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In the present work, a finite element discretized one-dimensional formulation of plasma—sheath
dynamics, using multi-fluid equations for a partially ionized plasma, is given. Based on the
experimental data for multiple ionization of xenon gas, a third order polynomial has been used as a
fit to describe ionization processes. Such a polynomial has been used to self-consistently calculate
the rate of ionization in the plasma dynamic equations. The electron and ion number densities
decrease in the plasma-sheath region as expected. The neutral number density decreases in the bulk
plasma region and increases in the sheath region pointing to the dominant role of recombination near
the wall. The ion velocity, sheath potential and electron temperature profiles exhibit the expected

behavior.

INTRODUCTION

Sheath formation at the plasma-boundary interface
separating the quasi-neutral plasma is ubiquitous in
a bounded plasma. The physics governing the
formation of the boundary layer between the wall
and the plasma have been studied for past many
decades and are yet to be fully understood. The
interest in the subject has been revived recently
due to its wide ranging applications in plasma
processing; in the ion cyclotron heating; in electric
propulsion devices; in fusion plasmas; in high-
speed air vehicles. In the electric propulsion
devices, built up of sheath potential and its stability
may severely affect the thruster -efficiency
(Morozov and Savelyev'). The interaction between
the plasma and the limiter, divertor, in a
magnetically confined fusion plasma such as
tokamak is important in connection to the effect of
plasma on the surface and sputtering from the wall
to the plasma. Accurate sheath modeling is of
considerable interest to the effective design of

ionized flow in high-speed air vehicles.
Considerable reduction in the aerodynamic drag
via plasma or high temperature gas injection from
the stagnation region has been reported in weakly
ionized gas (Shang et al®). In high-speed air
vehicles, the interaction of the near-field flow
around a supersonic and hypersonic vehicle and an
applied magnetic field acting on the ions produced
at the bow shock wave can actually produce
beneficial effects on drag and heat transfer. These
effects can be further controlled by the existence of
plasma sheath near the leading surface of the air
vehicle. Present status of the space propulsion and
hypersonic flow research reflects a dearth of
consistent numerical models to understand the
effect of near wall plasma interaction with a
magnetic field. The anomalies are due to the
choice of Bohm’s criterion as the boundary
condition for both plasma and sheath using a non-
consistent model. This paper describes a
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theoretical basis for electrode voltage sheath
modeling for such applications.

The build-up of near wall potential due to different
mobility of the constituents in an ionized gas is as
old a problem as the discovery of plasma itself
(Langmuir and Tonks?). The specific feature of the
plasma sheath near an electrode is the formation of
charged boundary layer due to the difference in
mobility among different plasma particles viz.
electrons and ions in a two component, electron-
ion plasma. Since electron mobility is much higher
than the ion mobility, the plasma boundary
becomes negatively charged leaving behind a
positively charged column near the electrode. The
resultant potential gradient tends to slow the
incoming (to the boundary wall) electrons and
accelerate the ions until a steady state is reached,
with equal ion and electron fluxes. A stationary
sheath exists only if the ion flow velocity satisfies
the Bohm criteria at the plasma-sheath boundary
i.e plasma drift speed must exceed the ambipolar
ion sound speed (Bohm velocity). Though the
particle mobility depends upon many factors e.g.
electromagnetic field, the principal factor in sheath
plasma is the induced dc sheath potential which
equates all fluxes, preserving in the process the
quasi-neutrality of the bulk plasma.

Thus, a sheath consists of a presheath which is of
the order of mean free path of plasma-neutral
interaction and where plasma maintains a space-
charge neutrality and a Debye-sheath, which is of
the order of Debye length Ap and where a large
potential drop occurs. The ions are accelerated in
the pre-sheath region so that they enter the sheath
region with the minimum energy required for a
stable sheath. When one looks at the whole profile
of the sheath potential starting at the presheath
region (where the approximate charge neutrality
holds) up to the Debye sheath region (where the
charge neutrality is violated), one sees that the
condition in the presheath-Debye sheath transition
region depends on various parameters such as the

ion flow velocity, the plasma temperature, the
neutral density and so on.

