ith codeword is denoted 1he geometry surveyed here is specialized to the low SNR
{Xi:1<t<n}. We letl denote the associated empiricaP€tting in the companion paper [12].

distribution for the jOint input-output process, 1l. GEOMETRY IN INFORMATION THEORY

; e We begin with the following general settingZ denotes
In=n ZéXZ}Yt' @) aniid. sequence taking values in a compactAeand the
=1 empirical distributions{I’,, : n > 1} are defined as the

Suppose that a function of two variablegs; X x Y — R is  sequence of discrete probability measure3(#),
given. A linear detector based on this function is descrired n

follows: The codeword* is chosen as the maximizer, a(A) = %ZH{Z’“ € A}, A€ B(Z). 4)

i* = argmax(I' | F). 2 k=1

i For a given probability measure and constant3 > 0 we
For a random codebook this is the Maximum Likelihoodenote the divergence se@s(w) = {T' : D(T'||r) < 8} and
decoder whenF' is the log likelihood ratio (LLR). In the Q;(w) ={T: D(T|r) < B}
mismatched detector the functidnis arbitrary. The logarithmic moment generating function (log-MGF) for

There is ample motivation for considering genefalFirst, a given probability measure is defined for any bounded

this can be interpreted as the typical situation in whicle sidneasurable functiodr via
information at the receiver is imperfect. Also, in some sase B G(2)
the LLR is difficult to evaluate so that simpler functions AG) = IOg(/e m(dz)). ®)



We write A, when we wish to emphasize the particulahypothesist; for j = 0,1. The goal is to classify a given set
probability used in this definition. of observations into one of the two hypotheses.

The geometry emphasized in this paper is based on PropoFor a givenn > 1, suppose that a decision test is con-
sition 2.1 that expresses divergence as the convex duakof structed based on the finite set of measuremgfits. .., Z,, }.

log-MGF. For a proof see [6]. This may be expressed as the characteristic function ofsesub
Proposition 2.1: The relative entropyD(r!||7°) is the so- A} C X". The test declares that hypothedig is true if
lution to the convex program (6), where the supremum is ovey, = 1, or equivalently(Z:, Zs, ..., Z,) € AY.
all bounded continuous functions @h The performance of sequence of tests¢:={¢,, : n > 1} is
. . reflected in the error exponents for the type-I error proligbi
sup —Ag,(F) subjectto (F) > 0. (6)  and type-Il error probability, defined respectively by,
. . . : 1
It is also the solution to the following unconstrained conve Js = — limint ~ log(Pso{¢n(Z1,. .., Zn) = 1}),
program, nTee (8)
1
D(r||7°) = sup{m" (F) — Aro (F)} () Iy = —liminf = log(Pri{én(Z1, ..., Z0) = 0}),
n—oo N
That is, the relative entropy is the convex dual/of,. The asymptotic N-P criterion of Hoeffding [13] is descrites
We conclude this section with a brief sketch of the proof tg||ows: For a given constant bourf@l > 0 on the false-alarm
set the stage for the characterizations that follow. exponent, an optimal test is the solution to,
Qs (1) / 77“ ~ B = sup{ly : subjectto J, > R}, (9)
' where the supremum is over all test sequenpefsee also
.............................. S ={I':([\F) = o
.......................... - \H{<>O} Csiszar et. al. [14], [15].)
Qs (1) o) It is known that the optimal value of the exponehj
51 ( /

is described as the solution to a convex program involving
_ _ _ ~ relative entropy [7], and that the solution leads to optiteats
Fig. 1. The entropy neighborhoos, (') and Qg, (x°) lie on opposite  defined in terms of the empirical distributions. The form of a
sides of the hyperplang(. . . .

optimal test is as follows:

For a given functionF we denoteH = {T": (', F') = 0}. on =I{T'y € A}. (10)
We interpretH as a hyperplane, and consider the two ‘half .
spacesH_ = {' € M : (I,F) < 0} andH; = {T € Under general conditions on the séf we can conclude from

M : (T, F) > 0}. Suppose that separatesr® and ! as Sanov’s Theorem that the error exponents are giverl py;
! ’ — j : 1y . c 3 0y .

shown in Figure 1. Assuming also thatis feasible for (6), {D(Tll™"): T € A%} andJ; = inf{D(I'7") : I' € A}.
we must haver!(F) > 0 and °(F) < 0. That is, ! € H, One_ch0|ce ofA is the half_-spaceél ={T:T(F) > 0}
and=° € H_. Evidently D(x!||7°) > By, whereQg, (7°) is for a given functionF’. On optimizing over allF' that give a
the largest divergence set containgd?—it{. ’ feasible test we obtain a new characterization of the swbiuti

If T lies on the intersection of the hyperplane and thté) the.Neyman—Pearson probIem_._The proof of Propogition 2.2
divergence set showili®* € H N Qg (x°), then by definition Is similar to the proof of Proposition 2.1, based on Figure 1.

