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1. Introduction

Turbulent flow over a flat plate has been extensively studied 
both experimentally and numerically in order to understand 
the fluid–fluid and fluid-structure interactions in various 
applications. The main objective, has been to obtain better 
scaling laws and models for predicting quantities of prac-
tical relevance. Extensive experimental studies of the turbu-
lent boundary layer have been conducted [2–9]. Degraaff and 
Eaton [7] provided data for a wide range of Reynolds numbers 
and different scaling parameters for predicting boundary layer 
characteristics at near wall and wake region. Hutchins et al 
[9] conducted studies on large scale coherent structures for 
atmospheric turbulence and compared them with the labora-
tory turbulent boundary layers. They found that the two-point 
correlation of velocity fluctuations are similar for both cases.

In practical applications, the Reynolds numbers 
ReL = U∞L/ν  based on freestream velocity U∞, character-
istic length L, and kinematic viscosity ν , can go up to O (108). 
This is challenging to obtain in laboratory experiments or 
simulation settings due to large length scales and prohibitive 
computational resource requirement. Therefore, better scaling 
laws and sub-grid stress models are required to predict tur-
bulent flowfield at high Reynolds numbers. Due to the recent 
advances in computational technology, direct numerical simu-
lation (DNS) has become feasible for simulating zero pres-
sure gradient turbulent boundary layer (ZPGTBL) at moderate 
Reynolds numbers. DNS for spatially developing ZPGTBL 
was conducted by Spalart [10] for Reynolds number based 
on momentum thickness θ (Reθ = U∞θ/ν ) up to 1410 and 
by Schlatter [8] for Reθ up to 2500, which gave extensive 
benchmark data for this problem. Although DNS is a useful 
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Abstract
We demonstrate that a 3D non-linear plasma actuation method creates secondary instabilities 
by forming lambda vortices for a spatially developing turbulent boundary layer flow over a flat 
plate. Both bypass transition and controlled transition processes are numerically investigated 
using wall resolved modal discontinuous Galerkin based implicit large eddy simulation.  
The largest momentum thickness based Reynolds numbers (Reθ) tested are 1250 and 1100 
for the bypass transition and the controlled transition, respectively. The 3D actuation method 
is based on a square serpentine plasma actuator (Durscher and Roy 2012 J. Phys. D: Appl. 
Phys. 45 035202). The transition is achieved via oblique wave transition by perturbing the 
flow at a frequency of 1 kHz with amplitude of 10% of the freestream velocity. Although 
the flow is perturbed at a single frequency, the instabilities arising due to the nonlinear 
interaction between the consecutive lambda vortices, creates subharmonic lambda vortices 
(half of the fundamental frequency), which finally break down into fully turbulent flow. These 
interactions have been thoroughly studied and discussed. Since the actuation creates oblique 
wave transition it will allow faster transition compared to the standard secondary instability 
mechanism with similar disturbance amplitude reducing the amount of energy input required 
for flow control.
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tool to accurately capture all the relevant scales in a flow of 
moderate Reynolds number, computational resource demands 
remain restrictive. As a remedy, large-eddy simulations (LES) 
have become increasingly popular as a simulation tool to 
understand turbulent flow physics. It is based on a low pass 
filtering operation which acts as a sub-grid scale model for 
the small-scale structures with high frequencies and allows 
turbulent simulations to be practicable. Various sub-grid scale 
models have been studied in literature [11–15]. For detailed 
information on different LES modelling techniques and trends 
the author refers the reader to the book by Lesieur et al [16]. 
Although extensive research has been done in order to model 
the small-scale structures, a universal SGS model is yet to be 
found.

In the present work the turbulent flow simulations have 
been carried out using implicit large eddy simulation (ILES) 
with a modal discontinuous Galerkin (DG) method. The ILES 
approach [17] does not require problem specific description of 
SGS model. The use of shock capturing schemes for ILES has 
been discussed by Garnier et al [18]. The numerics of ILES is 
based on modified equation analysis [19]. For ILES, the trun-
cation terms due to the numerical algorithm have similar prop-
erties as the SGS models [17]. Examples of methods used for 
ILES are flux corrected transport, piecewise parabolic method 
[20] and multi-dimensional positive definite advection trans-
port algorithm [21]. In this paper ZPGTBL is studied using 
wall resolved DG ILES, in order to investigate the inherent tur-
bulent flow physics. A validation study has also been provided 

using a well-documented tripping mechanism [22] for the 
ZPGTBL. The first representative set of works on LES using 
DG was conducted by Collis and Chang [23]. They studied 
flow over a cylinder and inside a channel. Sengupta et al [24] 
and Wei and Pollard [25] simulated turbulent channel flow 
using DG method. More recently [26–29], conducted simu-
lation of turbulent flow over an airfoil. DG method was also 
tested for different types of problems including isotropic tur-
bulence and channel flow [30].

This paper investigates spatially developing ZPGTBL 
using bypass mechanism provided by Schlatter and Orlu [22] 
as a benchmarking study. Also, the effect of 3D plasma actua-
tion on a laminar boundary layer is examined. The geometry 
and forcing details of the actuator are provided in section 2.3. 
The 3D actuation method relies on the effects similar to that 
of a square serpentine surface dielectric barrier discharge 
(SDBD) plasma actuator [1]. Plasma actuators have been 
studied extensively, as a flow control device over the past 
few decades [31–34]. Numerical and experimental studies 
have shown plasma actuators can be used to either suppress 
[35–37] or raise [38, 39] the growth of Tollmien–Schlichting 
(TS) waves and thereby delaying or advancing the transition 
to turbulence. The transition can be manipulated by applying 
actuators at different locations and voltages [35]. The present 
study investigates the effect of pulsed actuation as a destabi-
lizing mechanism, for transitioning the flow from laminar to 
turbulence, directly via secondary instabilities. A study of the 
interaction between the structures generated by the actuator 

Table 1. Computational mesh details.