Near the sheath region, elastic and inelastic
collisions between ions and neutrals may play an
important role on the sheath dynamics. One
dimensional analytical and numerical analysis of
Valentini*® suggest that in a collisional plasma,
not only the thickness of the sheath is substantially
larger than the Debye length Ap but also, plasma
drift velocity can be smaller than the Bohm
velocity. Moreover, since the ratio of
characteristic ambipolar ion drift speed to Bohm

speed V. /V,=./n/n, is greater than one, the

electric field determines the charged boundary
layer formation in a narrower interval of the ion
drift speed than described by the Bohm criteria.
Furthermore, V. is a function of space and thus we
see that the general criteria for sheath formation
become much more complicated than in the
classical Bohm case when Vg is constant provided
electron temperature is constant. In fact no lower
bound exists on the ion drift velocity in the
collisional plasma and Debye length can be of the
same order as the ion-neutral collisional mean free
path, Amfp (Valentinis). Clearly, Bohm criterion is
only sufficient but not a necessary condition for
sheath formation.

Thus, it is worth asking how various parameters
such as the interaction between the neutral and the
plasma affect the formation of the sheath and how
does, in the process, the ion acceleration in the
channel gets affected. The electron-neutral and
ion-neutral collisions play key role in the
momentum and energy transfer in a partially
ionized plasma and their role on sheath formation
is not well understood. On physical ground we
shall anticipate that the ion collision in the sheath
may reduce the ion impact energy to the wall.
Consequently, ion dynamics must encompass the
entire range of collisionality. The sheath formation
in low-pressure discharge is developed numerically
by means of a three-fluid model for compressible
media.



The length scale disparity between the bulk plasma
and the bounding sheath causes considerable
numerical difficulties. The literature on the
plasma-sheath modeling suggests that sheath and
the plasma region can be modeled separately and
treat sheath as a boundary condition to the bulk
plasma solution (e.g., Sternberg and Godyak®").
However, for a time dependent sheath, it is not
clear how to match properly the sheath to the bulk
plasma (Nitschke and Graves®). Therefore, a
combined plasma-sheath model development is
appropriate. In this work, we present a formulation
of a combined plasma-sheath model for a partially
ionized plasma that includes the effect of
ionization and recombination on the plasma
dynamics in the presence of neutrals and
isothermal ions.

The numerical simulation is based on two-
momentum, single-temperature, three-fluid flow
equations. We have utilized one-dimensional (1D)
sub-grid embedded (SGM) finite elements of Roy
and Baker’ ' for convergence and stability of the
steady state solution. Furthermore, without the
participation of neutrals, the effect of ionization
and recombination cannot be studied satisfactorily.
Therefore, we have included the neutral continuity
equation in our model with a given, fixed uniform
neutral velocity. For estimating the neutral-ion
cross-section and collision frequencies, we have
assumed that the neutral gas is an inert gas,
namely, Xenon. We leave the effect of the
secondary emission from the present formulation.

NOMENCLATURE

Sioniz = lonization source

S,ecomp = recombination source

e = elementary charge, 1.6x10™"° C
E; = Jonization Potential

E = Electric Field, V/m

L = Differential operator

m; = mass of ion,

M, = mass of electron, 9.1x107! kg

S

= number density, /m’
P = pressure, J/m’

R = solution residual

T = temperature, eV

t = time, S

u, U = state variable

V = flow velocity, m/s

o = recombination coefficient
&y = vaccum permeability, F/m
@ = plasma voltage, V

