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Shoaling surface waves create turbulent shear flows at the sea-bed and thereby con-
tribute to wave energy dissipation in the bottom boundary layer. Turbulent boundary
layers are examined using a high-resolution time-dependent three-dimensional numer-
ical model. Simulations estimate the wave energy dissipation in the boundary layer.
Results indicate that turbulence levels are coupled to the wave cycle; accelerating
flow organizes the boundary layer structure, decelerating flow destabilizes it and flow
reversal induces the strongest turbulent bursts. Details of the flow are functions of
the Reynolds number, wave frequency, wave complexity, presence of a mean current,
and the flow history of the preceding wave period. Mean flow properties are com-
pared between the three-dimensional model and one-dimensional eddy-viscosity based
models. Generally, features of the boundary layer are satisfactorily approximated by
the eddy-viscosity models, with accuracy depending on the wave amplitude, period,

phase, and other forcing conditions.
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Chapter 1

Introduction

Many aspects of the flow of air or water in the vicinity of boundaries have been
studied theoretically and experimentally during the 20 century. In the beginning of
the century, Prandtl [1] showed that the flow about a solid body can be divided into
two regions, a very thin layer in the neighborhood of the body, called the boundary
layer, where friction plays an essential part, and the exterior region outside this layer,
where friction may be neglected. This concept made it possible to clarify many

complex phenomena which occur in flows.

At first, the boundary layer theory was mainly developed for the case of laminar
flow, but was later extended to include turbulent boundary layers, which are more
common in practical applications. The problem of laminar flow has been solved for
many cases. Turbulent boundary layers, however, are not well understood because of
their extreme complexity and are hard to compute since they contain a wide range
of spatial and temporal scales. The process of transition from laminar to turbulent
flow was first investigated at the end of the 19" century by Reynolds [2]. His work
was based on the observations indicating that turbulence occurs as a consequence of

instabilities that developed in the laminar boundary layer.

Turbulent benthic boundary layers are one of the most complex and important

phenomena in oceanic fluid dynamics. For example, the high turbulence levels and



shear stresses produced by surface waves are believed to play an important role in
determining the resuspension and transport of sediment. Moreover, shoaling surface
waves create, in the boundary layer, turbulent shear flows at the seabed and thereby
contribute significantly to wave energy dissipation. Mei [3] has shown that the wave
bottom boundary layer makes the dominant contribution to wave energy dissipation
rates in regions where active surface wave breaking does not occur. Knowledge of the
bottom boundary layer is thus key to understanding the influence of the wave field
on the sea floor, learning about the instabilities and the transitions to turbulence and

quantifying the surface wave energy dissipation rates in this region.

The long-term objective of this study is to improve the understanding of turbulent
benthic boundary layers in littoral waters. The primary goals are to make estimates
of wave energy dissipation rates that occur in the boundary layer for different wave
field conditions, that is for different wave amplitudes and wave frequencies, different
shapes of wave (sine wave, skewed wave, complex wave, wave packet or steady flow),
and various combined wave-current flows. The tool to investigate these processes is
the high-resolution three-dimensional time-dependent numerical model developed by
Slinn and Riley [4]. An attempt to gain improved understanding of the turbulent
boundary layer has been done, including mechanisms of transition between laminar
and turbulent flow regimes, and the influence of the presence of a mean flow. Im-
provements of the numerical computations of the three-dimensional model have also

been implemented by increasing the order of accuracy of spatial derivatives.

In the past, three-dimensional boundary layer models were too computationally
expensive to solve and reasonable approximations with experimental measurements
could be obtained with one-dimensional models. One-dimensional models based on
the turbulent eddy-viscosity concept have been tested here, based on the work done

by Grant and Madsen [5] and Trowbridge and Madsen [6]. Analytic solutions for



laminar oscillatory boundary layer flows have also been analyzed, in order to better
understand the behavior of initial transients in boundary layers and to analyze phases
in which the flow is laminar. The tool of three-dimensional boundary-layer modeling
is used to estimate the performance of these one-dimensional models for idealized flow
conditions of a wave bottom boundary layer over a smooth plate with simplified wave
oscillations.

This work involves theoretical analysis, numerical computations, and comparisons
betweens numerical models and field and laboratory results. The thesis is organized
as follows; first, a literature review is given in Chapter 2. This part reviews work
done on the wave bottom boundary layer, such as the transition from laminar to
turbulent flow, and various experiments and mathematical models developed to sim-
ulate the wave boundary layer and the wave-current motions. The characteristics of
the boundary layer and the presentation of the governing equations of motion for the
boundary layer flow are described in Chapter 3. The three-dimensional model of the
wave bottom boundary layer, developed by Slinn and Riley [4], is reviewed in Chapter
4. A one-dimensional turbulent eddy-viscosity based model is introduced in Chapter
5. Results obtained with the three-dimensional model with different wave forcing
conditions are compared to the eddy viscosity models in Chapter 6. The conclusions

are presented in Chapter 7.



Chapter 2

Literature Review

Prandtl [1] introduced the boundary layer theory to resolve, for finite Reynolds num-
ber (Re = %6), the inaccuracy of the “irrotational” or “potential” flow solutions
derived by neglecting viscosity (i.e., Re ~ co) near a solid surface. He postulated the
existence, between irrotational flows and the stationary solid surface, of a thin layer
of fluid in which the velocity increased from zero at the wall to the theoretical value
of the potential flow at the edge of the layer. In such a “boundary layer”, where the

velocity gradient is high, viscous effects on the flow are important.

2.1 The Wave Bottom Boundary Layer

The wave bottom boundary layer has been studied extensively, using laboratory, and
field experiments, numerical computations, and theoretical analysis.

One of the first problems in which the Navier-Stokes equations were solved was
the oscillating plate problem. Stokes [7] determined the motion of the fluid over a flat
plate plate oscillating in its own plane with a velocity Uy (t) = U, sin wt. Considering

the z-momentum equation for a single velocity component u(z,t) given by
= 2=, (2.1)

where v is the kinematic viscosity and z the vertical direction, positive upwards,



Stokes found a solution of the form

u(z,t) = Up, sin(wt — \/gz) exp(— ;—Vz) (2.2)

Others have shown that the problem of an oscillatory stream over a stationary bound-
ary is mathematically similar. The laminar flow solution satisfies the relation given

by Batchelor [§]

U2 cos(wt — T
0 = U( — 4), (2.3)

v

where U, is the maximum free stream velocity amplitude, A,, the free stream particle
amplitude or excursion length, such that A, = U,/w, and w the wave frequency.

Section 5.2 considers the related case of an oscillatory stream over a flat plate.

2.1.1 Laminar Boundary Layer

Jonsson [9] characterized the wave bottom boundary layer by two Reynolds numbers

Res = U%(S (Boundary layer thickness Reynolds number), (2.4)
UnAn, )
RE,, = (Amplitude Reynolds number), (2.5)

v
where ¢ is the boundary layer thickness.
In the case of laminar flow, Jonsson [9] found a relation between the boundary

layer thickness, J, and the amplitude Reynolds number, REy, ,

0 /i
An  V2RE.,’ (26)

and between the boundary layer thickness and the maximum bottom shear stress
ou v ou

during the wave period given by 7Tymas = ,ua—‘ = —a—‘ ,
zlw  pQozlw

Twmaw _ m VUm

P V2 0

2.7)



where p is the fluid density and p the dynamic viscosity. The wave boundary-layer

*
wmax

*

wmag 15 the maximum

thickness is thus inversely proportional to u Jw, in which u

shear velocity for the wave boundary-layer flow, given by

Twmaz
u;maz = * (2 ° 8)
P

Jonsson [9] also defined the wave friction factor, f,, in relation to the maximum

bed shear stress, Tymaz, by

1
Twmaz = §pfw (Amw)Q- (29)
In laminar flow, the wave friction factor is given as a function of the amplitude

Reynolds number, RE,,

2
fuw = JREL (2.10)

In the case of laminar flow, Jonsson [9] compared his results to Iwagaki et al. [10]
experiments who directly measured the shear stress exerted on a smooth horizontal

bottom by progressive shallow-water waves and found, that f,, ~ 2/\/REy,,.

2.1.2 Transition from Laminar to Turbulent Flow

The wave boundary layer can be either laminar or turbulent. Several studies have
been done to determine the ranges of laminar, transitioning, and turbulent flows.
Jensen et al. [11] examined turbulent oscillatory boundary-layer flows over smooth
and rough bottoms for high Reynolds-number flows. Hino et al. [12] focused on
experiments that lie inside the transitional flow regime. The free-stream velocity was
forced to be purely oscillatory. Mean and turbulence measurements were carried out
up to an amplitude Reynolds number of RE,_ = 6x10° over a mirror-shine smooth

bed. Friction coefficients as function of the amplitude Reynolds number, RE,, , were



determined as a function of the wave phase, wt, to be

2 2
¢, = _ U (2.11)
pcos(wt — 7)

and are plotted in Figure 2.1.

(¢]
10 T rvrrn¥ T rorrrreg e T 1Tuun‘ T T TTTT

L L _Lalll

T
—
1

Transitional

T T ) s TIT]
—
g
g
c
0]
2

-1 LLlllll

1021 -
o ] 3
r Laminar: 1280 5
g A ]
F cwr—on 607
s RE 30°
10 = 15" —
Z ]
—Al- RE -
10 3| 1 lljtlll A1 L lllll_ll I\ A LA lllll A Illlllll L 1 JIJ’
10 10% 10° 108 10’ 108

Figure 2.1: Normalized friction coefficient, c,, versus amplitude Reynolds number,
RE = RE},, at different phase values, wt.

The friction coefficient is normalized with the cosine factor so that the laminar flow
values collapse onto a common line. Figure 2.1 shows that every individual phase ex-
periences three distinct flow states, the laminar, the transitional, and the turbulent, as
the amplitude Reynolds number is increased. Moreover, the transition does not occur
abruptly. For example, for wt = 60°, the transitional-flow state occurs over a range of
amplitude Reynolds number from 1.5x10° to 1x108, and the flow becomes fully turbu-

lent for RE,,, >10°. As wt decreases, it is seen that the amplitude Reynolds-number



range, over which the turbulent flow occurs, shifts to higher Reynolds-number values.
The critical value of the amplitude Reynolds number, RE, .., corresponding to the
first appearance of turbulence is RE,, ., ~ 10°, which is in fairly good agreement
with the experimental data reported elsewhere in the literature (e.g., Spalart and
Baldwin [13]). Even at higher frequency Reynolds number, however, the flow is not
fully turbulent during the entire wave period. The bed shear-stress behavior as a

function of time diverges as the Reynolds number increases.

In a laminar flow, the friction coefficient, ¢,,, should be a constant and located on

the curve ¢, = \/RQE—. From Figure 2.1, it can be observed that the flow is laminar
Am

for Reynolds numbers less than 5x10*, but even at very high Reynolds numbers, the

flow can be partly laminar at the phases where the outer flow velocity is small.

Kamphuis [14] determined the shear stress present at the bed for a number of fixed
rougheness and smooth beds in an oscillating water tunnel. He measured the value
of the friction factor and found that it is well described by the theoretical laminar
friction factor for Reynolds number up to RE4,, = 3x10°, i.e., f, = 2/y/A2,w/v. In
the transitional range, 3x10° < RE,, < 6x10°, the friction factor increases and then
in the fully-developed smooth-wall turbulent regime, the friction factor decreases.
Kamphuis [14] compared his results with the laboratory works of Kajiura [15] who
determined the transition regime as 6.25x10* < RE,, < 4.23x10° and found satis-
factory agreement.

Jonsson [9] found that the laminar-smooth turbulent transition regime occurs
between RE,,, = 10* and RE,, = 3x10° and used in his paper RE,,, = 10° as
a transition value. He found that smooth-turbulence transition regime, in the case
of open channel flow, fell in the range 250 < Res = U%(S < 500 which corresponded
to 1.26x10* < RE,, < 3.00x10*. In the case of wave bottom boundary layers, the

flows were turbulent for RE,_ > 10° or for Re, > 10° where Re, is defined as the



frequency Reynolds number

Re, = =™~ (2.12)

which is equivalent to the amplitude Reynolds number, RE,, . This value of the
frequency Reynolds number, Re,, = 10°, will be used as the typical critical Reynolds
number in the discussion below.

Fredsoe [16] also found that for values greater than about RE, = 5x10°, transi-
tion to turbulent flow occurs over smooth boundaries.

Several experimental investigations have been done on the variation in friction
factor, f, = 2Twmas/pUZ, as a function of the Reynolds number. Results obtained
by Kamphuis [14], Sleath [17], Jensen et al. [11] and Hino et al. [12] are presented in

Figure 2.2.
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Figure 2.2: Experimental investigations on the variation in friction factor with the
amplitude Reynolds number in flow over a smooth bed (e: Kamphuis [14], x: Sleath
[17], o: Jensen et al. [11], A: Hino et al. [12]).

It can be noticed that the transition from laminar to turbulent flow takes place

for the amplitude Reynolds number in the interval 2x10° < RE,, <6x10°.



2.2 Models of the Wave Bottom Boundary Layer

Relatively, few experiments in the wave bottom boundary layer have been performed,
however, numerous mathematical models have been developed.

One of the first attempts to describe the oscillating turbulent boundary layer by
a mathematical model was done by Kajiura [15]. In his model, the boundary layer
is divided into three sublayers, an inner, an overlap and an outer layer, each with its
characteristic mean turbulent viscosity v;(z). The eddy viscosity in the thin inner
layer is taken as a constant. In the overlap layer, it is assumed to vary linearly with
the distance from the bed and finally in the outer layer, the viscosity is kept constant
from a certain distance away from the bed. The division of the boundary layer into
three sublayers requires the estimate of the thickness of the different layers and the
matching of the analytical solution at the interfaces. Thus, Kajiura [15] obtained a
rather laborious analytical-numerical solution.

It would have been physically more reasonable to assume a form of the viscosity in
the outer layer that decreases with height. For instance, Lundgren [18] assumed a form
for the viscosity that increases linearly with z for small z and decreases exponentially

for greater z, that is

v= m\ub(t)\zexp(—zi), (2.13)

where z,, is the specified height of the maximum viscosity, |us(t)| the magnitude of
the friction velocity, and x the von Kdrman constant(x ~ 0.4).

Brevik [19] simplified the analysis of Kajiura [15]. He developed a two-layer theory
of the oscillatory turbulent boundary layer over a rough surface by neglecting the
inner layer, where the viscosity was kept constant in Kajiura’s model [15]. Thus, no
matching procedure is necessary for the lower overlap region. In contrast, however,

to Kajiura’s solution, Brevik’s solution for the fluid velocity has to be specified at a
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fixed level close to the bottom. This approach is somewhat common in the theory
of turbulent uni-directional flow over a rough surface. Brevik’s results show the
usefulness of the two-layer theory as compared to the more complicated three-layer
model and support the idea of introducing a turbulent viscosity, which is independent
of time, at least in the near-bed region.

Kajiura [15] and Brevik [19] have tested their analytical results against the ex-
periments done by Jonsson [20] and Jonsson and Carlsen [21] and have obtained
reasonable agreement. They did not take into account, however, the possibility that
the eddy viscosity could also be a function of time. The thickness of the wave bound-
ary layer was also taken as a time-independent quantity and the variation in bed
shear stress was assumed to be an harmonic function of time.

Jonsson and Carlsen [21] have removed some of these shortcomings by using the
time-integrated momentum equation and by considering the velocity distribution in
the near-wall region to be logarithmic. Since the momentum equations are integrated
over a wave period, their approach was not able to describe the variation of the bed

shear stress.

*

r.az? for the com-

Grant and Madsen [5] assumed a viscosity of the form v, = ku

*

plete range of the boundary layer, where v ..

is the maximum bed shear stress during
the wave period. The continued growth of the turbulent viscosity seems dubious since
turbulence decreases in the upper portion of the boundary layer. The resulting veloc-
ity distributions, however, obtained with the Grant and Madsen model are generally
in good agreement with laboratory results.

Physically, the eddy viscosity should not increase through the entire boundary
layer, as is assumed in the Grant and Madsen’s model [5]. The reason their ap-
proach is so successful is that % tends to zero faster than the turbulent viscosity

z
increases in the upper region of the boundary layer. Still, others have attempted
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more realistic eddy-viscosity models employing either exponentially decaying (Long
[22], Sanford [23]) or constant eddy viscosity (Kajiura [15], Brevik [19]) in the outer
part of the boundary layer, that show good agreement with the velocity profile for
different phases.

Although more recent models have been developed and some of other models, e.g.,
Brevik [19], have shown to produce results in slightly better agreement with exist-
ing laboratory measurements than the Grant and Madsen model [5], the differences
between results based on the various models are small, and the Grant and Madsen
model is generally accepted as a standard and a simpler model to implement than
more complex one-dimensional models.

The model developed by Grant and Madsen [5] will be adopted in this work to
estimate the wave bottom boundary layer with a one-dimensional model.

Grant and Madsen [5] discussed the physical justification of the eddy viscosity
model, and derived an analytical solution for the velocity profile in terms of Kelvin
functions for v,(z) = ku,,.2. A theoretical study similar to the Grant and Madsen
model [5] is reported by Lavelle and Mofjeld [24]. Lavelle and Mofjeld [24] produce
a partly numerical solution and a detailed comparison with laboratory data is given
to support the model. The semi-analytic model of Lavelle and Mojeld [24] is defined
such that the flow and the time-variable viscosity are interdependent. Their eddy

viscosity is given by

vr(2) = klup(t)|z, 20 < 2 <4, (2.14)

v, (z) = klup(t)|6, 0 <z, (2.15)
where the magnitude of the modified friction velocity |uy(t)] is
lup(t)] = [u2(t) + e2u™(t + %)]1/4, £~ 0.2. (2.16)
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This model shows that neglecting time variations in viscosity results in underestimates
of maximum bottom stress and distortion of the flow profile near times at flow reversal.