) 0 , - . ;

D(I%|[79) = f,. Moreover, Sanov's Theorem (in the form Propost|on_2.2: For a givenR > 0 there existp > Olsuch _
of Chernoff's bound) givesD (I |x0) > —A(6,F) for any that the s_olutlorﬁ* to the Neyman-Pearson hypothesis testing
6, > 0. Taking 6y = 1 we obtainD(I'** ||_7To) > _A(F). This problem is the solution to the convex program,
shows that the value of (6) is a lower bound on the divergence. sup  —Api(—0F) — (Ary(F) + R)o, (11)

To see that this lower bound can be approximately arbi-

trarily closely, consider a continuous approximation te khg Where the supremum is over continuous and bounded func-
likelihood ratio I = log(dn' /dn®) — D(7* 7). tions. The value of (11) is achieved with the functiéii =

—k + tlog(dnt /dn®) with ¢ and k constant, { = (1 + o) ~1).
A. Hypothesis testing O

In a similar fashion we can obtain a solution to the Neyman- )
Pearson hypothesis testing problem in terms of a supremBmCapacity
over linear tests. Using a random code book with distributid?y combined
Consider the binary hypothesis testing problem based onviah maximum likelihood decoding, the reliably receivedera
finite number of observations from a sequer€e= {Z; : is the mutual information/(X;Y) = D(Pxy||Px ® Py).
t = 1,...}, taking values in the seX. It is assumed that, Hence, the mutual information is the solution to the convex
conditioned on either of the hypothesék or H;, these program (6) witht! = Pxy andn® = Px ® Py. The function
observations are independent and identically distrib(ited.). F appearing in (6) is a function of two variables sinceand
The marginal probability distribution oX is denotedr? under =! are joint distributions orX x Y.



[1l. A GEOMETRIC VIEW OF THE MISMATCHED CHANNEL  We thereby obtain a formula for the optimizer,

In this section we consider the reliably received rate based T*(dx, dy) = ?F@¥)=Aex OF) py(dz) Py (dy)
on a given linear test. i} .

Suppose that” is given with v := (Pxy, F) > 0 and @S Well as the valueD(I™|[Px @ Py) = (I",0F —
(Px ® Py, F) < ~. Sanov’'s Theorem implies a lower bound‘px (0Fy)) . If T* is feasible so it opt|m|*z_es the original
on the pair-wise probability of error using the detector, (2F°NVex program, then the mean bfunderl™ is equal toy,
and applying a union bound we obtain the following bounﬁnd we obtain the desired expression (c) for the generalized

on the reliably received rate: mutual informationo (Px; F). o
The identity (b) then follows from the definition of the

Liop(Px; F) = min{D(I'|[Px ® Py) : (I', F) =~v}.  (12) relaxation which gived (I'*|Px ® Py) =
We have Ioo(Px; F) < I.u(Px;F) since the typicality min{D(T||Px ® Py) — 0*(T', F° — ~°)

constraintl'y = Py is absent in (12). —05((1,1) — 1)}
For the given functior¥” andy € Y we defineF,: X — R o i : o o
by F,(z) = F(z,y), and for anyé € R the log MGF is where F° is given in (14) andy® is the mean off’° under

Pxy. By restricting to only thosd" that are probability
denoted, ) .
measures with the common meB(F'°) = 4° we obtain the
Apy (OF,) ::log/e(’F(z=y)PX(dm). (13) convex program,

min D(T'||Px ® Py)
subjectto (T, F°) =~°
This is the rate functiord .- (Px; F°) defined in (12). m|

Proposition 3.1: For a given functionF: X x Y — R,
define the new function,

Fe(x,y) =0"F(z,y) — Ap (0" Fy), (14)
where6* is chosen so that the following identity holds, IV. OPTIMIZATION OF A LINEAR FAMILY OF DETECTORS
6" F(e.5)—Aps (8°Fy) We now consider methods for computing an effective test.
/6 WA T B, y) Px (dz) Py (dy) = 7. We restrict to functions in a linear class of the fofi, =

Yaip + a € R where{y; : 1 < i < d} are given.