Q = solution domain

\% = collision frequency, 1/s
c = cross section, m

9 = numerical implicitness
Subscripts

B = Bohm

e = electron

i =ion

n = neutral

t, th = thermal velocity, m/s

a = electron, ion

0 = neutral

+ = singly ionized

++ = doubly ionized
MODEL DESCRIPTION

In partially ionized plasma, several important
elastic and inelastic processes can take place
simultaneously. Elastic collision involves only
exchange of momentum and energy between
colliding particles whereas inelastic processes such
as 1lonization, recombination, charge-exchange
collision, secondary emission, sputtering etc. can
be responsible for redistributing the number
density, momentum and energy of the particles.
However, we shall note that not all processes are
equally probable. For example, momentum
exchange due to electron-electron and ion-ion
collisions will not be important in comparison with
the electron-ion momentum exchange, as the
relative drift between similar particles is small in
comparison with the drift between electrons and
ions. The collisions between electron-neutral,
electron-ion, and ion-neutral play an important
role. The plasma-neutral collision usually
determines the kinetics of the motion. The



electron-neutral collision frequency is given as V,,
=Ny < GenVerr™. Assuming typical electron thermal
velocity Ve, ~10° m s’ (electron temperature of
several eV), with neutral atom density n, ~ 107 m
3, and Ge, ~ 27x1072° m? for Xe, we see that the
electron-neutral collision frequency is ven~104 s,
The ion-neutral collision frequency vi, is much
smaller than electron-neutral collision frequency
Ven as Vig ~10°-10*ms™.

The rate of ion production in a plasma is
determined by the ionization frequency. The rate of
ionization is given as

Sionz = N1, <Vezho-i(Vezh)> =knn (1)

e n

where oj is the total cross section of the process, 7,

is the electron number density and, process
constant k; = <oy(Ven) Ve where the averaging is
done over the velocities of the electrons whose
kinetic energy is sufficient for ionization. A
general electron temperature dependent empirical
formula can be fitted to the ionization process
constant k; = [k,»o+ , k,»OH, kil ++], where 0+, 0++ and
1++ correspond to the neutral to single and double
and single to double ionization respectively. We
shall use the following generalized process rate
that is a sum of all three ionization rates,

k =(=3.2087x10~ T*—0.0022 T?

iy 2)
+0.7101 7, -1.76)x10
The above estimate of 1onization rate is based on
the Maxwellian distribution function. The
probability of recombination is

Srecom == neni <Vetha;' (I/eth )> = - aneni (3)
where recombination coefficient o can be
approximated as (Mitchner and Kruger'')
a=1.09x10"n T m’/s 4

The cross-section for charge exchange collisions
for Xe-Xe' is given by (Pullins, Chiu, Levandier
and Dressler'?)

o Xe- Xe') =(142.21-23.30 log,,(AV)) x 10 m’ ()

For a relative velocity AV between 10 and 2x10°
m/s, the charge exchange cross-section is between

10%° to 107" m% Having delineated the important
physical processes in the partially ionized plasma,
we now give the basic set of equations that

describes the sheath-plasma dynamics under
investigation.
The continuity equation for electrons and ions,
on, on,V
—+ M = Siuniz - Srecomb (6)
ot 0z

Here V, and n,, are the electron and ion velocities
and number densities respectively for a = e and i,
with Sioniz and Syecomp given by equations (1) and
(3). The neutral continuity equation is

on, a(nV):

n n_n
+ —_—

a a recomb ki0+nenn - ki0++nenn : (7)
t z

The ion momentum equation is,

LA a(Z_JEV
m.

o0 oz mn oz )

1

+(’""]ve,-<V¢—Vi>—o.5 v, =) ®
m

V.
- Sioniz)n_l‘

i

+ (Shecoms
where the factor 0.5 before ion-neutral collision term in
the right hand side comes from reduced mass m; m,, /( m;
+ m,) =~ m;/2. Here, E is the electric field, and v,; is the
electron-ion collision frequency, v. is the ion charge-
exchange collision frequency, e is the electron charge
and Z is the ionicity. The electron momentum equation
is given as,

al/e—klfeal/e:— 1 %_[i]E
mn, 0z \m

ot oz 3
v €))
- Vei(l/e - Vl) + (Srecomb - Sioniz )_‘3
n@
The electron energy equation is,
t Z Z (10)