Trowbridge and Madsen [6] present an analysis of oscillatory boundary layer flows
induced by linear surfaces waves near a rough bottom. The flow is produced by a train
of plane, progressive, monochromatic surface waves traveling across a sea of constant
depth with a fixed rough bottom. The Reynolds-averaged horizontal velocity just

outside the near-bottom boundary layer is given by the expression
Uso(z,t) = Apwcos b (0 = wt — kx), (2.17)

where k£ = 27 /) is the wavenumber and A the wave length. As Uy (z,1) is symmetric
in time, ie., Uyg(z,t) = —Ux(z,t £ m/w), the velocity and the stress inside the
boundary layer must have the same property, and only contain odd harmonics of the
fundamental frequency. These quantities can be expressed in the following general

form

Uz, z,t) = R[Sp2 U (2) P00, (2.18)
Toa(, 2, 1) = R[EX 7D (2)tt2n 10 (2.19)
where U®"+D and 73"+ are some complex functions of z and R represents the real

part. The turbulent eddy viscosity relates the Reynolds shear stress to the ensemble-

averaged velocity gradient such that

oUu
zT — T 2.20
Tow = PVr - (2.20)

Thus the comparison of these last three equations shows that the eddy viscosity

contains only even harmonics of the fundamental frequency and can be expressed as

vy (z, 2,t) = R[EZ 0@ (2)ei2)], (2.21)

(2n)

where v\*™ is complex.
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Most existing analytical models of turbulent benthic boundary layers are based
on a time-invariant eddy viscosity, however, in reality, the eddy viscosity varies with
time. Trowbridge and Madsen [6] assume the viscosity to be the product of a vertical
length scale and the first two Fourier components of a time-varying shear velocity

based on the instantaneous value of the bed shear stress

v (z, 2,t) = VOR[ + aPe?), (2.22)
©) _ o ) 1% 0<2z<4
A /{uf{ 5, 5, < » (2.23)

1 being equal to /6, where [ is a length characterizing the boundary layer thickness.

£ [1/2

The real constant u; = is the shear velocity that characterizes the average
1/2
T

turbulence intensity over the wave period and the complex constant (2 = 2¢—i2¢ :

represents the amplitude of the temporal variation of the viscosity, where an overbar
denotes a time average over one wave period. Using this model, an approximate
analytical solution of the equation of motion can be obtained and comparisons with
laboratory measurements indicate that the turbulent eddy viscosity varies with time
and that the theoretical approach used is physically sound.

Results from Trowbridge and Madsen [6] will also be compared to the three-
dimensional model in this work.

Trowbridge and Madsen [6] assumed that the time-varying part of the viscosity has
the same vertical structure as the steady part. In reality, the time-varying component
is believed to decay more rapidly with distance above the bed than does the steady
part. One could model this effect by assuming that temporal variation of the eddy
viscosity is confined to be in the inner part of the boundary layer (0 < z < 1/6). This
exercise was carried out by Trowbridge [25] with no qualitative difference between

the results obtained, allowing the time variation to extend to J.
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2.3 Wave-Current Boundary Layer Models

Accurate knowledge of the combined wave-current motion is vital for wave forecasting
and sediment transport, the sediment being usually suspended into the water column
by the waves and transported by the current. Introducing steady mean currents on
the wave motion adds to the difficulty of estimating shear and dissipation in the
boundary layer. In the case of wave-current flows, the turbulence is not restricted
to the thin wave boundary layer, but can extend to the whole water depth. The

interaction of the two kinds of turbulence is highly nonlinear.

The flow depth in the combined wave-current motion can be divided into roughly
three zones, according to Lundgren [18]. In the upper zone, the turbulence is purely
associated with the mean current and the turbulent characteristics are independent
of the waves. In the transition zone, the turbulent motions produced by the wave
boundary layer are of the same order of magnitude as those supported by instabilities
of the mean current. Finally, the lower zone is dominated by wave-produced turbu-
lence. The vertical extent of each zone depends on the relative strengths of waves
and current; if the current becomes very strong compared to the waves, the wave
zone may vanish. The change in the turbulent structure due to the presence of waves

implies that the vertical distribution of the mean current profile will also be different.

Lundgren [18] utilized the measurements of the eddy viscosity in the pure wave
boundary layer from Jonsson [20] to determine a theory for the combined wave-current
motion using the eddy-viscosity concept. The eddy viscosity was taken as the mean
viscosity over one wave period. Lundgren’s model is a time-averaged model which

does not take into account the variations with time of the boundary layer.

A simplified model based on Lundgren’s ideas was later developed by Fredsoe

[16]. Fredsoe [16] considered both the case of a pure oscillating wave boundary layer,
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assuming the velocity profile near the wall to be logarithmic and the combined wave-
current motion. The mean current velocity profile in the combined wave-current flow
is calculated using the depth-integrated momentum equation in the direction perpen-
dicular to the mean current. The velocity distribution is assumed to be logarithmic
inside as well as outside the wave boundary layer, but with different slopes. Using
this approach, the flow can be determined across the whole range from the pure wave

motion to the pure current motion.

Grant and Madsen [26] have developed, using the eddy viscosity concept, a more
detailed model for combined wave-current flow than that of Lundgren [18]. In this
approach, the eddy viscosity and the boundary layer thickness are assumed to be
constant in time and all variations with time are assumed to be sinusoidal. The
addition of a wave on the steady current above the wave boundary layer results in an
increase in the apparent roughness experienced by the current. The eddy viscosity
model proposed by Grant and Madsen [26] focuses on the case of a steady current
interacting with monochromatic, uni-directional waves over a rough bottom, with
roughness elements small in comparison to the thickness of the wave boundary layer.
Turbulent closure is accomplished by employing a time invariant turbulent eddy-

*

viscosity model, which varies linearly with distance from the bed as v,(z) = ku,,,2-
In the vicinity of the bed, the velocity profile under a steady uni-directional flow
shows little sensitivity to the choice of either a linear or parabolic distribution of the
viscosity, thus the simpler linearly form is used in this model. In the model, the z-
and y-axes are oriented in the cross-shore and along-shore directions, respectively and
the z-axis is vertical, positive upward. The direction of wave propagation is along
the zi-axis, which is inclined at an angle of incidence # to the z-axis. The velocity

components in the x- and y-directions are v and v, respectively and the wave-induced

velocity in the z;- direction is denoted u;. The mean flow is assumed to be in the
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along-shore direction. A closed form solution is possible in terms of Kelvin functions

for the wave-induced velocity of the form

ker(2v/€ + ikei(24/€) .
ker(2v/& + ikei(2+/€o) exp(zwt)ﬂ ’

ui(z,t) = R lﬁ; <1 - (2.24)

where U, is the free-stream complex velocity just outside the boundary layer, £ =
(z;—A) the non-dimensional vertical boundary layer coordinate, /A being the displace-
ment height of the bottom, 2z, the bottom roughness parameter and / a length scale
equal to ku*/w, & = z/l, and ker and kei are zero'-order Kelvin functions. In
the case of pure oscillatory wave, the predictions of the velocity magnitude give good
agreements with experimental results of Jonsson and Carlsen [21] however the phase
of the velocity is not so well predicted.

Smith [27] has taken a similar approach, however, his model treats only the co-
directional flow cases and assumes that the problem of interest is the interaction of
waves and currents in a current-dominated environment, whereas Grant and Madsen
[26] approach the problem from the opposite end.

Bakker and Doorn [28] applied mixing length theory, assuming that the mixing
length was proportional with the distance from the bed, and included in their model
the time variation in the eddy viscosity. The assumption of a mixing length hypoth-
esis, however, in a strongly unsteady flow is questionable. The work by Bakker and
Doorn [28] is restricted to the two-dimensional (z-z) case, in which the current and
the wave propagation are in the same direction, while Grant and Madsen [26] consider
three-dimensional flow.

Myrhaug and Slaattelid [29] developed a theoretical model describing the motion
in combined wave and current boundary layers near fixed rough sea-beds. A three-
layer time invariant eddy viscosity model was employed. The inner layer is dominated

by the waves and the eddy viscosity increases quadratically with distance from the
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sea-bed and then is constant from a certain height. The combined flow demonstrates
a clear reduction in the steady component of the velocity near the sea-bed compared
with the no waves situation. Comparison with experimental data support the model

results.

Christoffersen and Jonsson [30] used two simple two-layer linearly varying eddy-
viscosity models. These models have the same viscosities in the current boundary
layer but different viscosities in the wave boundary layer.

Most of the existing theoretical models, e.g., Grant and Madsen [26], Myrhaug
and Slaattelid [29], and Christoffersen and Jonsson [30] suggest that the addition of a
current to a wave boundary layer will increase the turbulence intensity and the eddy
viscosity in the bottom boundary layer. Hence the wave boundary layer thickness
should increase as \/m The experimental data, however, indicate that the effect is
weaker than the models have predicted.

Laboratory experiments have been conducted in channels with smooth and rough
beds by Kemp and Simons [31], for wave flow only, mean current only, and wave-
current flow propagating in the same direction. They investigated the interaction
between a turbulent current and surface gravity waves of different amplitudes. The
mean velocity profile was found to follow the law of the wall for a current flow. Adding
a current in the direction of the wave propagation makes the waves longer in trough
and crests sharper. The maxima and minima of the periodic wave-induced velocity
near the bed are also reduced. The main effects of introducing a wave are to reduce
the mean velocity in the upper layers and increase it in the turbulent boundary layer
near the bed. The uni-directional turbulent boundary layer is reduced in thickness
by the superposition of waves and the maximum horizontal turbulence intensity for

the combined wave-current flow is 20 % higher than for the current alone.

Van Doorn [32] measured the velocity profile for a pure current, a pure wave, and
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a combined wave-current flow in an oscillating water tunnel. His experiments indicate
that the structure of the oscillatory flow is unchanged by the addition of the current
but that the addition of the waves changes the current profile considerably.

Measurements from Sleath [33], in the case of perpendicular combined wave-
current flow showed little or no change to the wave boundary layer structure due
to superimposed currents of moderate strengths.

Measurements from Kemp and Simons [31], Van Doorn [32], and Sleath [33] show
that the influence of a mean current over a wave flow depend on the intensity of the

mean current.

2.4 Direct Numerical Simulations of a Turbulent
Boundary Layer

Spalart and Baldwin [13] were first to develop a three-dimensional Navier-Stokes
solver for the direct numerical simulations of an oscillatory turbulent boundary layer.
Their model used a spectral method in a semi-infinite domain, perpendicular to the
boundary and two periodic directions horizontally. The spectral basis functions used
in their model are well adapted to the flow and confirm results given by linear theory.
The oscillating boundary layer flow displayed complex behavior, a function of the
phase angle, wt, and the Reynolds number, Re;, = Uy,,05/v = Up\/2/vw, where §; is
the Stokes boundary layer thickness. A first transition from laminar to pre-turbulent
regime occurs just below Res, = 600. A turbulent state, during at least part of the
cycle, is well-developed after a second transition for 600 < Res;, < 800. In this regime,
small disturbances of the flow decay in time and large disturbances destabilize the
boundary layer.

Vittori and Verzicco [34] recently performed three-dimensional numerical simula-

tions of the Stokes boundary layer over a wall with small imperfections to analyze
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the process of transition from the laminar to turbulent flow. Their model used, a
periodic domain in the streamwise and spanwise directions, with standard central
second-order finite difference spatial approximations and a fractional-step method in
time. Comparisons to analytical (Blondeaux [35]) and experimental (Jensen [11])
results gave good agreements. Imperfections of the wall were of fundamental impor-
tance in causing the growth of two-dimensional disturbances. As Res, > 550, the flow
is found to be intermittently turbulent. They observed that the accelerating part of
the wave cycle is characterized by turbulence production and that the decelerating
phase induced a dissipation of energy.

Akhavan et al. [36] investigated the stability of oscillatory two-dimensional chan-
nel flow to different small disturbances by direct numerical simulations of the Navier-
Stokes equations using spectral techniques. They concluded that transition to turbu-
lence in oscillatory Stokes layers can be explained by a secondary instability mecha-
nism of two-dimensional finite-amplitude waves to a three-dimensional infinitesimal
instability mechanism. They also found a transitional Reynolds number of the order

of Res, = 500.

2.5 Field observations of the wave bottom bound-
ary layer

Foster et al. [37] present field measurements of the wave bottom boundary layer
cross-shore velocity within the surf zone. Evidence for the velocity overshoot in
the boundary layer is shown. The observations are compared with two linear eddy
viscosity models based on that of Smith [27] and Foster et al [38]. Overestimates of
the eddy viscosity and underestimates of the phase are found. These observations are
among the first coherent looks at the wave bottom boundary layer in the nearshore

region.
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Sarpkaya [39] investigated experimentally the creation and development of low-
speed streaks and coherent structures (e.g., arches, hairpins) on a long cylindrical
body immersed in an oscillating flow. Stability of the flow is dependent on strong
pressure gradients, inflections points in velocity profiles and shear stress reversal. The
transitional and turbulent states, dependent of the Reynolds number, Res = Uppaq0 /v,
present vortical motions which burst themselves during periods of decelerating flows.

Gad-El-Hak et al. [40] experimentally investigated the stability of decelerating
boundary-layer flows. The boundary layer becomes unstable to two-dimensional
waves, which become three-dimensional, generating hairpin vortices and turbulent
bursts. The boundary layer equations have also been solved numerically, the stabil-
ity analysis being done using the Orr-Sommerfeld equation. Comparison of velocity
profiles are consistent with the observations and measurements made.

Piomelli et al. [41] studied vortical structures in spatially developing turbulent
boundary layers subjected to flow acceleration in two cases, low and strong accelera-
tions. In the mild-acceleration case, an equilibrium of the boundary layer is obtained.
The structure of turbulence is modified, longer streaks and fewer coherent vortices
are observed. In strongly accelerating cases, the flow tends to approach the laminar
profile. The turbulent kinetic energy increases less rapidly than the energy of the

mean flow.
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Chapter 3

The Boundary Layer Theory

3.1 The Boundary Layer

The region of fluid near a boundary (body, wall, mixing layers between two portions
of flow moving at different speeds ... ), the so-called boundary layer, is normally very
thin, perhaps a few millimeters over a smooth, solid bed and a few centimeters over
a flat bed of loose sand. This layer is affected by the velocity shear produced at
the boundary; the viscosity u, a fluid property, exerts an essential influence in this
domain.

The existence of intermolecular attractions near the boundary causes the fluid to
adhere to the boundary and this gives rise to a shear stress 7,, given by Newton’s

friction law

ou
Tw = fig |, (3.1)

On the other hand, in the remaining region, no such large velocity gradients generally
occur and the effect of viscosity is less important; the flow is potential, frictionless,
and can be approximated by the inviscid-fluid theory.

The inner layers of a real fluid transmit normal and tangential stresses. Because
of the presence of the tangential forces, there exists on the boundary no difference in

relative tangential velocities, that is the velocity of the flow on the boundary is the
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same as the velocity of the boundary; this phenomenon is called the no-slip condition.

A sketch of a boundary layer flow over a flat plate is represented in Figure 3.1.

U Forces due to
e° friction negligible
-
e - A I
. Friction | O(x) _
* X
= — — = =
leading edge

Figure 3.1: Boundary layer flow over a flat plate under a free stream velocity U.

This figure represents both the boundary layer flow, where friction is important,
and the outer flow, where viscosity effects are negligible. In the boundary layer, the
velocity of the fluid increases gradually with the distance from the leading edge from
zero (no slip-condition) to its full value which corresponds to the external frictionless
flow, Uy.

The characteristic length of the boundary layer is the boundary layer thickness, 9,
which is generally defined as the distance from the wall where the velocity differs by
1 percent from the external velocity. In this example, the boundary layer thickness
is a function of the distance from the leading edge in the downstream direction. For
laminar flow, ¢ increases continuously in proportion to /x. Moreover, as it is also
proportional to the square root of the viscosity (§ o< v¥T', T flow period in the cases
of oscillatory flow and time in the case of impulsively started flow), the boundary layer
thickness increases with the viscosity or more generally decreases as the downstream

Reynolds number Re, = Uyx/v increases.
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Near the leading edge, the boundary layer is always described as laminar as the
streamlines are nearly parallel to the surface. So long as the local Reynolds number
is below a certain limit (depending on the type of flow or boundary) the motion
within the boundary layer is stable. When a critical number is exceeded, the flow in
the boundary layer becomes unstable, with vortex formations, apparition of bursts of
turbulence in places of high local vorticity, and coalescence of turbulent spots occurs

and a fully turbulent boundary layer can develop.

3.2 Governing Equations of the Boundary Layer

The equations of motion of a three-dimensional boundary layer flow are described by

the Navier-Stokes equations.

The inviscid-flow theory fails near the boundary because the proper scale for
viscous effects is not L (length of the wall in the direction of the flow, for example)
but §, the boundary layer thickness. Thus, the derivatives of the velocity across the
boundary layer, i.e., %, would be underestimated by U /L in the inviscid theory
whereas this derivative would be of the order Uy /0.

Considering forced, dissipative, incompressible flow within the Boussinesq approx-
imation (Phillips [42]), the dimensional conservation equations for mass and momen-

tum in the boundary layer are, respectively,

0 0 0
8_Z + O_Z + 8_1,: =0 Equation of continuity, (3.2)

a_u+ua_u+va_u+wa_u — _1%+V(82u+82u+82u
o 0x Oy 0z  poz 0x?  0y? 022

)+F, x-momentum equation,

(3.3)
ov ov Ov ov 1 Op; v 0% 0%

Uy w— = +U(=—=+=—+=—)+F -momentum equation,
ot 0x Oy 0z p Oy (3:52 0y? 322) v Y q

(3.4)
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8_w+u8_w+v8_w+w6_w — _1%_ +V(82w+62w+62w)
at " Vor Yoy " Var T Tpoz YTV 82 T a2 T 922

z-momentum equation, (3.5)

+ F,

where the components of the fluid velocity (u, v, w), respectively along the z-, y-, and
z-axis, and the total pressure p; are the unknowns. The Cartesian coordinates (z, y, 2)
are respectively aligned across-shore, along-shore, and vertically, positive upwards, ¢ is
time, g is the gravitational acceleration, p the constant fluid density, v the kinematic
viscosity, and (Fy, F,, F,) the z-, y- and z-components, respectively, of a body force.