Then, the generalized mutual informatidg, (Px; I) can be \ye optain recursive algorithms based on the Newton-Raphson

expressed in the following three equivalent forms:

method.
(@) sup Liop(Px; F + G), Our main goal is to set the stage for the construction of
b) ?(y)(PX' 7o) sample-path algorithms (popularly called ‘machine lezgfji
(©) eiD; _ fAP ,(G*F )Py (dy) The resulting algorithms are similar to a technique intiath
X Y )

Proof: The proof of (a) will be contained in the full paper." [8] to solve a robust Neyman-Pearson hypothesis testing
To prove (b) and (c) we construct a Lagrangian relaxatigfoPlem, and recent independent work of Basu et. al. [17]
of the convex program (3) that defing,(Py: F). The concerning risk-sensitive optimal control.

Lagrangian is denoted(I") = A. Hypothesis testing
D(T||Px ® Py) — (L', F — ) We first consider approximation techniques for the Neyman-
—0o({, 1) — 1) — (Ts — Py, G) Pearson hypothesis testing problem.

) - _ For a given false-alarm exponeRt > 0 we seek the best
wheref is the Lagrange multiplier corresponding to the meagst in this class: It must be feasible, so t@}g(WO) CH_,
constraint, f, corresponds to to the constraint thBthas and subject to this constraint we seek the largest exponent
mass one, and the functiai corresponds to the typicality 3£, ) = min{D(I'||x}) : T € H}. DefineH_(a) := {T €
constraint,I'; = Py. The dual functional is defined as thers . (1 a7y) < 0} for o € RY, and letG_ C M the

infimum, ¥(0o, 0, G) = inf £(T'). A bit of calculus gives jntersection of all possible acceptance regionsHor

the optimizer!™(dz, dy) = ¢"'(=)“1TGW) Py (du) Py (dy), G- =(H-(a) : Q(x") C H_(a), a € R}
wherell € R is a constant. The next task is to understand the
Lagrange multipliers. Then, 3* = min{D(T||x!) : T € G_}. Alternatively, as in
To find G we simply integrate over. to obtain, Proposition 2.2 we can show that is the solution to the
d-dimensional convex program,
Py (dy) = /Iex I (de, dy) min  Ani(—oFa) + 0Ax, (Fa)

15
subject to 7°(F,) < 7'(F,) (19)

~ ( / D) Py (dr) ) O Py (dy)
zeX The first order condition for optimality of;, ignoring the in-
Hence we have for a.g. [Py], equality constraint®(F,) < ©'(Fy), is Va{Ax (—0a")) +

1 oA, (a")} = 0. This can be expressed
-I+G(y) — OF(z,y) _ —Apy (0F,)
’ (/mex P = O, —oR () + 07°(¥) = 0 € RY, (16)



where for any functiorG, V. SIMULATION -BASED COMPUTATION

20(eFa ) Optimization via simulation is compelling:

— i) It is convenient in complex models since we avoi
0(cFa) a7 Gt ient i | dels si id
e numerical integration.

On multiplying through bye*™ and dividing byo, with o* a (i) It offers the opportunity to optimize based on real data
solution to (16), we then havei! (a*™) + #°(a* ")) = 0. (iii) One obstacle in solving (15) is that this nonlinear
Recall that if 70 optimizes (11) therF? — ~ has the same ~ Program must be solved for several valuesof 0 until
value for anyy € R. We defineF* as the normalized function, @n appropriate value ok is discovered. This is largely
F* = o*™ — 7%(a* ™) so thati! (F*) = #°(F*) = 0. We resolved using simulation techniques since parallebrati

then necessarily have, by appealing to convexity of the logiS Straightforward.

nl(e~ef=@)
ml(e=eFa)

7(G) = 7(G) =

moment generating functions, A. Hypothesis testing
We introduce here a stochastic approximation algorithm
0 *\ _ d * d * _
T (F) = g (OF7) 6=0 < g (OF7) 0=1 0, intended to approximate the Newton-Raphson recursion (19)
Let {v:,¢:} denote a pair of positive scalar sequences. In
T (F*) = f5Ax (0F) P oA (OF) o, =0 the following algorithmV? > 0 is an estimate of the Hessian
B e (18) ande; is chosen so that for some constant 0,
ihili * 1 *
Consequently we have feasibility(F*) < 0 < 7' (F™). e <e, and [ed + V2] > el £>0.

For fixed o we obtain corresponding exponents,
The sequencéy, } is the gain for the stochastic approximation,

Ry = —Ar (F*) = =My (@) + 79 ("), such asy; = vo/(t + 1), t > 0, with 4o > 0 given.
By = —Api(—0F*) = =Aqi(—pa™"yp) — o7 (o) For ¢ = 1 to runlength
) o o > Draw independent samples from {r*} and
The Hessian of the objective function in (15) can be expss@valuate  ¢(X*): X0 ~ 7%, X} ~ ', 40 = $(X?),
b = Y(X7).