+ (MJ(ETE _Eij'
n, 2

Finally, the Poisson’s equation for potential is,



&Vip=—e (n,-n,) (11)
In the electron energy equation (10), we have
ignored the terms due to electron-neutral energy
exchange, as the neutral dynamics have been left
out of the present formulation. Furthermore,
contribution due to the exchange of random
thermal energy has also been ignored and only the
dominant contribution due to the exchange of
mean flow energy between electrons and ions has
been retained.

Before numerically solving above set of equations
(6)-(11), we normalize the physical variables. All
dependent variables can be normalized using

/2 T e
VB = m - ; l/ref = O-refnrerB ; ¢ = [_¢J’

T,
/m. i
where o, =0, [—, 60= 3.6 x 10 2 m?* for Xe.
! m
e

e

The fundamental length scale /y can be defined in
terms of characteristic Bohm velocity Vg and
collisional frequency, /o =Vg/v,r. The time scale is

-1
10 = Vief -

We need to specify proper initial and boundary
conditions in order to complete the formulation of
the sheath problem. In a combined plasma-sheath
model, boundary conditions are used to provide the
coupling between plasma and sheath regions
(Nitschke and Graves®). We impose zero plasma
velocity and Dirichlet condition on ion density at
the upstream boundary of the simulation box. At
the plasma-sheath interface, we ensure that the ion
velocity is equal to the modified Bohm velocity
(Godyak and Sternberg’)

-1/2
V= > [7.+7) (1+72”2> ]

m

(12)
where Ap = (g Te /e? Ne )1/2 is the electron Debye
length and A; is the “effective” ion mean free path
which is defined as Vp/(Vin+ Vie + V¢ ). The electron
density at the wall is homogeneous Dirichlet. We
impose the electric field at the plasma-sheath

boundary as

@ e (13)
dZ z=z e/lDl

where Ap; is the electron Debye langth at the
sheath-presheath boundary. The wall is maintained
at a negative potential. The neutral density is
imposed at the inlet and homogeneous Neumann
condition is imposed on the remaining boundary.
The neutral velocity is assumed to have a uniform
value everywhere.

FINITE ELEMENT BASED MODELING

A general formulation for (6)-(11) may be
expressed as L(U)=0, where U={n;, n., n,, Vi, Ve,
T,, ¢}" and L is a differential operator. The weak
statement underlines the development of the range
of CFD algorithms. Such an integral statement
associated with (6)-(11) is

j wL(U)dQ =0 (14)

where w denotes any admissible test function
(Roy"). Thereafter, the finite element (FE) spatial
semi-discretization of the domain Q of (6)-(11)
employs the mesh Q'=uU Q and Q. is the

generic computational domain. Using superscript
“h” to denote “spatial discretization,” the FE weak
statement implementation for (14) defines the
approximation as

M(xj) zuh(xj) = Uuel(xi)and ue/(xj):NkUel
el

where u is any variable in U and N is the
appropriate basis function that may be represented
by Chebyshev, Lagrange or Hermite interpolation
polynomials complete to degree k, plus perhaps
“bubble functions” (Roy and Baker'’).

The spatially semi-discrete FE implementation of
the weak statement WS" for (14) leads to

ws" = S,([ N,L,(U)dz (15)

S. symbolizes the “assembly operator” carrying
local (element) matrix coefficients into the global
arrays. Application of Green-Gauss divergence
theorem in equation (15) may yield natural
homogenous Neumann boundary conditions and
the surface integral that contains the unknown



boundary fluxes wherever Dirichlet
boundary conditions are enforced.