The pressure field can be written as p; = py + p, where p, is a reference state in

hydrostatic balance with the background density field, e.g.,
Po = —pgz. (3.6)
The governing equations may be nondimensionalized as follows
(3.7)

where U is the characteristic velocity, L a characteristic length scale and pressure p

is nondimensionalized with the dynamic pressure. Dropping the *’s, and using the

D 0 0 0 0
material derivative, D= 5 + ug- + va—y + wos and substracting (3.6) from the

z-momentum equation, the governing equations can be rewritten in nondimensional

form
ou Ov Ow
3 oyt (3.8)
@ . _8_p +i(82u n 0%u n 0%u
Dt O0x Re 0x2 0y* 022
Dv op 1 0% 0 0%

Dt~ oy R o T T o)
Dw op 1 00w 0w 0w

Dt~ 9: T Re\o T o)

)+ Fi, (3.9)
+ Fy, (3.10)

+F,, (3.11)
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where Re is the nondimensional Reynolds number given by

_uL

14

Re (3.12)
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Chapter 4

The Three-Dimensional Wave
Bottom Boundary Layer Model

4.1 The Numerical Model

A three-dimensional numerical model has been developed by Slinn and Riley [4] for
Direct Numerical Simulations (low Reynolds number) and Large Eddy Simulations
(large Reynolds number) of a turbulent boundary layer flow. The numerical model
is based upon the full Navier-Stokes equations (3.2), (3.3), (3.4), and (3.5), with an
external pressure gradient F, = ag—xoo added to the z-momentum equation to force
current external to the boundary layer.

Shoaling surface waves create turbulent shear flows in the boundary layer at the

sea floor and thereby make significant contributions to wave energy dissipation rates,

and fluid sediment interactions. The dissipation rate is given in a three-dimensional

flow by
) = o) v2(z) +2(5) + (G 5)
ow 0 du O
(G_Z N 8_2)2 (a_z + 3—5)2] (4.1)

The three-dimensional model domain under a progressive wave, of length A ~ 100
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m and height H = 2n ~ 2 m, propagating at a velocity Cp, at a water depth h ~ 5

m, is drawn in Figure 4.1.
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Figure 4.1: Horizontally periodic boundary layer domain (dimensions of the order of
10 cm?®) under a progressive wave of height H, length A and depth h.

The wall at the bottom boundary is considered to be smooth. The dimensions are
L@ LW and L*) along the z-, y- and z-axis, respectively. Experiments have been
conducted using, for example, L(*) = 10 cm, L® = 7.5 cm, and L®) = 5 cm.

In order to simplify lateral boundary conditions, the model geometry is periodic

in the alongshore z- and across-shore y-directions such that
(u,0,w,p) (2, y, 2, t) = (u,v,w,p)(x + LW, y, 2,1) (4.2)

(u,v,w,p)(z,y, 2, t) = (u,v,w,p)(z,y+ L(y), z,t) (4.3)
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The periodicity allows only certain discrete spatial modes to exist in the computed
flow. If the dominant modes present, however, are small compared to the periodic
dimensions, this approximation can be accepted. The dimension of the domain in
the z-direction, L®, is small compared to the wave length A. A consequence of the
periodic approximation in the z-direction is that boundary layer streaming (Batchelor
[8]) is not allowed in the model.

Moreover, no slip (and no penetration) boundary conditions are specified at the

bottom boundary (z = 0) with
(u,v,w)(x,y,O,t) - 0, (44)

The open boundary condition at the upper boundary is implemented using a
Rayleigh damping sponge layer (Durran, et al. [43]) that corresponds to 10 percent
of the total grid points in the vertical direction and absorbs disturbances propagating

upwards from the boundary layer.

In this model, the simple harmonic oscillatory wave induced velocity above the

seabed is given by
Uso(t) = Upsin(wt + ¢) = Awsin(wt + ¢), (4.5)

where ¢ is the phase of the velocity. This velocity is commonly included in the range
10-100 cm s~! and the typical boundary layer thickness, d,, is of the order of 0.5-10
cm. These values lead to typical boundary layer thickness Reynolds numbers between
500 and 100,000, where the boundary layer thickness Reynolds number is given by

Res. = UT;‘ST. (4.6)

Because of the oscillatory behavior of the external flow, an inflectional instability is

induced during phases of flow deceleration and flow reversal. The most important pa-
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Cases | Unm, Vin T O, Re Re, Res, Res,
. UnL® | UET | Und- T
(ms™) (s) | (cm) v 2Ty v Un v
1 0.80, 0.0 5 2 40,000 | 510,000 | 16,000 1,009
2 0.60, 0.0 5 1 30,000 | 290,000 | 6,000 757
3 0.40, 0.0 5 0 20,000 | 130,000 0 504
4 0.20, 0.0 5 0 10,000 32,000 0 252
5 0.80, 0.0 3 0.5 | 40,000 | 300,000 | 4,000 782
6 0.80, 0.0 8 2.5 | 40,000 | 815,000 | 20,000 1,277
7 0.80, 0.0 | 12.5 3 40,000 | 1,270,000 | 24,000 1,596
8 0.80, 0.0 | oo 4. 40,000 00 32,000 00
9 0.80, 0.0 5 2.5 | 40,000 | 510,000 | 20,000 1,009
10 1.0, 0.0 11 1.2 | 50,000 | 1,750,000 | 12,000 1,009
11 0.80, 0.0 | 60 2 40,000 | 6,115,000 | 16,000 3,497
12 0.60,0.15 | 5 0.6 | 31,000 | 307,000 | 3,700 782
13 0.60,0.30 | 5 2.5 | 33,500 | 530,000 | 16,700 845
14 0.60, 0.60 | 5 4.5 | 42,000 | 575,000 | 37,800 1060

Table 4.1: Characteristics of the different experiments.

rameter, for determining transition to turbulence, is the frequency Reynolds number

(Jonsson [9])

A w  UpA, U2 UAT
e, = Ream = Ty wr 2mv’

where T' is the wave period.

The Stokes’s Reynolds number is also defined as

U s
Re(;s = y
14

where the Stokes’s boundary layer thickness d, is given by

5, = 1| 2.
w

(4.7)

(4.8)

(4.9)

The various Reynolds numbers are presented for the several numerical experiments

in Table 4.1.
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In natural conditions, the flow outside the boundary layer (tides, wind-generated
waves) is a complicated function of time, however, we shall generally consider the

tides and currents as quasi-steady flows and the waves as harmonic oscillations.

The time average, the horizontal average in the z- and y-directions and the volume

average of a quantity G(z,y, z,t) are respectively given in the model by

1 gt
G=— / "Gy, 2, D)t (4.10)
t;
1 LW ()
(G) = W/o /0 G(z,y, 2, t)dzdy, (4.11)
1 RGOS AC) IS J €
(G)) = m/ﬂ /0 /0 G(z,y, 2, t)dzdydz, (4.12)

where At =ty —1;, and L@ LW and L% are the dimensions of the domain, as
shown in Figure 4.1. Moreover, variables, such as the velocity, may be divided into

time-average and fluctuating parts such as
G(z,y,2,t) =G+ G(z,y,21) (4.13)
where G is the fluctuating part or horizontal averages and fluctuations
G(z,y,z,t) = (G) + G'(x,y, 2,1), (4.14)

where G’ is the fluctuation about the mean.

The model uses uniform grid spacing in the z- and y-directions and non-uniform
or clustered grid spacing along the z-axis, for better resolution in the strong shear
layer at the bottom boundary. The standard resolutions for the model are 65x65x130
grid points in low resolution, in the z-, y-, and z-directions, respectively, or up to
257x129x130 grid points for a better resolution. To optimize the computational effi-

ciency of some experiments, simulations are begun at low resolution, and regridded
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to higher resolution when the flow transitions to turbulence. This is accomplished by
decreasing the step sizes in the horizontal directions, Ax and Ay, by a factor of 2
and using Fourier interpolation to initialize the velocity field on the refined mesh. It
is typical for a high resolution experiment to take approximately 1-2 months of CPU

time on a Dec-Alpha 600au (circa 1999, ~ $20,000) workstation.

4.2 Numerical Methods

4.2.1 The Numerical Model

The basic numerical model is described in detail in Slinn and Riley [4]. The model
simulates forced, dissipative, incompressible flow. During simulations, the free-stream

oscillation is forced continuously from inside the computational domain, utilizing the

OPoo
e

forcing term F, = of the z-momentum equation.

Low level white noise is included as part of the initial conditions, and the wave
forcing is generally started from rest at £ = 0. The numerical scheme employs the pres-
sure projection method, implemented with a variable time step third-order Adams-
Bashforth scheme to achieve high temporal accuracy. The pressure field is determined
by solving a Poisson equation using Fourier transforms in the lateral z- and y- direc-
tions and a fourth-order direct solution method in the vertical z-direction.

For the higher Reynolds number experiments, e.g., for Res;. > 10,000 the model
incorporates additional artificial numerical dissipation at the smallest resolved length
scales. This is performed by adding hyperviscosity terms to the momentum equations,
e.g., uVO, with u < 1 and & the velocity field, to filter energy at poorly resolved
scales. Since the boundary layer dynamics are microscale driven, modeling of small-
scale dissipation, with length scales of approximately 1 mm, with a hyperviscosity

does not dominate or invalidate the results obtained.
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4.2.2 Compact Scheme

A variety of numerical schemes are used in the model. The model of Slinn and
Riley [4] originally employed fourth-order compact scheme derivatives. In the present
work, the accuracy of the spatial derivatives has been upgraded to sixth-order. The
velocity derivatives are calculated using Hermitian compact or Padé series techniques,
following the work of Hirsh [44], Adam [45], and Lele [46]. Additional details of the
schemes are given in Appendix A.

The more restrictive numerical stability limits for the sixth-order scheme, which
are the time step limits needed to maintain a numerically stable solution, have been
determined, based on one-dimensional advective and diffusion equations. Considering

a pure advective case on a periodic domain,

of | of
—+c—=0 4.15
ot "o (4.15)
the stability limit, given by Vichnevetsky [47], is in this case
c/\t o;
— < 4.16
Ar — W)’ (4.16)

where Az and At are step sizes in the spatial direction and time, respectively,
[—i0;,10;] is the segment of the imaginary axis in the stable region for the time
advancement scheme and w], the maximum value of the modified wavenumber for
the first derivative approximation (Lele [46]). For the sixth-order compact scheme,

o; is equal to m and w), to 1.9894.

The case of pure diffusion on a periodic domain is also considered

of o2 f

- =v—= 4.17

ot~ ox? (4.17)
The stability limit, given by Vichnevetsky [47], is in this case

v/t oy

N E’ (4.18)
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where [0, 70,] is the segment of the real axis in the stable region for the time advance-
ment scheme and w;;, the maximum value of the modified wavenumber for the second
derivative approximation. For the sixth-order compact scheme, the value o, is equal

to 1 and w”(kAx) achieves its maximum value at 7, i.e., w!’ is equal to 6.857.

Finally, the stability criteria for the sixth-order scheme are of the form

c/\t v\t 1
2l 1 5791 d < -
Az = an Az? = 6.857

(4.19)

instead of the less restrictive values of 1.7321 and 1/6, respectively, for the fourth-

order compact scheme.
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Chapter 5

Turbulent Eddy-Viscosity Based
Models

In recent years, a large number of numerical methods have been developed for solv-
ing laminar boundary layer equations, using finite-difference procedures. However,
the turbulent boundary layer remains more difficult to compute. In this work, a
one-dimensional finite difference model using various turbulent eddy-viscosity models
has been implemented to approximate the mean flow behavior in the wave bottom

boundary layer.

5.1 One-Dimensional Boundary Layer Equation

A flow under a free stream velocity, Uy, is considered over a flat plate aligned in the z-
direction and perpendicular to the z-axis. The wall is smooth and continuous. Except
in the immediate neighborhood of the surface, the velocity is of the order of U,,. The
one-dimensional z-momentum equation for the mean velocity may be derived for the
wave bottom boundary layer as follows. For the boundary layer experiencing wave

oscillation in the z-direction, the equation of motion is

ou ou  Ou Ou  10p V<82u 0%u 82u) (5.1)

o "o TV T9: T on 022 " a2 T 922

Velocity and pressure fields may be divided into horizontally averaged and fluc-
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tuating parts in the usual manner, ie., u =<u > +uv' = U+ v, w =< w > +w' =
W4+w',and p=<p>+p' =P+p,withV =W =0.
After substitution, horizontally averaging each term of (5.1), using the approxi-
mate relation
Ops  OUy

—— 2
ox ot ’ (5:2)

and applying the continuity of the fluctuations, the resulting mean z-momentum

equation becomes

%—[t] + % <v'w >= 86% + 1/8627[2], (5.3)
where % < u'w' > is the Reynolds stress.
The total stress is the sum of the laminar and turbulent stress, i.e.,
T=n+7=<uw > —H/aa—lzj, (5.4)
and (5.3) may be written
U Ol _ O (5.5)

ot ot 0z
Using Prandtl’s mixing length theory (Tennekes and Lumley [48]), it can be assumed
ou . .
that generally 7, > 7, and 7, = I/Ta— is an adequate approximation.
z

This yields the standard governing equation for the one-dimensional boundary

layer

U e & ( U

Considerable efforts have been expended to estimate the optimum representation for

vr(2,1t).

In this domain, the boundary and initial conditions of the flow are defined as
U(zp,t) =0 (no slip condition), (5.7)
U(oo,t) = Ux(t) (upper boundary condition), (5.8)
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U(z,to) = Up(2) (initial condition), (5.9)

where zy is the bed roughness, to the initial time, and Uy(z) the initial velocity. In
this work, the bed is considered to be smooth, i.e., zo = 0, the initial time is set to

to = 0 and the flow generally starts from rest, i.e., Up(z) =0 m s .

5.2 Laminar Solution

Although natural beds are never perfectly flat and natural flows tend to be turbulent,
it is worthwhile studying the case of smooth laminar flow, because many of its features
are present in natural flows and because its structure gives clues towards efficient
methods of analyzing natural flows.

For a constant eddy viscosity, v = 107® m? s™!, the steady-state solution to (5.6)
was derived by Stokes [7], for a free stream velocity of the form Uy (t) = U,, sin(wt).

The solution is

Uy(2,t) = Uy sin(wt) — U, sin(wt — 53) exp (—53), (5.10)

in which §, = \/iz is the thickness of the laminar boundary layer, called the Stokes
length. In this solution, the first term represents the inviscid oscillation of the main
flow, and the second term is the viscous effect.

If the flow starts from rest, i.e., Us(2,0) = 0, a transient solution is significant for
the first wave period. This transient solution, Uy(z,t), is given in Appendix B.

Steady-state, Us(z,t), and transient, Uy(z,t) +Us(z, t), velocities profiles are given
for the case of a 8 second-period wave in a domain of vertical length 5 cm in Figure 5.1
to indicate the influence of the initial transients on the velocity profiles. The velocity
profiles have been plotted from z = 0 to z = 2 c¢cm, the velocities being approximately

constant above this value.
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Steady 0.50s
——— Transient 0.50 s
— — — Steady 1.00s
— — =~ Transient 1.00s
- Steady 2.00 s
1 -5 I (R Transient 2.00 s
———=—— Steady 4.00s
———=—— Transient 4.00 s
———— Steady 6.00s
——— Transient 6.00 s
z i ———— Steady 8.00s
1F § ——— Transient 8.00s

Figure 5.1: Long-time, Steady and combined steady-transient, Transient, laminar
velocity profiles for a 8 second-period wave for different phases of the first wave period.

It can be noticed that the maximum amplitude of the oscillation is not at the top
of the boundary layer but at an intermediate height near the wall, e.g., for z < 0.5 cm.
This feature of the wave bottom boundary layer makes the standard definition of the
boundary layer thickness, the height at which the velocity reaches 0.99 U, difficult
to apply. Hence, the boundary layer thickness in the three-dimensional simulations
is defined using other criteria defined below. By differentiating the solution of the

one-dimensional equation (5.10) with respect to time (Panton [49])

0Us(z,1)

e Upw cos wt — Upw cos(wt — i) exp (—53) (5.11)

Os

where the first term is the pressure gradient, as shown by replacing (5.2) in (5.6), and
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the second term represents the viscous effect, as shown in (5.6). The term cos(wt — 5%)
contains a phase lag of z/d, compared to the term coswt. At the wall, the phase lag
is zero and the terms of the velocity derivatives cancel, the viscous force exactly
counteracts the pressure force so that no motion occurs. Moving away from the wall,
the oscillating viscous stresses decrease according to the exponential factor in (5.11).
In the intermediate region, at small distance from the wall, because of the phase lag
z/0s, cos(wt — 53) peaks at later times than coswt, so the fluid decelerates. However
at certain dista;ce from the wall, the lag is so great that both the pressure and
viscous effects add together and an acceleration of the fluid induces higher velocities
than those produced by the pressure force acting alone and produces an overshoot.
This phenomenon of overshoot was originally observed by Richardson and Tyler [50].

It can be noticed that the transient part of the velocity vanishes exponentially in
the z-direction. Moreover, for t > 8.00 s, the transient solution doesn’t influence the

velocity measurably. Thus, the transient part of the laminar solution vanishes after

one wave period (Panton [51]).