2 _ 2%l 50
VelAr(—ea'y) + oAy (a')} = 0°X" + 0% (18) . Estimate the mean of e under 7° and the

mean of e 2% % under =

where the matrice§>.’} are the covariance of under the

LT } 20 =0 4 (6a1w? — )
respective distribution$7}: ey =M T Mt 1)
1 1 —oolypp 1
i ) T i <if T . Ne+1 = T +%(e nt)
=7 (yT) = 7 (W) (YY), 1=0,1 > Estimate the un-normalized twisted mean of
) L ¢ under #° and #':
Hence, the Newton-Raphson method to estimstds given . . 160 0 o
by the recursion, Uiy = U7 4y (e 0y — 1Y) 22)
T.,1
3 - Wiy = W) 4y (e 0Vl — Wy
— _ 21 ZO —17_~1 ~0 19
Qe = ar = (0¥, + Yo ] [+, (V) + 7o, (V)] (19) > Estimate the un-normalizec(;l) twisted
. ~ ~1.
t > 0, with g € R? given as initial condition. covariance of ¢ under 7 Tarld T
E?Jrl =30+ Yt (ea'wt ¢?(¢?)T - 2?) (23)
B. Capacity Sha = S+ (Tl - 1)
The rate function (12) can be expressed in terms of the Estimate the Hessian , V2 = o X! /it + 20/
log-MGF via, > Newton Raphson recursion , ayi1 — o =
Lo (Px; Fa) = 0" — Aro (0°F, 20 2T g e
wr(Px; Fo) = 0"7a 7o ( o) (20) — [Et1+ Vt] [_ — Ui+ — 7/1;]
Ur U

Since§*F, = 6*a'y we arrive at the convex program, ) ) ) ) _ _
We illustrate this technique with an exampte: is uniform

Ioe(Px;1p) = max{a™p — Ao () : o € R}, on [0,1], and 7° is the distribution of themth root of a
- realization ofr for a fixed constant: > 0. Shown in Figure 2
wherey = (Pxy, ). are plots of £, vs. R for m = 5, with various choices of

Although it is in principle possible to find a test maximizingy: R — R<. These results were obtained using the stochastic
the generalized mutual informatiof,,, the resulting opti- Newton-Raphson method.
mization problem is complex and requires significant chnne Figure 3 is intended to illustrate the transient behavior of
information. A simpler algorithm is obtained if we minimizethis stochastic algorithm. The trajectories of the estenaif
the bound/,; there is no loss of optimality if the function £, and R appear highly deterministic. This is the typical
the function clasqF, = > o : o € R?} is normalized so behavior seen in all of the experiments we have run for this
that F? defined in (14) is zero for each. model.
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z,log(x) /10]” Optimal detector
J,ASJ T

[z, (1 + 102)%]"

2] T

[z,
[z, 1/(1 + 10z)]”

D(r||x°) = 2.39

Fig. 2. Solutions to the Neyman-Pearson hypothesis tegtioglem for
various linear tests. The marginal distribution B was taken uniform on
[0,1], and X° = V/XT.

1 Ry 3 En(Ry)
Fig. 3. Evolution of the transient phase of the stochastiovtde-Raphson

method. These plots show estimatesRy and E(R,) as a function of time
usingy = [(1 4 10x)~1, (1 + 10z)72,..., (1 + 102) %], with o equally
spaced among ten points fropal to 1.

B. Capacity

We close with some recent results on computation of

the best mismatched detector. Our goal is to maximize th[%]

objective functionJ(«) := I,,-(Px; F.,) defined in (20),

VJ = (Pxy,) — (T% )
V2T = (0%, ¢gpT) — (0%, ) (0, )T

(7]

where for any setd € B(X x Y),

Px ® Py, ef~l,)
(Px ® Py, ef«)

r“(A) := <

Hence a stochastic Newton-Raphson algorithm can be cd¥d

structed in analogy with the Neyman-Pearson problem. esul
for the AWGN channel are shown in Figure 4 for a special

case in which the LLR lies in the quadratic function clas[511]

obtained withy = (22,92, xy)".

0.8

[12]
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Fig. 4. Capacity estimates for the AWGN channel with SMR=

[16]

VI. CONCLUSIONS

In this paper we have relied on the geometry surrounding
Sanov’s Theorem to obtain a simple derivation of the mis-
matched coding bound. The insight obtained combined with
stochastic approximation provides a powerful new computa-
tional tool. Based on these results we are currently corisigle
the following:

(1]

(2]
(3]
(4
(5]

(8]

El

(23]

[24] 1.

[17]

(i) Signal constellation and code design based on a finite
dimensional detector clag¥, }.
(i) Maximization of the error exponent for a given trans-

mission rate, and a given detector.

(iif) Applications to MIMO channels and networks to si-

multaneously resolve coding and resource allocation in

complex models.
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