(fixed)

Independent of the physical dimension of Q, and
for general forms of the flux vectors, the semi-
discretized weak statement of (15) always yields
an ordinary differential equation (ODE) system:
M dU/dt + R(U) =0, (16)

where U(¢) is the time-dependent finite element
nodal vector. The time derivative dU/d¢, 1is
generally replaced by using a $-implicit or z-step
Range-Kutta time integration procedure. In (16),
M = S, (M,) is the “mass” matrix associated with
element level interpolation, R carries the element
convection information and the diffusion matrix
resulting from genuine (not for Euler) or numerical
elemental viscosity effects, and all known data. For
steady state, (16) is usually solved using a Newton-
Ralphson scheme:

UM =UL, +AU =U, + ) U, where
=0 (17)

AU’ =—~[M + 9A1(GR/3U)| ' R(U)

In (17), $ is the implicitness of the numerical
algorithm and 0 <4 < 1. The obvious numerical
issues will be associated with calculation of the
“jacobian” OR/OU and inversion of the
M+9A#(0R/0U) matrix with sufficient accuracy.
Equations (6)-(11) are strongly coupled and the
jacobian matrix for this problem becomes very stiff
for realistic mass ratio of electron and ion. This
results in solution divergence for standard Galerkin
finite element approach on a moderate to fine
mesh. As a remedy, we utilized a high-order
accurate SGM finite element’™'® method to achieve
stable monotone solution on a relatively coarse
grid.

The code uses variable time steps till the transient
features die down as the iteration converges to a
steady state. The solution is declared convergent
when the maximum residual for each of the state
variable becomes smaller than a chosen
convergence criterion of e=10". Here, the

convergence of a solution vector U on node j is
defined as the norm:
IV, -V, __

10, 1]
The steady state is declared when the above

convergence criteria is met at the first iteration of
any timestep.

(18)

RESULTS AND DISCUSSION
As has been mentioned above, combined plasma-
sheath dynamics is modeled by a 1D geometry.
Equation set (6)-(11) is solved using SGM finite
element method”'® over a computational domain
(x=z/L:0,1) where L is the characteristic length of
the plasma-sheath region. The mesh consists of 40
equal length 1D quadratic finite elements (i.e., 81
nodes) for all normalized numerical results
presented here.
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Figure 1. Electron number density profile.
Figure 1 shows the normalized electron number
density profile. Evidently, electron number density
starts to decrease rapidly near the plasma-sheath
boundary and becomes almost zero at the wall.
This is expected as due to the build up of a strong
negative potential at the wall, electrons will be
expelled from the presheath-sheath region and only
supra-thermal electrons will be able to overcome
the potential barrier and cross over to the wall. The
number of supra-thermal electron is always small
in any given plasma. The impact of electron-ion
recombination near the wall also contributes to the



rapid decline of electron density. Wall acts like a
third body and rapid recombination will take place
on the surface of the wall. We shall search for the
correlation in the neutral number density.

In Fig. 2, normalized ion number density is plotted.
The ion number density increases all through the
plasma region due to the impact ionization of the
electrons and the neutrals. However, in the vicinity
of the presheath-sheath boundary, the ion number
density starts decreasing. The result can be
understood in the following way. Assuming that
the sheath has reached a steady state, ion flux will
be conserved if the system is in ionization
equilibrium. Then, if the ion velocity increases
beyond presheath-sheath boundary, then ion
number density must decrease, which is reflected
in the picture. However, system is not exactly in
ionization equilibrium where, recombination and
ionization balances each other, as will be seen
from the neutral density profile, Fig. 4.
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Figure 2. Ion number density profile.

In Fig. 3, ion and electron densities are plotted on the
same scale. We see that the plasma remains
quasineutral in the bulk plasma and n, = n; .
However, there is a considerable departure from
quasineutrality near the plasma-sheath boundary.
Due to negative potential build up on the wall,
electrons are repelled and their number density
decreases rapidly whereas, decrease in ion number
density is gradual. This is consistent with typical
sheath picture near the wall (Chen'?).