5.3 Turbulent Eddy-Viscosity Based Models

The eddy viscosity concept, first introduced by Boussinesq more than a century ago,
is a useful tool for obtaining simple turbulent flow models. The simplified equation

of motion for mean flow velocity

oU _ 0U,  or

ot + 5%’ (5.12)

contains two unknowns, the mean velocity U and and the shear stress 7. It can be
solved when the relation between these two components is known. The relationship

for laminar flow is given by Newton’s formula (3.1), however, for turbulent flows it is
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not well described.

A number of investigators have proposed vertically varying eddy viscosity models
in attempts to model the bottom boundary-layer dynamics as shown in the literature
review in Chapter 2. They assumed that the turbulent eddy viscosity v, (z,t) could
approximate the contributions from the Reynolds stress and the effects of turbulent
diffusion of momentum, based on Prandtl’s mixing length theory.

In the past, three-dimensional boundary layer models were too computationally
expensive and reasonable agreement with laboratory experiments could be obtained
with one-dimensional models. In this work, a one-dimensional model based on the
turbulent eddy viscosity has thus been implemented. Two eddy-viscosity models have
been studied, the Grant and Madsen time-independent model [5] and the Trowbridge

and Madsen time-dependent model [6] such that

vr(2) = K2y (Grant and Madsen [5]), (5.13)
v, (z,t) = kKzu® (Trowbridge and Madsen [6]), (5.14)
where u* is the time-dependent shear velocity defined as u* = @, where
p

*

rap the maximum value of the shear velocity over the wave cycle.

0
Tw = ,u—u‘ ,and u
0z 12=0

The new tool of three-dimensional boundary-layer simulations will be used as if it
were a laboratory experiment to estimate the performance of these one-dimensional
models for the idealized flow conditions of the wave bottom boundary layer over a
smooth plate with simplified wave oscillations. Details of the numerical implementa-

tion of the one-dimensional model are given in Appendix C.
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Chapter 6

Results

Results and findings of numerical experiments conducted to study turbulent wave

bottom boundary layers are discussed in the following sections.

6.1 Free-stream velocities

6.1.1 Experiments

The three-dimensional model has been used with different free-stream velocities de-
scribed in Table 4.1. The first set of experiments (Cases 1-4) have utilized simple
harmonic waves, shown in Figure 6.1 (a), with different wave amplitudes, U,,. Pa-
rameters are listed in Table 4.1, with L(*) = 5 cm and v = 107 m? s~!. A second set
of experiments (Cases 2, 5-8) has varied the wave frequency, w = 2%, T being the
wave period. This set also includes the case of a steady flow, i.e., an infinite-period
wave (Case 8), Figure 6.1 (e). The third set of experiments (Cases 9-11) analyzes
the transition at flow reversal, for different types of wave. These are represented in
Figure 6.1, e.g., a skewed wave (Case 9), (b); a complex wave, sum of sine functions
of different amplitudes and frequencies (Case 10), (c); and a wave packet, product
of two sine functions of different frequencies (Case 11), (d). The fourth and final set
of experiments (Cases 12-14) examines the impact of including a mean current, V.,

in the y-direction added to a 0.60 m s~! sinusoidal wave, with wave period T = 5 s,
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Figure 6.1: Forcing time series of free stream velocity, Uy, for different experiments:
(a) sine wave, (b) skewed wave, (c) complex wave, (d) wave packet, (e) steady flow.
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propagating in the z-direction.

6.1.2 Physical Relevance

Surface wave field conditions that can produce the near-bed free-stream velocity fluc-
tuations, Uy, that are used in the numerical experiments are described.

Consider a periodic wave without current, with a period 7" and propagating in
the z-direction, as shown in Figure 4.1, the dispersion relation (Dean and Dalrymple
[52]) is given by

w? = gk tanh(kh), (6.1)
where g is gravity, h the water depth, w the wave frequency and k the wavenumber,

w and k being defined as
w=— and k=—, (6.2)

where ) is the wavelength.

In the case of short or deep water waves, a simpler dispersion relation is obtained
w=ylgk  kh>1  (tanh(kh) ~ 1), (6.3)

and in the case of long or shallow water waves
w=kygh  kh<1 (tanh(kh) ~ kh). (6.4)

The horizontal velocity in the z-direction under the wave is given by

u(z) = gHk cosh k(h + z)
2w cosh(kh)

cos(kx — wt), (6.5)

where H is the wave height (H = 27n) and z is the vertical coordinate, positive

upwards, defined such that z = 0 at the mean water depth h.
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For specified conditions A, 1", and wu;, where u;, is the horizontal velocity at the top
of the boundary layer, that is at a distance z = —(h — L(z)) ~ —h, the wavenumber
k is determined by solving

. — 9HE cosh(kL®))
®~ 2w cosh(kh)

(6.6)

Then the maximum velocity induced under the waves, that is for z = 0, is calculated

with

(6.7)

The results obtained for each experiment are listed in Table 6.1. All of the experi-
ments studied with the three-dimensional model can occur under moderate conditions

in the ocean.

The wavelength, A\, and maximum wave velocity, u,,, as functions of the distance
from the shore z, from z = 200 m to x = 800 m, for a water depth hA(x), with a 1%
slope, and a boundary layer velocity u, = 0.8 m s}, for different values of the wave

period T are plotted in Figure 6.2.

The wave height H = 2 m is taken to be constant, Figure 6.2 (a). The wavelength,
A, Figure 6.2 (c), increases slowly as the water depth h(x) increases. Moreover,
the wavelength A is larger when the wave period 7' increases which confirms the
approximations in short or long water waves, i.e. k ~ w or A ~ 7T". The velocity under
the waves, u,, calculated from (6.7), decreases with z, i.e., the velocity above the
boundary layer is smaller away from the shore. The wave induced current velocity is
also larger as the period decreases, however, for x < 200 m, in shallow water for all

periods, the velocity does not vary significantly as 7" increases.
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parameters | h = 3m h =15m | parameters | h = 3m h=15m
T = 5s 5s T = 3s
Uy, = 0.80ms~!|0.80ms! up = 0.80 m s~!
A= 24.93 m 38.46 m A= 12.68 m
H = 1.06 m 7.33 m H = 1.60 m
Uy, = 1.04ms ! |467Tms ! Uy, = 1.86 m s !
tanh(kh) = 0.64 0.99 tanh(kh) = 0.90
T = 5s 5s T = 8 s 8s
U = 060 m st | 0.60ms™! U = 0.80ms ' |[0.80ms !
A= 24.93 m 38.46 m A= 42.03 m 81.79 m
H = 0.79 m 5.50 m H = 0.94 m 2.90 m
Uy = 0.78ms™' | 3.50ms™! Uy = 088 ms™' |[1.39ms™!
tanh(kh) = 0.64 0.99 tanh(kh) = 0.42 0.82
= 5s 5s = 12.5 s 12.5 s
up = 040 ms ' |040ms ! up = 0.80ms ' |080ms*!
= 24.93 m 38.46 m = 66.94 m 141.83 m
H= 0.53 m 3.66 m H= 091 m 2.27 m
Uy, = 052ms ! |[234ms? Uy, = 083 ms ! |098ms!
tanh(kh) = |  0.64 0.99 | tanh(kh)=| o027 0.58
T = 5s 58
Uy = 020ms™' | 020 ms™!
A= 24.93 m 38.46 m
H = 0.26 m 1.83 m
U, = 026ms™!|1.17ms™!
tanh(kh) = 0.64 0.99

Table 6.1: Characteristics of the different wave flows.
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Figure 6.2: (a) Wave height, H; (b) water depth, h, with a 1% slope; (c) wave length,
A; and (d) maximum wave velocity, u,,, as a function of distance from the shore z.
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6.2 Basic Flow Features

Although the water motion induced by natural waves is not simple harmonic, it is

useful to study a monochromatic wave induced flow propagating in the z-direction

(Case 1). The domain, shown in Figure 4.1, uses the following dimensions L) =

0.1 m, L& = 0.075 m and L®) = 0.05 m and a grid resolution of 257x129x130

grid points in the z-, y- and z-directions, respectively. The flow is initialized with

low-energy white noise and forced with a pressure gradient that produces a free-
1

stream velocity with a 5-second period and a maximum amplitude of 0.80 m s™*, i.e.,

2
Ux(t) = 0.80 sin(gt). The free stream velocity is plotted in Figure 6.1 (a).

6.2.1 Velocity Vectors

Side and top views of the velocity field during phases of flow deceleration and flow
reversal are illustrated in Figures 6.3. For clarity, the figures do not show velocity
vectors at all the grid points in each direction.

The near-wall flow is represented in Figure 6.3 (a). The flow is well-organized
and approximately two-dimensional; the velocity is not strongly variable in the z-
direction. The first grid point is less than 0.1 mm from the boundary and the strong
shear layer at the bottom is resolved with approximately 15 grid points. Along-stream
streaks of lower speed flow are seen in the top view of the velocity field in panel (b).
These are often observed in laboratory experiments of boundary layers (Sarpkaya
[39]) and are evident before turbulence develops in Figure 6.3 (b). It can be noted
that clearly g—z # 0.

The velocity field structure shown in Figures 6.3 (¢) and (d), during a turbulent
event near flow reversal, is complex and disorganized. Note that the reference vector

1

length representing velocities of 0.11 m s™ is longer in the bottom panels than in
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Figure 6.3: Two-dimensional cross sections of velocity vectors during flow deceleration
at (a) and (b), t = 14.35 s, and during flow reversal at (c) and (d), ¢t = 14.99 s, in
side views (a) and (c), yo = 3.75 cm, and top views (b) and (d), zp = 0.27 cm.
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the top panels. In Figure 6.3 (c), the velocity magnitude for z > 4 cm is almost zero

and for z < 1 c¢cm, about 0.1 m s~ 1.

The boundary layer thickness can be visually
estimated to approximately 6, = 4 cm. The flow near the wall, illustrated in Figure
6.3 (d), is strongly three-dimensional. A rough estimate of the horizontal length scales

of typical flow features is 1 cm.

6.2.2 Kinetic Energy Dissipation Rates

Kinetic energy dissipation rate contours, given by equation (4.1) in the boundary
layer, are plotted for different phases of the wave period in Figure 6.4. The left
panels show results on a vertical x-z plane located at yo = 3.75 ¢cm and the right
panels depict a horizontal z-y plane parallel to the wall at zo = 0.30 cm. The scale of
these figures has been chosen in order to emphasize the structure of the eddies and
not the intensity of the kinetic energy dissipation rate. The turbulence is episodic
in nature, going through mixing phases approximately twice per wave period, which
means, in this case, that every 2.5 seconds, the flow changes direction and that 1.25
seconds after flow reversal, the flow is at its maximum amplitude.

At t = 12.44 s, which corresponds closely to a phase of flow reversal, the turbu-
lence achieves its maximum intensity, as shown in Figures 6.4 (a) and (b), and then
decays as the flow accelerates in the opposite direction. At ¢ = 13.82 s, the flow
velocity is maximum and the turbulence is minimum, as plotted in Figures 6.4 (c)
and (d). Figure 6.4 (c) doesn’t show significant levels of turbulence and Figure 6.4
(d) illustrates some characteristic streaks in the alongstream direction in dissipation
rate. Note that even though turbulence levels are decreased at this phase, the dissipa-
tion rates, near the bottom boundary and integrated over the domain, are now much
stronger than at t = 12.44 s. Finally, at ¢ = 14.60 s, before flow reversal, the flow is

decelerating, destabilizing the boundary layer and developing patches of turbulence
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Figure 6.4: Kinetic energy dissipation rate contours in the boundary layer for Case
1 in the z-z plane at yo = 3.75 cm, side view panels (a), (c), and (e), and in the z-y
plane at zp = 0.30 cm, top view panels (b), (d), and (f), at different phases of the
wave cycle: (a) and (b), t = 12.44 s; (¢) and (d), ¢t = 13.82 s; (e) and (f), ¢t = 14.60 s.
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near the wall (Gad-El-Hak et al. [40]), as shown in Figures 6.4 (e) and (f). Streaks in
the z-direction can still be observed in Figure 6.4 (f), with bursts of turbulence that
originate near yo = 4 cm, spreading laterally and engulfing the surrounding fluid.

In this experiment, the x-z planes show variations in the boundary layer thickness,
0,, from approximately 0.5 cm during periods of laminar flow to 2 cm at flow reversal,
as shown in Figures 6.4 (a) and (e), respectively.

It can be noted that dissipation rate contours are approximately equal to the
vorticity magnitude squared |&'|? (Tennekes and Lumley [48]), where W = VX7 is
the vorticity vector. Regions of high dissipation rate represent cores of small eddies or
vortices. A visual qualitative estimate of the eddy diameters as a function of time can
be made. The top-views, panels (b), (d) and (f), indicate typical eddy diameters and
cross-stream coherent structure length scales in the range of 0.1-2.0 cm, depending of

the wave phase.

6.2.3 Turbulent kinetic Energy

The horizontally averaged turbulent kinetic energy, as a function of height, z, and

time, ¢, is shown in Figure 6.5 (a), where

(TKE(z,1)) = 5 (u” +0” + uw”), (6.8)

DN |

where (u', v, w") are the velocity fluctuations about the horizontally averaged flows,
i.e., (4.14), components in the z-, y-, and z-directions, respectively. The turbulence
is weaker during the first two wave periods of the experiment, as initial transients
develop before achieving a quasi-steady behavior for ¢ > 10 s. Initial transients
in mean velocity profiles, growth rates of linear instabilities, and initial levels of
background noise are important at early times. In general, as illustrated in Figure

6.5 (a), a quasi-steady flow response to periodic wave forcing is achieved after two or
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Figure 6.5: Horizontally averaged turbulent kinetic energy (K FE(z,t)) (a) for a 5
second period sine wave of maximum amplitude 0.80 m s ! and volume averaged

(b) ((TKE(t))) and local maximum horizontally averaged turbulent kinetic energy
(TKEn(t)).
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three flow reversals. Then, turbulent bursts become episodic in nature, approximately
twice per wave period (i.e., every 2.5 s). Turbulence initiates near the wall during
phases of flow deceleration, achieves its maximum intensity and vertical excursion
just after flow reversal and decays rapidly as the flow accelerates in the opposite
direction (Piomelli et al. [41]). The decay of turbulence is seen to be more sudden
than the onset of turbulence. Turbulence is strong for approximately half a wave cycle
depending on the z-location. The turbulence originates very close to the boundary
wall, at heights of approximately 0.1 cm, and significant turbulent kinetic energy
extends to heights of approximately 2 cm, thus the turbulent boundary layer can be
estimated at §, = 2 cm. Contours level were selected to emphasize the time dependent
structure of turbulent regions rather than the turbulence intensity.

The maximum horizontally averaged turbulent kinetic energy (I'KE,,;) and the
volume averaged mean turbulent kinetic energy ((I'KE(t))) as a function of time
are shown in Figure 6.5 (b). The quantity ((TKE(t))) has been calculated over the
domain 0 < z < 2 c¢m, the estimate for the boundary layer thickness, ¢,, the turbulent
kinetic energy being small above this height. As shown in the figure, the mean
turbulence achieves its maximum intensity just after flow reversal, with a maximal
value of 0.0088 m? s~2 which occurs at a height of z = 0.1 cm.

For scaling purposes, estimates can be made assuming that the flow is isotropic,
i.e.,

u ~v' e~ (6.9)
In this case, the turbulent kinetic energy is approximately

(TKE®)) ~ S0, (6.10)

which suggests that for an horizontally averaged turbulent kinetic energy ((TKE(t))) =

0.003 m? s72, the velocity fluctuations are of the order v’ = 0.04 m s~!. For the max-
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imum local value of horizontally averaged turbulent kinetic energy (TKE,,(t)) =
0.0088 m? s72, the velocity fluctuations would be approximately v’ = 0.07 m s .
In this experiment, the maximum free-stream velocity is U,, = 0.8 m s~! but peak
levels of turbulence occur near phases before and after flow reversal when typical

free-stream velocities, Uy, < 0.3 m s71.

6.2.4 Kinetic Energy and Dissipation Rate Spectra

Volume averaged kinetic energy and dissipation rate spectra in the z- and y-directions
at t = 12.00 s, i.e., at the time of maximum turbulence during the simulation, Figure
6.5 (b), are shown in Figure 6.6. This experiment was conducted with a grid resolution
of 257x129x130 grid points. As the last points in the z- and y-directions are duplicate
points because of periodicity, there are effectively 256x128x130 grid points which
translate to 128 k, wavenumbers in x and 64 £, wavenumbers in y. The volume

average total kinetic energy is given by
1
KE = §<(u2+02+w2>), (6.11)

and the z-, y-, and z-component volume average kinetic energies are labeled u? for
1 1 1
5((u2)), v? for 5((1)2)), and w? for 5((11)2)), respectively. The kinetic energy spectra

2 and w?, and straight lines representing £ %° and

and its three components u?, v
k—3 are represented in Figure 6.6 (a) and (b) in the z- and y-directions, respectively.

