Solution to Probability Homework 2
1. According to the Binomial Theorem, (z +y)" = Y ;_, ( Z )x"kyk.

Therefore,
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Since the binomial distribution is given by Bin (m|N, p) = ( Z ) pm(1—p) N,
it follows that
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2. We show that for multivariate Gaussian, the conjugate prior on the mean
of Gaussian is also Gaussian as the univariate case can be derived by setting the
dimension to 1. Let g € RE, ¥ € RBXB be the mean and covariance matrix
for the Gaussian distribution
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Given data D = {xy, ..., xn }, the likelihood is
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Define a prior for p as
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Then the posterior is

P (D, %, g, Xo) < p (D|p, Z) p (pl g, Xo)
1

_ e 3 ity (=) BT (i) = 5 (m—p0) TS5 (m— o)
(271_)BN/2 ‘E‘N/2 (277)3/2 ‘20|1/2




Since
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where C; and Cy are constants involving 3, x;, 1y, Xo, the posterior is also a
Gaussian )
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3. Given prior Dir (p|(2,4,3)) x p1p3p3 where p = (pl,p27p3)T and likeli-
hood Mult ((8,3,2) |p) « pip3p3, the posterior is

f(pl(8,3,2),(2,4,3)) oc Mult ((8,3,2) |p) Dir (p| (2,4,3))

= pIpSps.

4. The log-likelihood function of a Gaussian given independent samples
X ={x1,%x2,...,Xn} is
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5. Let p(x|p) = Hle pF where x = (1, ...,xx). The log-likelihood func-
tion given independent samples X = {x1,Xg,...,xn} is
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where my, = vazl Zik- So log (p (X|p)) = 22(:1 mylogpiy.

6. The objective function is
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Taking the derivative of J with respect to c,, gives
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Taking the derivative of J with respect to o, we have
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The update formulas for c,, and o are
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7. Let z = (z,y)", J (z) = 27 Az where A = diag(4,9). Using Lagrange
multiplier, we have
L(z)=2z"Az—\(z'z-1).
Taking the derivative of L with respect to z and setting it to zero, we have

a—L =2Az —2)\z =0,
0z

i.e. Az = Az. Hence z is an eigenvector of A and A is the corresponding
eigenvalue. Plugging Az = Az into the original J (z), we have

J(z)=2" z =\
Hence the minimum of J subject to the constraint is the smallest eigenvalue of A,

i.e. 4, the z that minimizes J is the corresponding eigenvector, i.e. z = (1,0)7,
orz=(-1,0)T.