The neutral number density (Fig. 4) shows a rapid
decline before recovering near the presheath and
recovery continues right to the wall. The decline in
the neutral number density in the bulk plasma can be
attributed to the dominance of the ionization over
recombination. Similarly, increase in the neutral
number density near the wall could be attributed to
the dominance of recombination over the ionization.
The behavior of neutral density profile is well
correlated to the electron and ion number density
profiles.
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Figure 4. Neutral number density distribution.

The potential and electric field profiles are given in
Figs. 5 and 6 respectively. The built up of a large
negative potential and corresponding repulsive



electric field near the plasma-wall region is
suggested by these figures. The effect of collision
has been considered in the form of modified Bohm
criteria in equation (12). However, a comparative
study of the formation of presheath boundary should
be done by switching off the collision terms, to
determine any effect of collision on the location of
sheath-presheath boundary. Further, the role of
neutrals on the boundary layer formation can only be
investigated if the proper neutral dynamics is
included. Then the presence of the neutral will affect

the plasma dynamics through the collisional
exchange of momentum and energy.
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Figure 5. Plasma potential distribution.
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Figure 6. Electric field profile.

In Figure 7, the ions are accelerated toward the
negatively charged wall and reach the critical

velocity at the presheath-sheath boundary. The ion
velocity keeps increasing inside the sheath exceeding
Bohm velocity and it finally saturates at the wall. We
have noted above that the reduction of ion density
inside the sheath can be correlated with the increase
in the ion velocity. What happens in the bulk plasma
region where also, ion velocity keeps increasing?
The plasma is not in equilibrium and thus, above
interpretation requires some caution as other
processes like charge exchange collision, multiple
ionization along with the elastic and inelastic
processes are taking place simultaneously. Thus, ion
velocity can increase, e.g. at the expense of, neutral
velocity. This can be seen clearly if we switch off all
other terms in ion momentum equation (8) except
ion-neutral collision. We see that constant neutral
velocity will give rise to an acceleration ~ 2 (z V,,)l/ 2
which explains the linear increase of the ion velocity.
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Figure 7. Ion velocity profile.

The electron temperature profile is shown in
Figure 8. We note that the spatial evolution of
density (Fig. 1) is correlated with the temperature
evolution (Fig. 8). In fact this correlation could be
anticipated on the physical ground. The number of
high energetic electrons will be less than the
number of low energy electrons in any given
distribution. Therefore, the region of high
temperature should reflect a dip in the electron
density. The increase in the electron temperature is
not rapid. Further, close to the wall, the



temperature profile saturates. Apart from Ohmic
heating, electrons also get energy from the
inelastic exchange with the ions and the neutrals.
The effect of temperature on the sheath is only
indirect in the present model and requires further

investigation.
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Figure 8. Normalized electron energy profile.

CONCLUSIONS

In this paper, a finite element based 1D
formulation of plasma—sheath is given for a
partially ionized plasma using the multi-
component fluid equation. Based on the
experimental data for multiple ionization of xenon
gas, a third-order polynomial has been used in
electron temperature as a fit to these processes.
Such a polynomial has been used to self-
consistently calculate the rate of ionization in the
plasma continuity equations. For the neutral
continuity equation a third order polynomial
corresponding to 0+ and 0++ have been used.

It is seen that neutral density decreases in the bulk
plasma region reaching a minima at the presheath-
sheath boundary and then starts increasing in the
sheath region. This can be attributed to the
suppression of ionization in the near sheath region.
The electron and neutral number density profiles
near the sheath show their usual behavior. The ion
number density keeps increasing in the bulk
plasma and crosses the modified Bohm velocity
near the presheath. The following questions remain

to be answered. How does collisions inside the
sheath affect the impact ion energy and
consequently, sputtering yield? What role
secondary emission and sputter yield plays in the
sheath stability? Most intriguingly, how does
magnetic field affects the sheath dynamics? We
shall address some of these issues in our
subsequent work.
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