These quantities are calculated using Fast Fourier Transforms of u(z, y, z, to), v(z,
Y,z,to) and w(zx,y, z,ty) in the along-stream or cross-stream directions. Assuming
Fourier component wave solutions for the variables u, v and w of the form u(z) =
(ks )e™ =7 in the z-direction or u(y) = 4(ky)e**¥¥ in the y-direction and periodicity in
z with period L) and in y with period L®), the fields can be expanded in truncated

Fourier series with corresponding Fourier coefficients, for example in the streamwise
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Figure 6.6: Volume averaged kinetic energy spectra decomposed in (a) the z-direction;
(b) the y-direction; kinetic energy dissipation rate spectra in standard log-log form
decomposed in (c) the z-direction and (d) the y-direction; and kinetic energy dis-
sipation rate spectra in linear form decomposed in (e) the z-direction and (f) the
y-direction for Case 1 at t = 12.0 s.
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direction,
N—

>_A

a(k u(z;)e ez (6.12)

1
N =0
where z; = L®i/N, i = 0,1,...,N-1 and k,(n) are the wavenumbers given by
27m/L(m). The mode numbers n range from n = 0,1,..., N-1 where N is the total
number of grid points in z, i.e., nz-1 (Canuto et al. [53]). Thus, the kinetic energy

is defined as a function of the alongshore wavenumbers £, with

1 ~ A~ % ~ A% ~ A %
KE(ks) = 5la(ks(n))a" (kz(n)) + 0(ks(n)) 0" (ka(n)) b (ko (n)) 07 (ks (n)],  (6.13)
where 4*, 9%, and w* are the complex conjugates of i, ¥ and w, respectively.
For 2 > 5, the flow is approximately isotropic, i.e., u> ~ v? ~ w? as seen in Fig-
0

k
ures 6.6 (a) and (b), but for 2—z < b, greater energy content is contained in u? than
T

in v? or w?. Energy levels in wavenumbers in the range 3 < 2—$ < 20 approximately
T
follow the k£°/3 slope curve, commonly associated with the inertial subrange of tur-

. k
bulence cascade. For higher wavenumbers, 2_x > 20, the energy content decreases
T

rapidly. For 15 < 2_:v < 40, the kinetic energy curves approximately follow the k=3
T
slope, which is typical of the small scale dissipation range. The mean flow, which is
represented by a wavenumber 0 + €, € being small, has significantly greater energy.

Approximately, 7 orders of magnitude difference in energy content can be noticed

between well-resolved scales, i.e., for 5—; < 7, and smallest resolved scales on compu-
tational mesh, e.g., ;r §(128) = 86. This difference indicates that the model is
satisfactorily resolved during the turbulent bursts.

Similar results are obtained from the kinetic energy spectra decomposed in the
y-direction shown in Figure 6.6 (b). At this time, the flow is not isotropic in the y-

direction as u? is greater than v? or w?. Energy contents in wavenumbers in the range

k
3 < 2—y < 12 approximately follow the k~5/3 slope curve, and for higher wavenumbers,
m
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k k
2—y > 30, the energy content decreases rapidly. For 15 < 2—y < 25, the kinetic energy
T T

curves approximate the k=2 slope.

Dissipation rates as a function of wavenumber can be estimated from k2K E or
k2K E as shown, respectively, in log-log form in panels (c) and (d) or in a linear form
in panels (e) and (f). Figure 6.6 (c) shows a peak in the dissipation rates decomposed

in the z-direction near or = 10 and a rapid decline for higher wavenumbers. The
T

majority of dissipation occurs in the wave band 5 < 2—36 < 20. Wavenumbers in the
™

range j—; > 30 are in the far dissipation range. Figure 6.6 (e) illustrates more quan-
titatively the dissipation rate maxima in the range 5 < 5—; < 15. For 5—; > 30, the
subgrid-scale filter (Slinn and Riley [4]) has increased influence. The decomposition
of the dissipation rate spectra in the y-direction in the log-log plot in Figure 6.6 (d)
shows a peak in the dissipation rate and Figure 6.6 (f) gives more precisely the range

k
of this maxima for 5 < 2—36 < 12.
T

6.2.5 Resolved and Subgrid Dissipation Rates

The volume averaged kinetic energy dissipation rates measured from the three-di-
mensional model at well resolved scales and from the subgrid scale filter are displayed
in Figure 6.7. These are plotted to show the absolute value of the dissipation rates
as a function of time; however these quantities should be negative, meaning a loss of
kinetic energy from the flow. The dissipation rate is a strong function of time and
maximum during phases of strong flow. Integrated over time, 93.6% of the kinetic
energy dissipation occurs at well-resolved scales and 6.4% is through the subgrid scale
filter. Comparison of these magnitudes shows that most of the dissipation has been
satisfactorally resolved for this experiment. This experiment is one of the highest

Reynolds number attempted in this study (Table 4.1) and thus represents a “worst
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Figure 6.7: Volume averaged kinetic energy dissipation rates measured from the nu-
merical experiments at well resolved scales (Resolved) and from the subgrid scale
filter (Filter).

case” in which the subgrid scale filter makes the largest contribution to net dissipation.
Thus it can be concluded that the flows are sufficiently resolved for the flow features
of interest here for the experiments presented below. The maximum energy removal
by filtering occurs at approximately ¢t = 12.0 s and ¢ = 14.5 s, when, comparing to
Figure 6.5 (b), the volume averaged turbulent kinetic energy is maximum and the

turbulence has generally cascaded down to smaller unresolved scales.

A common problem exists if the physical flow being simulated produces smaller
energy containing eddies than can be well represented in the model. Generally, tur-

bulence produces a cascade of energy towards smaller scales that continue down to
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the Kolmogorov length-scale at which viscosity dominates inertial effects and energy
dissipation is completed. According to Moin and Mahesh [54], the smallest resolved

length scale is required to be of the order of 7, where 7 is the Kolmogorov length

n= <V—3>1/4, (6.14)

€

scale defined by

where ¢ is the kinetic energy dissipation rate and v the kinematic viscosity. Using
the mean value for the dissipation rate, 6 W m~3/1000 kg m 3, the Kolmogorov

length-scale becomes in this problem

1000(1076)3\ /4
n= (%) ~0.12 mm. (6.15)

For this case, the grid resolution is Ax = 0.4 mm, Ay = 0.6 mm, and Az = 0.1 mm
in the z-, y-, and z-direction, using the value of Az near the wall. For the steady flow
boundary layer, Spalart [55] conducted direct numerical simulations studies using a

resolution of
Az = 14.3n, Ay = 4.8, Az = 0.33n. (6.16)
The resolution used in the three-dimensional numerical simulations in this work are
Az = 3.3, Ay = 5n, Az = 0.83n. (6.17)

Note additionally that during phases of strongest turbulence, << & >>~ 3 W m™3,

giving a value of n &~ 0.24 mm corresponding here to grid spacing of
Az = 0427 Ay = 2.57 Az = 0.427. (6.18)

The spatial resolution used in the three-dimensional model is adequate for the pur-
poses of this work as the grid spacing is of the order of the Kolmogorov length scale

and similar to that used in previous related work.
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The Kolmogorov length-scale varies depending on the energy in the mean flow.
In the numerical experiments of this work, it is generally somewhat smaller than the
smallest eddies that can be well represented on the grid and a small net portion (~

2-5 %) of subgrid scale energy dissipation is produced by the filter.

6.2.6 Velocity Profiles

Instantaneous velocity profiles during half a wave period are shown in Figure 6.8 (a).
The profiles are not plotted over all the domain but only from z = 0 to z = 1.5 c¢m, the
velocity being approximately constant above this height. It can be observed that the
velocity near the bed changes direction before the free-stream velocity, Uy (%), (e.g.,
t =15.01 s and ¢t = 17.25 s). Moreover, a phenomenon of “overshoot” often occurs
near the boundary (e.g., t = 16.25 s); that is, there are elevations where the velocity
amplitude exceeds the amplitude of the flow over the boundary layer, U,, = 0.80
m s~'. The velocity overshoot occurs because the velocity defect, Uy () — u(z,t),
has the nature of a damped wave, which alternately adds to and subtracts from the
free stream velocity, Uy (t), at different heights. These two features are typical of
oscillatory boundary layers. It can be verified that the flow is maximum at t = 16.25
s and that the perturbations in the x- and y-directions diminish at approximately a
distance of 1.5 cm from the wall, indicating that this portion of the domain contains
most of the boundary layer turbulence.

The instantaneous velocity profiles are also shown in a log z-axis plot in Figure
6.8 (b). Here, the velocity is plotted for 0 < z < L. Tt can be noticed that the
velocity distribution does not follow a logarithmic profile near the wall.

The horizontally averaged mean velocity profiles at the same times are shown in

Figure 6.8 (¢). The fluctuations in the velocity, seen in the instantaneous profiles,

are eliminated by horizontally averaging the velocity. These are the types of mean
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Figure 6.8: Instantaneous velocity profiles (a) for the 5 second period wave in the
near wall region; and (b) on a log plot; and (c¢) mean velocity profiles at different
times during half a wave period.
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velocity profiles used below to evaluate the one-dimensional wave bottom boundary

layer models.

6.2.7 One-Dimensional Model Comparisons

Results obtained with the Grant and Madsen (G&M) and Trowbridge and Madsen
(T&M) eddy viscosity models are shown for different phases of flow, (a) at flow
reversal, (b) during flow acceleration, (¢) at maximum flow, and (d) during flow
deceleration in Figure 6.9. These results are compared with those obtained with the
solution for a constant viscosity (Laminar) and from the three-dimensional model
(3D).

At flow reversal, Figure 6.9 (a), the different plots do not seem to match precisely
at the top, this is due to the difficulty to get output at the exact same time from
all the models but is considered negligible. The results show that for a sinusoidal
free-stream, all the models give approximately the same shape of velocity profiles,
however, the models seem to be more similar in the case of accelerating flow, panel
(b), or maximum flow, panel (c), than near flow reversal, panel (a). Thus, accu-
racy of the one-dimensional models depends on the phase of the wave period, the
best performance being near maximum flow and the largest differences between the
three-dimensional model and the others being near flow reversal. The performance
of these models varies also as a function of the distance from the boundary z. Gen-
erally, the Grant and Madsen and Trowbridge and Madsen type models overpredict
the boundary layer thickness, d,, and underpredict the shear near the wall, g—z ”
These models are based on the assumption of strongly turbulent flows, which are
not always present in the three-dimensional model. For example, because of flow
acceleration, the turbulent levels in this experiment decrease periodically as shown

in Figures 6.4 and 6.5 and the assumptions of the one-dimensional models should
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Figure 6.9: Comparisons of mean velocity profiles from the 3-dimensional model (3D),
Grant and Madsen model (G & M), Trowbridge and Madsen model (T & M), and
laminar model (Laminar) at different phases of the wave period for the 5 second
period wave, at (a) t = 15.00 s, (b) t = 15.625 s, (c) t = 16.25 s, and (d) t = 16.875
.
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not be expected to apply. At these times, as shown in Figure 6.9 (d), the laminar
solution more closely resembles the three-dimensional boundary-layer model profiles.
The flow during phases of maximum flow is considered to be quasi-laminar, and the
laminar solution is better than the one-dimensional models, as shown in Figure 6.9
(c). As predicted by Madsen (personal communication), the Grant and Madsen [5]
and Trowbridge and Madsen [6] models do not significantly differ from one another
for smooth boundaries under a simple monochromatic wave oscillation. Quantifica-
tion of the accuracy of the one-dimensional models for different conditions are given

below.

6.2.8 Particle Motions

Lagrangian particle z-z locations at the onset of turbulence are shown for a 12.5
second-period wave at ¢ = 6.2 s in Figure 6.10 (Case 7). Tens of thousands of
particles are released in the three-dimensional flows in a rectangular lattice before
transition in the near-wall region. The locations of these particles are integrated
forward in time as advected by the local fluid motions, e.g,

oX, _

ot

w, (6.19)

where the fluid velocities %, (x(t),y(t), 2(t), t) at the particle location X}p(x(t), y(t),
z(t),t) are calculated using tri-linear interpolation. As time progresses, particles are
distributed throughout the domain. Particles released in a region of linear wave
dynamics return to their initial locations after one wave period. Deviations from this
pattern are a characteristic of nonlinearity and turbulence. Figure 6.10 shows the
x-z projection of particle locations near flow reversal. Some bursts of particles can
be observed as the particles are entrained by the eddies generated by instabilities

near flow reversal. When the flow transitions to turbulence, particles are diffused
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Figure 6.10: Side view of the z- and z-locations of instantaneous particles at the onset
of turbulence for Case 7, T = 12.5s, at t = 6.2 s.

away from the boundary and their time dependent locations are used to visualize the
flow development and mass transfer across the boundary layer and to calculate the

turbulent vertical mass diffusion coefficient.

6.2.9 Vertical Diffusion Coefficient

The vertical diffusion coefficient D,, in the boundary layer averaged over two time
intervals, 5 s< t < 15sand 14 s <t < 17 s is plotted in Figure 6.11. This coefficient

is determined from the mean vertical displacement (Tennekes and Lumley [48]) using

D.(2) = == {(z = 2)*) (6.20)

I
2l

where ((z — 2)?) is the mean square vertical particle displacement averaged over a

set of particles located in small vertical bins each with their own initial location, z,
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at any time £. The strongest diffusion occurs near 0.7 cm, i.e., for particles passing
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Figure 6.11: Vertical diffusion coefficients determined from particle motion in the
boundary layer averaged over two different time intervals, 5 s < ¢t < 15 s and 14 s
<t < 17s.

through the region located at a distance of approximately 0.7 cm from the wall. The
magnitude of the vertical diffusion coefficient depends on the time interval, e.g., for a
time average over 9.9 s < t < 10.1 s, right at flow reversal, the magnitude of D, would
have been much larger. For this experiment, it can be concluded that the turbulent
eddy viscosity is a function of time and that this quantity is more closely approximated
by a quadratic function in z than a linear one. The vertical diffusion coefficient for
mass is not the same as the diffusivity of momentum, v,, and can differ from it by

orders of magnitude (e.g., Schmidt number of salt water ~ 700). For example, the
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2 5! but for salt water, the diffusivity

laminar diffusivity of momentum is 0.01 cm
of mass is 700 times smaller that the diffusivity of momentum. Nevertheless, it
can be argued that the vertical profiles of turbulent diffusivities between mass and
momentum should have similar structure, while differing significantly only in term
of magnitude. It is noted that Fredsoe and Dieggard [56] suggest a diffusivity of

momentum of the form v;(z) = xkz(1 — %)u*, which has similar vertical structure to

the turbulent diffusivity calculated from this numerical experiment.

From Figures 6.10 and 6.11, it can be assumed that there is a significant net

vertical transport of fluid across the boundary layer during the simulations.

6.2.10 Kinetic Energy Dissipation Approximations

This work is being done in connection with related field measurements of the wave
bottom boundary layer. The field data can only provide information on boundary
layer velocities on a single vertical profile, i.e., u(z,t), v(z,t), and w(z,t). A major
question is whether the field data can be used in a manner to make reasonable ap-
proximations to the dissipation rates in the boundary layer. This issue is addressed
in the following manner.

The volume averaged kinetic energy dissipation rates obtained from the numer-
ical model are compared with an estimate made from instantaneous data from a
single vertical line of velocity measurements within the model, assuming homoge-
neous isotropic turbulence. Results are compared from the approximate method, the
full three-dimensional simulations of C'ase 1 and for laminar flow in Figure 6.12. The

three-dimensional volume averaged dissipation rate (3D) is given by

cwlt) = W(e(g2) +25) 25+ (e )
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Figure 6.12: Volume averaged total kinetic energy dissipation rates measured from
the (3D) numerical experiments compared with the estimate from instantaneous data
from a single vertical line of velocity measurements within the model and for laminar
flow.

w 0 ou 0
(8—Z + 8—2)2 + (a—z + a—f)2>> (6.21)

One approach to estimate unknowns terms in the dissipation rate ¢ is to use rela-
tions from homogeneous turbulence (Hinze [57]) even though the boundary layer is

() = (=)
(@) - (@)@ e
) - (=)
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These relations lead to an approximation of the kinetic energy dissipation rate,
€Estimate; 1N terms of quantities that can be determined from the one-dimensional

data

 Botimate () = v <<6(2—Z’)2 + 6(%%)2 + 5(%)2 + (2—3)2>> , (6.23)

The laminar kinetic energy dissipation rate, €rqminar, 1S given by

€ Laminar (1) =V <<(g—1:)2>> - (6.24)

The laminar curve has been calculated using the transient velocity obtained in Ap-
pendix B using the one-dimensional model with a constant viscosity. All the curves
present a transient part for ¢ < 5 s, which confirms the initial transient observed in
Figure 6.5 (a).

Both approximations give reasonably accurate results for this experiment. The
turbulent dissipation rates are similar to laminar dissipation rates, despite the fact
that the flow exhibits other strong evidences of turbulence as shown in Figures 6.4
and 6.5 (a). In fact, dissipation rates are strongest when flow is near maximum

values, that is, when the turbulence is suppressed by flow acceleration and the flow is

Oun 2
quasi-laminar. This is because the term <<(8_) >> is significantly larger than other
z
) .. A ounN2 )
terms in the dissipation rate. Most of the contribution to (8_) occurs in the
2

viscous sub-layer, in the near-wall region where turbulence is suppressed. Turbulent
and laminar dissipation rates differ most during periods of flow deceleration and
flow reversal. The one-dimensional estimate, €ggimate, 15 also similar in magnitude,
however, significant noise appears in the signal. The estimated dissipation rate makes
overestimates during some periods of maximum flow with better performance during
the other three phases of flow. Integrated over 0 < t < 25 s, the three methods

give average values of e3p = 5.72, €gstimate = 6.3, and €rgminar = 5.5. In the case
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of laminar flow, <<(g_u)2>> would be higher than in the case of turbulent flow as
z

observed in the velocity profiles shown in Figure 6.8 (a), at ¢ = 16.25 s, at maximum

flow, when the flow is considered to be laminar, and ¢ = 15.01 s, at flow reversal.

6.2.11 Wall Shear

ou| . .
The wall shear component a—‘ in the z-y plane is given for two phases of the
yA Y
flow, near maximum flow in Figure 6.13 (a) and near flow reversal in Figure 6.13
(b). These figures suggest the spatial variability of the wall shear stress given by
ou| ~ ov| ~ . ..
Tw = /L—‘ 1+ ,u—‘ 7. This parameter is important to ocean problems because
0z lw 0z lw
sediment suspension and movement are dependent on 7,. Figure 6.13 (a) illustrates
two-dimensional along-stream streaks, as observed in the velocity field in Figure 6.3

0
or dissipation rate in Figure 6.4. The wall shear component P in Figure 6.13 (a),

5z
varies by approximately a factor of 2 and is not homogeneous in y during periods of
maximum flow. Spatial variation is even larger near flow reversal as shown in Figure
6.13 (b). Here, randomly distributed three-dimensional coherent structures, features
of a turbulent event, are observed with characteristic length scales of approximately
0.5-1 c¢m, similar to the eddy sizes observed in Figure 6.4. Panel (b) is during a phase

of transitioning flow as the turbulence spreads across the boundary layer in y and has

not yet engulfed the fluid in the region 2 < y < 4 cm.

In a laminar flow with a free stream velocity of the form Uy (t) = U, sin(wt), the

bed shear stress is given by

Tw V6u|
0 - 0z 2=0

m

= = [sin(wt) + cos(wt)]

= % sin(wt + 7w/4), (6.25)
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Figure 6.13: Wall shear component %
w

in an z — y plane for Case 1, T = 5 s, near
maximum flow at (a) ¢ = 16.35 s, and near flow reversal at (b) ¢t = 17.28 s.
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From this equation, it can be noticed that there is a phase lag of 45° between the shear
stress 7, and the outer velocity Uy (t). This phase difference is introduced because a
barotropic adverse pressure gradient (constant with depth) can more easily turn that
part of the flow which is located close to the bed in the boundary layer, since the flow
has lower inertia in this region (Fredsoe and Deiggard [56]). In the turbulent case,
the near-wall velocities are generally slower than in the laminar case (6.8 (a)) and
the boundary layer is thicker, because of the vertical exchange of momentum by the
eddies. For this reason, the phase shift between the bed shear stress 7,, and the free
stream velocity Us(t) should not be as large in the turbulent case.

A plot of the wall shear stress and the absolute value of free stream velocity is
given in Figure 6.14 in order to quantify the turbulent phase shift. By calculating

maximum time-lagged cross correlations

Ry = (1w(1)) (U (t = ¢)) (6.26)

)
01, 0Us

the wall shear stress 7, has been found to be ahead of the free stream velocity U (%)
by approximately 30°. This phase shift is comparable to values previously reported

in the literature (Jonsson [9]) from laboratory measurements.

6.3 Reynolds Numbers Dependence

The model has been forced by simple harmonic free stream velocities of different wave
U, L%

v

. The

amplitudes U, or Reynolds numbers based on the wave amplitude Re =

characteristics of these experiments are given in Table 4.1, as C'ases 1-4.

6.3.1 Turbulent Kinetic Energy for Different Reynolds Num-
bers

The horizontally averaged turbulent kinetic energy for different amplitudes of forcing

velocity, U,, = 0.60 m s™! (Case 2), 0.40 m s™! (Case 3) and 0.20 m s~! (Case 4)
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Figure 6.14: Comparison of the wall shear component 7,, = g—g|w and absolute value
of the free stream velocity |U,| as a function of time.

are shown in Figure 6.15 (a), (b), and (c), respectively, and can be compared with
the 0.80 m s™! sine wave (Case 1), shown in Figure 6.5 (a). The comparison of the
intensity of these quantities shows that as the wave amplitude, U,,, decreases (i.e.,
Reynolds number decreases), the turbulent kinetic energy decreases. The strength of
the turbulent kinetic energy and the turbulent boundary layer thickness, estimated to
0, = 1 cm, in Figure 6.15 (a) are qualitatively similar to Figure 6.5 (a). Figures 6.15
(b) and (c), which have lower scales in contour legend by approximately three orders
of magnitude than Figures 6.5 (a) and 6.15 (a), do not develop bursts of turbulence.
The weak fluctuations seen in panels (b) and (c) for ¢ < 5 s are likely due to temporary

amplification of the small perturbations (white noise) introduced in the beginning of

73



<TKE>
(m*s?)

1.0E-03
9.3E-04
8.1E-04
6.9E-04
5.8E-04
4.6E-04
3.5E-04
2.3E-04
1.2E-04
0.0E+00

<TKE>
(m’s?)

2.4E-06
2.1E-06
1.9E-06
1.6E-06
1.4E-06
1.1E-06
8.7E-07
6.2E-07
3.7E-07
1.2E-07

<TKE>
(m*s?)

4.4E-06
4.0E-06
3.5E-06
3.0E-06
2.6E-06
2.1E-06
1.6E-06
1.2E-06
7.0E-07
2.3E-07

Figure 6.15: Horizontally averaged turbulent kinetic energy (T K E(z,t)) for (a) Case
2, U, = 0.6 m s7%; (b) Case 3, U,, = 0.4 m s7!; and (c) Case 4, U,, = 0.2 m s71;
compare also to Figure 6 for Case 1, U,,, = 0.8 m s~!; note change of scale in contour
legend for each panel.
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each run and which can grow and organize when linear instabilities are present in
the velocity profiles. These fluctuations eventually decay and vanish after a few wave
periods. Comparing the values of the frequency Reynolds numbers of these different
cases, given in Table 4.1, to the transitional frequency Reynolds number given in
the literature, Re,rans = 100,000 (Jonsson [9]), it can be concluded that Case 1
and Case 2, in which Re, = 510,000 and Re, = 290, 000, respectively, should be
turbulent as their frequency Reynolds numbers are larger than Re,rans. Case 3 can
be considered in the transitional range as its Reynolds number Re,, = 130, 000 is close
to Reyirans and Case 4 is expected to be, and remains laminar with Re, = 32, 000.
L)

. . . U,
The laminar to turbulent transition occurs, in the model, for Re = —— ~ 25,000.
14

Cases 1-4 have T' = 5 s, with different U,,. The magnitude of the acceleration of
U (t)
ot

the magnitude of the deceleration increases as the wave amplitude increases. It has

the wave forcing, a = , is plotted in Figure 6.16. Obviously, in these cases,
been shown (e.g., Gad-El-Hak [40], piomelli et al. [41]) that the magnitude of the
acceleration and deceleration are important parameters in the response of turbulence
in a boundary layer. When the deceleration is weak or acceleration is strong, tur-
bulence production is inhibited. These results suggest that for this wave frequency,

! are insufficient to overcome viscous damping of in-

decelerations less than 0.5 m s~
flectional shear instabilities present near the wall during phases of deceleration and

flow reversal.

6.3.2 Volume Mean Square Shear for Different Reynolds Num-
bers

The volume mean square shear for the z-component of velocity, u, for Cases 1-4

are displayed as a function of time in Figures 6.17 (a), (b), and (¢). Comparing the
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Figure 6.16: Time derivative of the free stream velocity, a = aUgg(t), for a sine wave
of amplitude (a) Case 1, U,, = 0.80 m s™'; (b) Case 2, U,, = 0.60 m s™'; (c) Case 3;
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intensity of the mean square shears, it can be noticed that typically
ou? ou? ou?
— ~ 40 ({ — ~400( ( =— 6.27
<<3Z >> <<3y >> <<9l‘ >> (627

ou?\\ . ou? . . .
Note that 3_y is larger than 9 during periods of laminar flow, that

: : : du -

is when streamwise streaks are evident, g™ # 0, as seen in Figure 6.3 (b). Based
)

on (6.27), it is evident why most of the energy dissipation comes from the term

a 2
<<a_u >> This justifies why the approximate method for the energy dissipation
z

given in Figure 6.12 is fairly accurate, since a term that is measured directly is dom-

2 2
inant. Exponential growth in <<g_u >> and <<g—u >>, for 3.5 s <t < 5 s, shows
€z )

evidence of linear instabilities present in the boundary layer flow during flow deceler-
ation, the flow being maximum at ¢t ~ 3.75 s and decelerating thereafter. <<g—z2>>
decreases as a function of time for the lower Reynolds number experiments particu-
larly for Re = 20,000 (Case 3) and Re = 10,000 (Case 4). For Re = 20,000, the
three-dimensional aspects of the flow decay in time from initial low level white noise.
For Re = 20, 000, <<a—UQ>> shows some small perturbations from ¢ = 5 s, suggesting

Oz
a flow near transition. The same comportment is observable in Figure 6.17 (b) with

ou? . Ou’ - .
<<8_y >> Finally, <<£ >>, shown in Figure 6.15 (c) doesn’t change significantly
as a function of the Reynolds number and illustrates the periodic characteristic of
the flow. This explains why volume-averaged and time-averaged net dissipation rates
are similar for laminar and turbulent flows. Note also that the values of <<g—22>>
are larger for Re = 10,000 (laminar flow) than for Re = 40,000 (strongest turbu-
lence), in agreement with determinations of the volume averaged total kinetic energy

dissipation rate from Figure 6.12 above.
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6.4 Wave Periods

Numerical experiments have been conducting for different wave periods, 7', holding
Uy, = 0.8 m s™! constant. The characteristics of these runs are presented in Table

4.1.

6.4.1 Turbulent Kinetic Energy for Different Wave Periods

The horizontally averaged turbulent kinetic energy for different wave periods, 7' = 3
s (Case 5), T =8s (Case 6), T =12.5s (Case 7) and T = oo (Case 8) are shown in
Figures 6.18 (a), (b), (c), and (d), respectively, and can be compared with the five-
second period wave, shown in Figure 6.5 (a). Note that the scale in contour legend is
not the same for panel (d). The comparison of the intensity of the turbulent kinetic
energy shows that as the period T increases, or the frequency w = 2?” decreases, the
flow becomes more turbulent and the turbulent boundary layer thickness increases,
eg,0,=05cmforT=3s,6, =25cmforT =5s,d, =3 cm forT =8 s and
0 = 4 cm for T = oo (this is evident if the contour levels are decreased to be the
same as the other panels, but causes the rest of the structure to be obscured). In
Figure 6.18 (c), turbulence is almost continuous in a sense that each event persists
for z > 2 cm until the next begins near z < 0.5 cm. In the first three panels, the
turbulent kinetic energy levels are periodic. However, in Figure 6.18 (d), the flow
stays turbulent as the velocity never decreases for the steady flow, i.e., the flow can
not be reorganized as in the oscillatory flows during flow acceleration. In the case
of steady flow, the turbulence intensity becomes practically constant throughout the
boundary layer for ¢ > 12's. Panel (d) represents the Rayleigh problem, an impulsively
accelerated uniform flow over a flat plate. Initial attempts with the Rayleigh problem

(not shown), using low-level white noise initialized with u'? + v"2 + w2 ~ 107U,
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Figure 6.18: Horizontally averaged turbulent kinetic energy (T'K E(z,t)) (m? s72) for
(a) Case 5, T = 3's; (b) Case 6, T = 8s; (c) Case 7, T = 12.5s; (d) Case 8, T = oc;
compare also to Figure 6 for Case 1, T = 5 s; note change of scale in contour legend
for panel (d).
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remained laminar. Initial perturbations associated with boundary layer instabilities

grew for a short period of time and then decayed.

In laboratory experiments of a spatially developing boundary layer over a flat
plate, the Tolmein-Schlichting (Schlichting [58]) instabilities have been found to de-
velop when forced at unstable wavenumbers with a fluctuating ribbon over a smooth
flat plate when v’ = 0.03U,,,. When smaller amplitude perturbations are attempted,
the flow response is similar to what is observed in our Rayleigh experiments with low
level white noise fluctuations. Tolmein-Schlitching waves do not lead to turbulence
over smooth boundaries for the classical self similar Rayleigh velocity profile. The
region of elevated velocity fluctuations shown in Figure 6.18 (d) for 4 < ¢ < 7 s are
representative of streamwise streaks that grow and then decay before the flow tran-
sitions to turbulence at later time when hairpin vortices develop near ¢ = 9 s that

finally cause three-dimensionality to spread across the boundary layer.

Complicating the interpretation of the role of flow deceleration and acceleration, in

understanding transitioning flows, it is noted that the derivative of the free stream ve-

OUx(t)
ot

the magnitude of the acceleration-deceleration decreases. In these experiments, it is

locity, a = , plotted in Figure 6.19, shows that as the wave period, T', increases,
the flow with weaker deceleration that become more turbulent. However, it has also
been seen that as 7' increases, the turbulence increases. Thus, it is suggested that the
duration of deceleration phase can be more significant than its amplitude for different
flow situations. In these cases. the frequency Reynolds number is still a useful predic-
tor of flow transition, since Re, decreases as w increases. For C'ase 5, Re,, ~ 300, 000
with T'= 3 s, and the flow is only weakly turbulent, compared to Cases 1, 6, and 7
with 7" = 3, 8, and 12.5 s with Re, ~ 510, 000, 815,000, and 1,270,000.
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Figure 6.19: Time derivative of the free stream velocity, a = GU;(t), for a sine wave
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6.4.2 One-Dimensional Model for Different Wave Periods

Results obtained with the Grant and Madsen (G&M) and Trowbridge and Madsen
(T&M) eddy viscosity models are shown in Figure 6.20, for different phases of flow
for Cases 5-7 with different wave periods. These results are compared with those ob-
tained with the solution for a constant viscosity (Laminar) and the three-dimensional
model (3D).

Figures 6.20 (a), (c), and (e) show velocity profiles at flow reversal, while Figures
6.20 (b), (d), and (f) present velocity profiles near maximum flow. As in Figure 6.9, all
the models give the same basic shape of curves, however, the one-dimensional models
seem to be more accurate in the case of maximum flow than near flow reversal. For
a period of 3 seconds, the flow is not very turbulent so the laminar solution worked
well for this case. The one-dimensional models generally underpredict g—: near the
wall and overpredict the boundary layer thickness, especially near flow reversal. For
a 8-second period wave, as shown in Figures (c) and (d), the viscosity-based models
are qualitatively much better than laminar results at flow reversal. Difficulties remain
near maximum flow when turbulence decays because of flow acceleration. Figures 6.20
(e) and (f) show that the Grant and Madsen and Trowbridge and Madsen models
give progressively better approximation as 7" and the net turbulence increase. These

results will be quantified in more detail below.

6.5 Wave Shape

Numerical experiments have also been conducted for different shapes of free-stream
velocity time series that would be produced by different shapes of surface waves, a

skewed (steep) wave, a complex frequency wave, and a wave packet, to study the flow
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Figure 6.20: Comparisons of mean velocity profiles from the 3-dimensional model
(3D), Grant and Madsen model (G & M), Trowbridge and Madsen model (T & M),
and laminar model (Laminar) at different wave phases for Case 5, T = 3 s, at (a)
t=09.00s and (b) t =9.75s; Case 6, T = 8, at (c) t = 24.00 s and (d) ¢ = 26.00 s;
and Case 7, T = 12.5 s, at (e) t = 25.00 s and (f) ¢ = 28.125 s.
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response in the boundary layer to these variations. The characteristics of these flows

are given in Table 4.1.

6.5.1 Turbulent Kinetic Energy for Different Wave Shapes

The horizontally averaged turbulent kinetic energy for different types of forcing,
skewed wave, complex wave, and wave packet, (Cases 9-11) are shown in Figures
6.21 (a), (b), and (c), respectively. The skewed wave forcing condition (Case 9) has

a basic wave period T = 5 s. It is plotted in Figure 6.1 (b), and given by
Uso(t) = —0.8(Ufree — 4.0), (6.28)

where Uy, is determined iteratively using
2m C

Utree =4.0+sin |[— [t — — ||, 6.29
free l5 < Ugld)] ( )
where C' = 18 is a constant and Ugyqg equals the value of Uy, at a previous iteration.
The value of Uy, is obtained by iteration, i.e., by substituting U,q by the previous

value of Ujy, till the difference between Uj,ee and Upyyg is less than 107
The skewed wave forcing velocity can be decomposed into two parts, the sharp
phase, e.g., from ¢t = 5 s tot = 7 s, and the gradual phase, e.g., from ¢t = 7 s to
t = 10 s. Generally, during more gradual deceleration phases, e.g., from t = 12 s
to t = 13.5 s, some fast (i.e., 0.2 s) bursts of turbulence of characteristic thickness

of 1 cm and turbulent kinetic energy level of approximately 2x10~% m? s=2

, €.8., at
t = 13.5 s, are present in Figure 6.21 (a). During sharp acceleration phases, the
turbulent boundary layer response lasts about 1 s and has characteristic thickness of
0.5 cm and turbulent kinetic energy level of approximately 8x10~* m? s™2. A pattern

of strong-weak-strong-weak turbulence can be observed. It is, however, interrupted

by anomalous stronger turbulent bursts at ¢ = 15 s and ¢ = 40 s, i.e., every four
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Figure 6.21: Horizontally averaged turbulent kinetic energy (I'K E(z,t)) (m? s~2) for
(a) Case 9, skewed wave; (b) Case 10, complex wave; and (c) Case 11, wave packet.
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wave periods. After these stronger bursts, the following wave periods exhibit weaker

turbulence.
U (1)
ot

(a), it can be observed that during gradual phases, the deceleration of the flow, which

By calculating the acceleration of the flow, a = , plotted in Figure 6.22

destabilizes the boundary layer, is relatively weak, i.e., 0.5 m s~2 and lasts 1.5 s, e.g.,
from ¢t = 7s tot = 8.5 s. During sharp phases, the deceleration of the flow is stronger,
i.e., about 2.7 m s and last only 0.5 s, e.g., from t = 10.5 s to t = 11 s.

The complex wave (Case 10) is obtained by adding 5 sine waves with different

amplitudes, frequencies, and phases, such that

2 2 2
Us(t) = 0.2 sin(gt +1)40.3 sin(gt +34.9)+0.3 sin(gt +1.6) +

9 2
0.3 sin(%Tt +7)403 sin(%t +15). (6.30)

The plot of the free stream velocity is shown in Figure 6.1 (c). The horizontally
averaged turbulent kinetic energy for this complex wave forcing is given in Figure
6.21 (b). Significant turbulent bursts originate at approximately t = 5s, t = 9 s,
t=125s,t=14s,t=21s,t =26 s and t = 28 s. By considering the derivative

of the velocity plotted in Figure 6.22 (b), these bursts may be directly associated

2 2

with periods of flow deceleration of about a = 1.1 ms™@, a=1.5m s, a =08 m

-2

s2,a=12ms?

2 2 2

,a=16ms™* a=09ms* and a = 1.2 m s™°, respectively.

Turbulent events do not occur for example at ¢t = 18 s or ¢ = 23 s during phases of

2 a=0.5ms2 For

flow deceleration with amplitudes of the order of ¢ = 0.2 m s~
this experiment, whenever deceleration exceeds a threshold of approximately 0.8 m
s~2, the boundary layer becomes turbulent.

The wave packet (Case 11), product of two sine functions, is given by

Ui (t) = o.gsin(%”t) sin(z—gt) (6.31)
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This represents a carrier wave with an envelope of 30 seconds modulating a higher
frequency wave with period 7" = 5 s. The wave packet essentially groups several
different Reynolds number experiments together since U, effectively changes over
each short wave period of 5 s. Time series of the free-stream velocity are plotted
in Figure 6.1 (d). The wave packet forcing condition induces corresponding packets
of turbulence with a phase lag, as shown in Figure 6.21 (c). The boundary layer
thickness, 0, = 2 cm, has the same basic shape as the carrier envelope. Clearly, the
fundamental frequency of 5 seconds is evident in the bursts of turbulent kinetic energy.
Asymmetry in the turbulent kinetic energy response is visible about the maximum
of the envelope, which is centered at t = 15 s and ¢ = 45 s. The turbulent kinetic
energy has maximum near ¢ = 19 s and ¢ = 49 s, a phase lag of about 4 seconds or
approximately one wave period. This suggests that turbulence levels during preceding
events influences the stability and production of turbulence during subsequent events.
The periodicity of the turbulent kinetic energy, seen in Cases 1-4, is clearly evident
for the case of the wave packet. The flow becomes turbulent at ¢ = 12.5 s and half a
period later at t = 42.5 s when the free stream velocity Uy (%) reaches a certain value
of 0.45 m s™L. Then the turbulence decays when the magnitude of the velocity U, (t)
again becomes too small, around ¢t = 28 s and ¢ = 58 s. It can be noticed in Figure
6.22 (c), that turbulence first develops when the deceleration of the flow is greater

than ¢ = 0.95 m s~2 and vanishes around ¢ = 28 s when ¢ = 0.6 m s~ 2.

It can be concluded that a different wave form, i.e., a different time-dependence
of the free-stream velocity, especially near flow reversal, causes a different turbulent
response in the turbulent boundary layer. The magnitude of the deceleration, the
duration of deceleration, and the recent history of the turbulence levels in the previous

wave oscillations are important parameters in the generation of turbulence.
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6.5.2 One-Dimensional Comparisons for Different Wave Shapes

Results obtained with the Grant and Madsen (G&M) and Trowbridge and Madsen
(T& M) eddy viscosity models are shown in Figure 6.23, for the skewed and complex
cases, for different phases of flow. These results are compared with those obtained
with a constant viscosity (Laminar) and from the three-dimensional model (3D).
Figure 6.23 (a) presents velocity profiles of the skewed wave at ¢t = 13.75 s. Figure
6.1 (b) shows that this is during a phase of flow reversal and velocity profiles in
Figure 6.21 (a) indicates it is during a phase of strong turbulence. Figure 6.23 (b)
shows the velocity profiles at ¢ = 15.50 s, which corresponds to a period of maximum
flow. Figure 6.23 (c) presents velocity profiles of the complex case at t = 16.00, i.e.,
during two successive phases of flow reversal (Figure 6.1 (c)) and panel (d) presents
the velocity profiles at t = 20.00 s, which corresponds to a period of maximum flow.
As for previous cases, the one-dimensional models give good approximations of
the three-dimensional model at phases of strong flow, as shown in Figures 6.23 (b)
and (d). Similarly, the one-dimensional models underpredicts g—z near the wall and
overpredicts the boundary layer thickness, especially at flow reversal. It can be seen
that the Grant and Madsen (G& M) and Trowbridge and Madsen (7'& M) models give
a better approximation of the three-dimensional model in the case of flow reversal

periods than the laminar velocity profile.

6.6 Combined Mean Flow and Wave Features

The next group of numerical experiments includes mean cross currents of different
intensities in the y-direction in the model, perpendicular to the direction of the wave

oscillation. The characteristics of these wave-current flows (Cases 12-14) are de-
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Figure 6.23: Comparisons of mean velocity profiles from the 3-dimensional model
(3D), Grant and Madsen model (G & M), Trowbridge and Madsen model (T & M),
and laminar model (Laminar) at different phases of wave for Case 9, skewed wave, at
(a) t = 13.75 s and (b) t = 15.50 s; and Case 10, complex wave, at (¢) t = 16.00 s
and (d) t = 20.00 s.
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scribed in Table 4.1.

6.6.1 Turbulent Kinetic Energy for Different Wave-Current
Flows

The horizontally averaged turbulent kinetic energy for different mean currents, V,, =
0.15m s (Case 12), Voo = 0.30 m s ! (Case 13) and Vo = 0.60 m s~ ! (Case 14),

2
added to a five-second period wave, Uy, = 0.60 sin(g) m s

, are shown in Figures
6.24 (a), (b), and (c), respectively.

These plots can be compared with Figure 6.15 (a), for Vo = 0.0 m s™! (Case 2).
Figure 6.24 (a) is significantly less turbulent than the case without any mean current,
and the turbulence decreases with time. Hence, addition of a weak mean current to
the wave boundary layer decreases the intensity of the turbulence. Figure 6.24 (a) is a
oscillatory wave flow with a weak drift. For panel (b) and (c), the addition of a mean
current causes the boundary layer thickness to increase. In Case 14, the boundary
layer thickness, d,, can not be determined as it is simply larger than L®). Most of
the turbulent kinetic energy, however, is below 3 cm, with occasional eddies that
hit the sponge layer. Flow visualizations suggest that the experiment represented in
panel (c) is like a steady mean current with shifting direction and panel (b) is in
an intermediate regime where, both, wave and steady flow features are present. The
Reynolds number, in these cases, is determined with a maximum velocity amplitude
(U2 4+ V2)Y2, In panel (c), there is a discernible wave pulse in the turbulent kinetic
energy related to wave flow reversal. Some qualitative similarities to the steady-flow
case, Figure 6.18 (c), can be observed. The initial transition to turbulence for panel
(a) and (b) occurs at ¢t = 5 s, right at flow reversal. For panel (c¢), however, transition
occurs at ¢ = 2.5 s. This is probably related to stronger instability associated with

the stronger mean current. For V,, = 0.30 m s}, the turbulence does not completely
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Figure 6.24: Horizontally averaged turbulent kinetic energy (T K E(z,t)) (m? s72) for
a sine wave, T = 5 s and U,, = 0.60 m s~' and a mean current (a) Case 12, V
= 0.15 m s7!; (b) Case 13, Vo, = 0.30 m s™%; and (c) Case 14, Vo, = 0.60 m s~ };
compare also to Figure 14 (a) for Case 2, Vo, = 0.0 m s~
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extinguish between wave cycles compared to Cases 1 or 2 (i.e., at similar Re). This
must be caused by the influence of the mean flow and continuous turbulent production

in the y-direction.

6.6.2 Wall Shear Components for Different Mean Currents

Horizontally averaged wall shear components in the z-direction, 7,,, and in the y-
direction, 7,, as well as the root mean squared variances o,,, and oy, are shown for
different strengths of mean currents for combined wave-current experiments, V,, = 0.0
m s~! (Case 2), Voo = 0.15 m s7! (Case 12), Vo = 0.30 m s~ (Case 13) and
Voo = 0.60 m s71 (Case 14) in Figure 6.25 (a), (b), (c) and (d), respectively. These

quantities are given by

ou
Tow = [1 <%‘w>’ (6.32)

ov
Tyw = i <&\w>’ (6.33)

1/2

oo =u{ (%] 0= (22 0)) )

1/2

Oy = u<<%\w(=’r,y,t) - <%\w(t)>>2> ,

In panel (a), the u-component of the shear is almost periodic and sinusoidal and

~—~~

6.34)

—

6.35)

the variations from the horizontally mean wall shear, oy, and oy, are small. In panel
(a) and (c), 04y > Oyw, Which is a characteristic of the wave dominated situation, in
panel (d), however, o, is nearly equal to oy, suggesting a more isotropic response
during turbulence and that the flow, when Uy, = V., is at a 45° angle. In panel (a),
there is no mean shear in the y-direction. In panel (b), 7, decreases rapidly from
t =0 tot =>5s from the value 0.2 Pa to 0.01 Pa, as the mean velocity profile adjusts
from the initialized thin boundary layer profile. o4, and oy, are much smaller than

in panel (a), as this case is less turbulent, as seen in Figure 6.24 (a). In panels (c)
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Figure 6.25: Horizontally averaged wall shear components {7,,) = u<g—g
_ ov
— M<§
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w> and (Tzw)

> (Pa) and root mean squared (rms) variance o, and oy, (Pa), e.g., 044 =
w
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w(x’ Y, t) - <$

Case 2, Voo = 0.0 m s7'; (b) Case 12, Vo, = 0.15 m s7; (¢) Case 13, Vo, = 0.30 m
s7%; and (d) Case 14, Voo = 0.60 m s, all with U (t) = 0.6sin(%¢) m s~

2 .
(t)>) for different cases of wave-mean current flow: (a)
w
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and (d), it can be observed that as the current V,, increases, the y-component of the
shear increases and its intensity fluctuates around 0.2 Pa and 0.4 Pa, respectively,
for Voo = 0.30 m s™! (Case 13) and V,, = 0.60 m s™' (Case 14). Interestingly, 7.,
still decreases slowly with time. In Figure 6.25 (c), 74, is still periodic in time but
is less like a sine wave than in Figure 6.25 (a). In Figure 6.25 (d), 7., increases
to approximately 0.7-0.8 Pa compared to 0.6 Pa for panels (a), (b), and (c). For
turbulent flows, the critical shear stress needed to suspend sediment of median grain
size, dsg, on a flat horizontal surface is around 0.2 Pa for typical sand grains with
diameters of approximately 0.2 mm (Julien [59]). The root mean squared variances
increase as the mean currents and turbulence increase as shown in panels (c) and
(d), suggesting that local wall shear stresses will significantly exceed mean values as
turbulence levels increase, leading to increase potential for erosion of bed material

(e.g. Figure 6.13).

6.7 Summary of the Experiments

Quantitative comparisons of average properties between the different numerical ex-

periments conducted with the three-dimensional are presented.

6.7.1 RMS Differences in Mean Velocity Profiles

The root mean squared (rms) differences between the mean velocity profiles from the
three-dimensional model and the various one-dimensional model predictions includ-
ing the Grant and Madsen (G&M), Trowbridge and Madsen (T& M), and laminar
(laminar) models for different cases; T = 5 s (Case 1), T = 12.5 s (Case 7), and
complex wave (Case 10), are shown in Figure 6.26, (a), (b), and (c), respectively. The

rms differences between the mean velocity profiles from the tree-dimensional model

96



(3D) and the one-dimensional model is given by

1/2

rms(t) = (Usp(t) — Uip(t)?) (6.36)

The rms differences are not shown here from t = 0 s but for later periods when
turbulence is present.

In Figure 6.26 (a), the laminar model (laminar) more closely approximates the
velocity profiles determined with the three-dimensional model than the others mod-
els. The differences calculated are, however, relatively small in magnitude between
all these models in this case. For 7" = 12.5 s, shown in panel (b), the flow is more
turbulent, and the Grant and Madsen (G&M) and Trowbridge and Madsen (T&M)
models give overall better agreement with the three-dimensional model than the lam-
inar model (laminar). In Figure 6.26 (c), in the complex forcing case, the Grant
and Madsen (G&M) and Trowbridge and Madsen (T& M) models give always a bet-
ter approximation than the laminar model (laminar). There is no clear superiority
between the Grant and Madsen model and Trowbridge and Madsen model.

The conclusion is that Madsen type models have best performance for more
strongly turbulent and complex wave forcing conditions, and poorer performance

for flows with intermittent turbulence.

6.7.2 Turbulent Kinetic Energy and Kinetic Energy Dissipa-
tion Rates

Lastly, spatial and temporal means of the turbulent kinetic energy and the kinetic
energy dissipation rate from the three-dimensional experiments are presented. These
are compared to laminar results for different values of the wave period T, panels (a)
and (b), different Reynolds numbers, panels (c) and (d), and different mean currents,

Voo, panels (c¢) and (d), in Figure 6.27.
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Figure 6.26: Root mean square differences (rms) between the mean velocity profiles
from the 3-dimensional model and other model predictions including the Grant and
Madsen model (G & M), Trowbridge and Madsen model (T & M), and laminar model
(Laminar) as a function of time for (a) Case 1, T = 5s; (b) Case 7, T = 12.5s; (c)
Case 10, complex wave.
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Figure 6.27: Spatial and temporal mean of turbulent kinetic energy for various exper-
iments with (a) different values of the wave period T; (c) different Reynolds numbers
with T = 5 s; and (e) different values of current V. Spatial and temporal mean of
kinetic energy dissipation rate from the turbulent simulations compared to laminar
results for (b) different values of the wave period T; (d) different Reynolds numbers
with T = 5 s; and (f) different values of current V.
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The mean turbulent kinetic energy increases as the period 7 increases as shown
in panel (a), consistent with the increase in boundary layer thickness with 7. The
mean turbulent kinetic energy varies as T increases by approximately a factor of 3
from T =5 s to T = oo. The dissipation rate, plotted in panel (b), decreases as
T increases for laminar flow but increases above the laminar results for the most
turbulent cases, T = 12.5 s (Case 7) and T = oo (Case 8), in the three-dimensional
model.

The mean turbulent kinetic energy also increases as the Reynolds number in-
creases, for fixed 7' = 5 s, as shown in Figure 6.27 (c). The dissipation rate, panel
(d), also increases for both the laminar and three-dimensional models as the Reynolds
number increases. The three-dimensional results is slightly higher than the laminar
result for 10,000 < Re < 30, 000.

Figure 6.27 (e) shows a point of inflection of the turbulent kinetic energy at Vo, =
0.15 m s !, this case being less turbulent than the others. Generally, as the current
Vs increases, the turbulent kinetic energy and dissipation rates increase, as shown in

Figures 6.27 (e) and (f).
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Chapter 7

Conclusion

Numerical experiments have been conducted with the high-resolution time-dependent
three-dimensional numerical model developed by Slinn and Riley [4] in order to study
the dynamics of the wave bottom boundary layer. Some improvements to the model
have been implemented and four sets of parameter studies have been conducted.
The first set of experiments has utilized simple harmonic waves with different wave
amplitudes, U,,. A second set of experiments has varied the wave period, T'. This set
includes the limiting case of a steady flow. The third set of experiments has analyzed
the flow response for different types of wave, e.g., a skewed wave, a complex wave,
and a wave packet. The fourth and final set of experiments has examined the impact
of including a mean current, V,, in the y-direction added to a 0.60 m s~! sine wave
propagating in the z-direction.

Variations of free-stream velocities, similar to those common in nature, have been
applied. The results have shown that the model can make direct estimates for wave
dissipation rates and turbulent kinetic energy for turbulent boundary layers that occur
near the sea bed. Numerical experiments have been done to improve understanding
of the properties of turbulence. Results have shown the dependence of the bound-
ary layer on surface wave field conditions (wave amplitude, wave frequency, wave

shape, presence of mean current) and described the different kinds of flow, laminar,

101



transitional, and turbulent that are produced.

Analysis of the basic flow features for a five second period wave of maximum
amplitude 0.80 m s~! has shown that the turbulence in the wave bottom boundary
layer depicts initial transients during the first two wave periods before achieving a
quasi-steady behavior. Subsequently, turbulent bursts become episodic in nature
and are coupled to the wave cycle. Accelerating flow organizes the boundary layer
structure, and decelerating flow destabilizes the boundary layer. Turbulent levels are
usually the strongest near flow reversal. Moreover, the decay of turbulence seems to be
more sudden than the onset of turbulence. The study of the kinetic energy dissipation
rates has shown that the model is well-resolved and that the spatial resolution used
in the three-dimensional model is adequate to the purposes of this work as the grid
spacing is of the order of the Kolmogorov length scale. Instantaneous and mean
velocity profiles show the characteristic features of wave bottom boundary layers,
including the phenomenon of overshoot which occurs near the wall.

U,, L)

The model has been tested for different Reynolds numbers based on Re = ,
14

by varying the wave amplitude, U,,, and holding the wave period fixed. As the
wave amplitude decreases, the turbulent kinetic energy and the turbulent boundary
layer thickness decrease. A significant factor may be that the magnitude of the
deceleration of the wave forcing decreases as the wave amplitude decreases. The
laminar to turbulent transition occurs in the model for Re ~ 25,000, which is in
good agreement with previous laboratory experiments (Jonsson [9]).

Results of numerical experiments that varied the wave period, 7', show that as the
wave period increases, the boundary layer thickness increases and the flow becomes
more turbulent, with the steady flow being the most turbulent. As the magnitude
of the acceleration-deceleration phases decreases as the wave period increases, it is

suggested that the duration of deceleration phase can be more significant than its
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amplitude for some flow situations.

Different shapes of wave forcing have also been examined to understand the dy-
namics at flow reversal. It has been concluded that the magnitude of the deceleration,
the duration of the deceleration phase, the Stokes layer thickness, and the recent his-
tory of the flow during preceding wave periods are important parameters in the origin
and intensity of the turbulence.

Finally, mean currents of various amplitudes, perpendicular to the direction of
wave oscillation, have been added to the model. The impact of a weak current
(Voo ~ 0.25U,,) is to reduce the turbulence produced by the wave motion. The
addition of a relatively strong current (V, > 0.5U,,) results in increasingly turbulent
flows as Vi, increased.

The oscillatory boundary layer has been also modeled numerically with the one-
dimensional eddy viscosity models of Grant and Madsen [5], v,;(z) = kzu},,, and
Trowbridge and Madsen [6], v,(z,t) = kzu*. Spatially and temporally varying ver-
tical eddy diffusivities, v, (z,t), were compared to the three-dimensional simulations
and found to perform reasonably well for a broad range of conditions. These one-
dimensional models seem, however, to overpredict the boundary layer thickness, d,,
and underpredict the shear near the wall, especially during periods of flow reversal
or when flow acceleration inhibits turbulent production. The Grant and Madsen and
Trowbridge and Madsen models are shown to give better approximations as the wave
period, T, increases, as the flow becomes more turbulent, or when the free-stream

forcing is not monochromatic.
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Appendix A

Sixth-Order Compact Scheme

First Derivatives

Interior Domain Scheme

Following the work of Lele [46], except for the boundary values, each line of the

tridiagonal matrix to solve for each derivative is of the form
1
12U 1) + 36uUg; + 12ug 1) = g(uuz + 2841 — 28u;1 — u;_), (A1)

where h is the constant distance between the grid points and the right hand side is

4
known explicitly. The truncation error for this scheme is found to be ﬁhﬁ'.

Boundary Conditions

The boundary conditions are fifth-order accurate boundary scheme as boundary
schemes can be one order less accurate than an interior domain scheme without
degrading the overall accuracy of the interior scheme (Kreiss [60]). If the indepen-
dent variable is periodic in the z-direction, then the system of relations written for
each node can be solved together as a linear system of equations for the unknown
derivative values. However for non-periodic cases, additional relations are required
for the near boundary nodes. In the model, three kinds of boundary conditions are

therefore employed, periodic, Dirichlet, and von Neumann boundary conditions.

Periodic Boundary Conditions In the model, the periodicity of the velocity in
the z-direction is of the type u; = u,, where n is the upper index of the set of nodes.

Therefore, the relations for the derivatives at the nodes 1, 2, n-1 and n are

1
—(—Up_o — 28Uy,_1 + 28Uy + u3) (node 1), (A2)

12uy, + 36Uz + 12Uy = A
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—_

12ug1 + 36ugze + 12up3 = —(—Up_1 — 28uy + 28us3 + uy4) (node 2), (A3)

>

1
12Ug(n—2) + 36Up(n—1) + 12Uz, = E(—un_g — 28Uy o+ 28u1 +us) (node n-1), (A4)

1
12Ug(n—1) + 36Ug(n) + 12ug = E(—un_Q — 28Up_1 + 28us + u3) (node n). (A5)

The case of periodic boundary conditions is the simplest to implement numerically.
The resulting tridiagonal matrix is not simply banded but includes two extra coeffi-

cients, one each in the upper-right and lower left corners of the left-hand-side matrix.

Dirichlet Boundary Conditions The Dirichlet boundary condition is used when
the value of the velocity u is given for the boundary nodes. Numerical boundary

conditions are implemented for the first or last two points of the grid
1
12uy1 + 48uyg = E(_37u1 + 8ug + 36uz — 8uy + us) (node 1), (A6)

1
24,9 + 36Uz = E(—3u1 — 44uq + 36uz + 12u4 — us) (node 2), (A7)

1
36Uz (n—2) + 24Us(n—1) = E(Sun + 44uy, 1 — 36Up_o — 12Uy 3 + Up_4) (node n-1),
(A8)

1
—(3Tup, — 8up_1 —36Up_o +8Up_3 —Up_4) (node n). (A9)

2411%(7,,,1) +36uw(n,2) = h

Von Neumann Boundary Conditions In the case of Von Neumann boundary
conditions, the normal derivatives are specified on the boundary, that is u;; and g,
are known. Then the tridiagonal matrix is simplified and the relations for the nodes

2 and n-1 are given by
1
12uy1 + 36uyo + 12u,3 = E(—un,l — 28uy + 28u3 + uy4) (node 2), (A10)

1
12U (n—9) +36Ug(n—1) +12Uzp = E(—un,3—28un,2+28u1 +usg) (node n-1). (A11)
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The resulting tridiagonal matrices are computationally inexpensive and tridiago-

nal solvers are used to compute the derivatives.

Second Derivatives

Interior Domain Scheme

The second derivatives of the velocity are also calculated using Hermitian compact

8 23
or Padé series techniques. The truncation error for this scheme is —ﬁghﬁ. The

resulting tridiagonal matrix to solve for each derivative is, except for the boundary

values, of the form
1
8U$$(i+1) —+ 44“3;1‘2 + 8um(i_1) - ﬁ(f&u”z + 48ui+1 — 51UZ —+ 4811,,‘_1 — 3ui_2), (A12)

where h is the distance between the grid points and the right hand side is known

explicitly.
Boundary conditions
The boundary conditions are also fifth-order accurate.

Periodic boundary conditions The relations for the derivatives for periodic

boundary conditions at the nodes 1 and n are
1
S8Uppn +44Ugp1+8Uzpo = ﬁ(3un_2+48un_1—102un+48uz+3u3) (node 1), (A13)

1
8Ugz(n—1) + 44Uz + 8Ugz = ﬁ(3un,g + 48uy,, 1 — 102u,, + 48uy + 3ug) (node n).

(A14)

Dirichlet Boundary Conditions Numerical boundary conditions are implemented

for the first or last two points of the grid for Dirichlet boundary conditions are

1
12Ugg1 + 120Uge0 = ﬁ(145u1 — 304uy + 174us — 16wy + us) (node 1), (Al5)
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1
12uz(n) + 120u$(n_1) = ﬁ(145un —304u,_1 + 174u,_9 — 16u,_3 + un_4) (node n).

(A16)

Von Neumann Boundary Conditions In the case of von Neumann boundary

conditions, the relations for the nodes 2 and n-1 are given by

830 7251 1 1225 933 44 46
Uael + 5rrlaar = ~5en T ls + ﬁ(_EUQ + o7+ 5a7t ﬁu;,) (node 2),
(A17)
830 7251 1 1225 533
Uggn + Eum(n—l) = E%Um + ﬁ(—mun—l + 20—1Un72+
%Un_g — %UH_Q (node n-1). (A18)

Comparison of Schemes

The new compact scheme has been tested for simple wave functions, 27-periodic sums
of sine functions of different frequencies, before being implemented in the model.
Different schemes of computation of first and second derivatives, second-order fi-
nite difference scheme, fourth-order compact scheme and sixth-order compact scheme
have been compared. The root mean squared (rms) difference between the different
schemes and the analytic solution has been calculated at each grid point 7, that is for

the first derivative case to

rms(i) _ (Uzz"computed - wai|c;nalytic)2 (Alg)
(u;m' ‘ analytic)

and then by summation over all the domain, the value of the rms difference of the
first derivative computation for each scheme has been found to be equal to 0.2866 for
the second-order scheme, 2.6166.10 2 for the fourth-order scheme and 3.7857.10 2 for
the sixth-order one. The sixth-order compact scheme is therefore more accurate than
the others of one order of magnitude at least. For finite-difference approximations

of the first derivatives, the measure of accuracy or resolving efficiency of different
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compact-scheme implementations has been defined (Lele [46]). This measure, called
the modified wavenumber, represents the accuracy of the differentiation with respect
to the exact one as a function of wavenumber £kAz, where Az is the grid space. The
modified wavenumber of the sixth-order accuracy scheme for the first derivative is

computed, following the work of Lele [46] as

28 sin kAzx + sin 2kAzx
18 +12cos kAzx

W(kAx) = (A20)

Modified wavenumbers of the first derivative for second-order, fourth-order and
sixth-order discretizations are plotted in comparison with the exact differentiation in

Figure 1.

3.0F Exact differentiation
order 2
order 4
order 6

Figure 1: Modified wavenumbers of the first derivative for second-order, fourth-order
and sixth-order discretizations in comparison with the exact differentiation.

This graph shows how close the different schemes come to the exact one. The
function has a period of 27, that is, the wavenumber 7 is equivalent to the 2Ax wave,

/2 is equivalent to the 4Az wave ... The superiority of the sixth-order scheme
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over the fourth or second-order schemes can again be noticed for a wider range of
wavenumbers. For a wavenumber greater than 4Az (or 7/2), the sixth-order scheme
is closer to the exact differentiation than the two other schemes.

The modified wavenumber of the sixth-order accuracy scheme for second deriva-

tives is given by, following the work of Lele [46],

51 — 48 cos kAx — 3 cos 2kN\x

"kAx) =
w'(kAz) 22 + 8cos kAzx

(421)

A plot of the modified wavenumbers of the second derivative for the second-order,

fourth-order and sixth-order schemes is given in Figure 2.
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Figure 2: Modified wavenumbers of the second derivative for second-order, fourth-
order and sixth-order discretizations in comparison with the exact differentiation

It can be checked, as for the first derivative, that the new compact scheme gives

a better accuracy for a larger range of wavenumbers.
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Appendix B

Transient Solution

U, U,
By considering the following changes of variables, U; = o U = Ft’ T = wt, and
0 0

Z = \/gz, the steady state solution of the Stokes’s problem for a free stream velocity
v

wave of the form Uy (t) = Uj sin(wt) becomes

. o e ox _Z
U:(Z,T)=sinT —sin(T \/5) p( \/5), (B1)

and the transient solution corresponds to the equation

ouy  o*U;
= . B2
or 072 (B2)

As the fluid is initially quiescent,
x * . . Z A
U (Z,0) = -UX(Z,0) = [ —sinT + sin(T — ﬁ) exp (_E)HT:O
Z Z

= sin(—— (B3)

\/5) exp (_ﬁ)'
A solution for an oscillatory flow over a flat plate is developed following the approach
of Panton [51] for flow over an oscillating plate. This problem can be assimilated to
the unsteady heat conduction in a semi finite slab, with an initial temperature f(z)
and the surface temperature initially at zero. The heat conduction equation is of the

form
ov 0%
— _k— =0 B4
ot ox2 (B4)
where v(z) is given by Carslaw and Jaeger [61],

s [ e e w9

v(z) =
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in which f(z') is the initial temperature profile. In the boundary layer problem,

oU; (92U* the transient solution b
5T = g2 thetra sient solution becomes
(Z-¢)° (Z +¢)?
U (Z,T) - —_
@)= 5 [ 160 [onl= ) - E D e, (o
where f(£) is the initial velocity that is
1414
f(&) = S(exp(— , B7
(&) = S(exp( \/if)) (B7)
where & represent the imaginary part. Then,
1+i_ (Z2-¢)? 1+i_ (Z+¢)?
U (Z,T) — — _ _ d
1) = 5 [ e e - P e e - R g
(B8)
or
UNZT) = ——S / ”
) = )
! 27T Jo
1, Z 141 VA Z 143
[exp(—(78" + (G5 — —F)E+ 7)) — el (76 + (ot 75+ )]
(B9)
According to Abramowitz and Stegun [62],
oo 1 /7 ﬁQ — oy ,B
—(at?+92 = _\/j i
/0 exp(—(at® + 26t +v))dt 5 aexp( - )erfc(\/a), (B10)
where, in the boundary layer problem,
o = i
AT’
1, Z 1+1
=——(+ -
Z2
and where er fc is the complementary error function given by
erfe(r)=1—erf(x —1——/ exp(—t*)d / exp(—t°)dt, (B12)
f
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er f being the error function. Then

U (Z,T) = %(% exp(—% + iT)erfc(\/g(l +i— ﬁ))

%exp(% +2T)erfc(\/z(1 + i+ W))) (B13)

It can be checked that the real part of this expression is the transient solution to the
problem of a free stream velocity oscillating as — cos T instead of sinT'.

To find the imaginary part of this expression, since no exact expression of the de-
composition of the error function in real and imaginary parts exits, an approximation

of the error function given by Abramowitz and Stegun [62] is used

. . exp(—r?) -
erfe(x+iy) =1—erf(z+iy) =1—(erfz+ T[(l — cos2zy) + isin2zy| + ...),
m
(B14)
and an approximation of the transient laminar solution is determined
1 A Z —a?
Ui (2,T) = 5 exp(=s)sin(——5 + T)[1 = erf (o) - %(1 — cos 2ab)]—
1 Z Z —a?
5 exp(— E) cos(—ﬁ + T)[% sin 2ab]—
1 Z VA —c?
3 0 (5)sin( s+ T)[1 = erf(e) - %(1 — cos 2¢h)]—
1 Z Z —c?
2o (5) cos(—% . T)[% sin 2¢b], (B15)

here a 1 Z Yt T wt, and
W = — hald —
V2 2 \/ \/ Up = Us’ ’
7 = z,/g.
v

In dimensional form, the transient velocity is

Un(Z,T) = %Um eXP(_\/gZ)Sm(—\/gz +wt)[1 —erf(a) — exprima) )

2ra

(1 — cos 2ab)|—
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1 w w exp (—a?) .

§Um exp(—4 /52) cos(—y/ 5,7t wt) [727m sin 2ab]
1U exp ( iz)sm( “ o+ wt)[1 —erf(c) — M
2 m Py, Vau 2mc

(1 — cos2¢hb)|—

;U exp (\/Uz) cos( \/Uz+wt)[p(7_02)sm2cb] (B16)
Wherea:\/%(l wt\/_ b—\/i andc—\/7 wt\/_

More terms in the approximation of the error functions have been used, however,

the velocity obtained did not not vary measurably.

It can be checked that the no-slip condition is respected, i.e., Uy(0,t) = 0, the
fluid is initially quiescent, i.e., Uy(z,0) = Uy, sin(—i) exp (—i), and the transient
velocity vanishes as ¢ becomes large, i.e., U;(z,00) = 0.
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Appendix C

Implementation of the One-Dimensional Model

The domain of the boundary layer is covered by a grid of successive points spaced

out by a step size Az in the normal direction as shown in Figure 3.

z(k+1)
2(k) ® |
Az
2(k-1) ® 1
z(1)
e

Figure 3: Step size finite-difference grid for the calculation of turbulent boundary
layer.

By using second order spatial differences, the derivative of the velocity at the

point k can be written as

8_u
0z

Uk+1,n — Uk—1,n 2
= d ’ Az?). C1
(k.m) on, | TUAL) (1)

The governing equation, considering v, = v,(k,n), becomes

Oullan) _00sl0) 0, gyt EL) D (g St

ot ot 0z YAV

and is further discretized as

du(k,n)  9Ux(n)
ot ot

u(k+2,n)

=v,(k+1,n) L
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u(k,n)
(2Az)?

u(k —2,n)

v, (k+1,n) L

+ Vr(k - 17”)

If the viscosity is considered to be constant, that is independent of time and of the

z-coordinate, (C3) becomes

ou(k,n) OUx(n)  u(k+2,n)—2u(k,n)+u(k—2,n)
aa ot (2402)2 ' (C4)

As this scheme is not “compact” enough because it doesn’t involve a relation between
grid points on a smaller stencil than the standard finite difference formula, the same
steps are done using a space interval of Az/2 instead of Az as shown in Figure 3. A

new derivative of the velocity at the grid point k is therefore obtained

ou _u(k+1/2,n) —u(k—1/2,n)

el — 2
9z ‘(k,n) Az + (A, (C5)

By introducing an new variable

H(k) = v, () 22E ). (C6)
0z
then
OH (k)|  Hypyro— Hi_1po
0z ‘k N Nz ) (c7)

By approximating the value of the eddy viscosity at one point by the average value
of the viscosity calculated with the values of the viscosity spaced out by Az/2, with

Az small, such that

vr(k,n) + v (k+1,n)

ve(k+1/2,n) = 5 : (C8)

the new variable becomes at point k& + 1/2 and k — 1/2, respectively
H(k+1/2) = ve(k,n) + ;T(k +1,n) [u(k + 1,722— u(k,n)] ’ (C9)
Hik—1/2) = v, (k — 1,7’2 + v, (k,n) lu(k,n) —Auik - 1,n)] . (C10)
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Thus, after manipulation, (C7) becomes

81(1;3%) | = 2A1Z2 (v, (k,n) + vs (K + 1, n))u(k + 1,n) — (v, (k — 1,n) + 2v, (k, n)+
vr(k+1,n))u(k,n)) + (v.(k — 1,n) + v, (k,n))u(k — 1,n)], (C11)

and if the viscosity is constant,

ou(k,n)  O0Ux(n)  u(k+1,n)—2u(k,n)+ulk—1,n)
ot o " Nz - (o)

By differentiating the velocity with respect to time and choosing At as small as

possible, the time derivative velocity becomes

8_u‘ _u(k,n+1) —u(k,n) At < AN
otk -

1
= G (C13)

where C' < 1 for stability. The value C' = 1/2 has been chosen, for a more accurate
approximation.
Finally, the expression of the velocity at the position £ and at the time n + 1 in

function of the velocity at the time n is

8Ug,t(n) + 22; [(Vf(k, n)+ v (k+1,n))u(k+1,n)—

u(k,n+1) = u(k,n) + At

(vr(k—1,n) + 2v.(k,n) + v.(k+ 1,n))u(k,n)+
(v (k = 1,m) + vr (k))u(k — 1,n)]. (C14)

In the explicit calculations, the velocity is known at t = n and sought at ¢t = n + 1.
The computing time and accuracy of the method depend on the step size used in the
calculation, but generally for the parameters chosen, a few wave periods can be cal-

culated on the order of 10 minutes of CPU time on a DEC-Alpha 600au workstation.
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