Nx Ny Nz ∆x+i ∆y+i ∆z+i L+
x L+

y L+
z

Case I Coarse 700 48 32 26.5 0.9 24 18 600 4200 750
z_fine 700 48 64 26.5 0.9 12 18 600 4200 750
Medium 700 64 64 26.5 0.9 12 18 600 4200 750
Fine 950 96 64 13 0.9 12 18 600 4200 750

Case II 750 64 64 26 0.9 11 20 000 2950 750

Figure 1. (a) Schematic of the operation of SDBD actuator and plasma formation, (b) different geometries of the plasma actuator 
depending on the shape of line of actuation and (c) formation of plasma around different electrode geometries at 14 kVpp and 1 kHz.

J. Phys. D: Appl. Phys. 50 (2017) 425201
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and their growth in both space and time has also been inves-
tigated. Since the actuation follows a serpentine geometry  
[1, 40, 41] knowledge of the transition mechanism can pro-
vide practical understanding of the geometric influence of 
actuation as a controlled tripping mechanism.

This paper is structured as follows. Section  2 gives the 
computational approach used for the problems studied, sec-
tion 3 reports results for and discussion on the ZPGTBL using 
two kinds of tripping mechanisms and finally conclusions are 
drawn in section 4.

2. Computational approach

As mentioned earlier, the two types of study performed here 
are transition to turbulence using bypass mechanism and 
trans ition using 3D actuation. From here on, the former will 
be called as case I and the latter as case II. For case I and 
case II the Reynolds number based on plate length, Rex  ranges 
from 2.5  ×  105 to 6.25  ×  105 and 3.75  ×  105 to 8  ×  105, 

respectively. For case I, Reθ ranges from 330 to 1250 and  
for case II it is from 400 to 1100.

2.1. Mesh details

The different mesh sizes used for case I and case II have 
been tabulated in table 1. The streamwise (x-direction), wall 
normal (y-direction) and spanwise (z-direction) domain sizes, (
L+

x , L+
y and L+

z respectively
)
 are based on the inlet wall unit (

∆y+i = ∆yiuτ ,i/ν
)
 where uτ ,i  is the friction velocity at the 

inlet and ν  is the kinematic viscosity, which is held constant 
for all the mesh sizes. Although, the number of elements (Ny) 
in the wall normal direction is changed, ∆y+i  does not change 
since more elements are packed in the log layer and the mesh 
is wall resolved. The number of grid points in the boundary 
layer ranges over the domain from 40 at the inlet to 44 at the 
outlet for the coarse mesh, 50 to 60 for the medium mesh,  
80 to 90 for the fine mesh of case I and 40 to 44 for case II. 
The mesh is stretched [42] in the wall normal direction using

Figure 2. (a) Time averaged contours of streamwise oriented bound vortical structures on a y-z plane 12.5 mm from the beginning  
of the actuator and (b) corkscrew like structures of streamtraces colored with vorticity induced by square serpentine actuators [1].

Figure 3. Actuator body force along (a) streamwise and (b) wall normal direction with force vectors. (c) Actuator geometry details  
and forcing directions along the line of actuation.

J. Phys. D: Appl. Phys. 50 (2017) 425201
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y ( j) = Ly
Cη

1 + C − η
, η =

j − 1
Ny − 1

. (1)

In equation  (1), is the height of the domain in wall normal 
direction and j is the grid point. The choice of constant C gives 
∆y+i = 0.9. The mesh is uniform in x and z directions. However, 
near the streamwise and wall normal outflow boundaries, the 
mesh is geometrically expanded and the outlet velocities are 
relaminarized to Blasius profile using a sink term, similar to 
a sponge region [43, 44], to avoid any reflections. It should 
be noted that the mesh parameters chosen here correspond to 
the grid requirements for wall resolved LES provided by Choi 
and Moin [45]. The mesh details for case II was chosen based 
on the mesh study for case I, and was found to be adequate to 
obtain the relevant turbulent statistics and structures.

2.2. Boundary and initial conditions

The Mach number for all the cases studied in this paper is 
set to 0.5, which is weakly compressible. For case I, the inlet 
freestream conditions are applied with static pressure (P∞) 
of 10 132.5 Pa and static temperature (T∞) of 273 K. The 
freestream velocity (U∞) is 165.61 m s−1, and the dynamic 
viscosity (µ∞) based on Sutherland’s law is 1.716  ×  10−5  
Ns m−2. A Blasius profile corresponding to Rex = 2.5 × 105, 
is used for the streamwise and wall normal velocity at the inlet. 
Based on this the incoming Reθ is 330. The wall is kept at no 
slip adiabatic conditions. Both top and outlet boundary con-
ditions are obtained by linear extrapolation with the pressure 
kept at P∞. Same conditions are used for case II except that 
Rex = 3.75 × 105 and Reθ is 400 at the inlet. The density varia-
tions are below 2.5% and Van Direst transformations [46] had 
no impact on the mean and fluctuating components. Blasius 
profile is also used to initialize all the cases. For case I, the flow 
is tripped at a location, 4δi (inlet boundary layer thickness for 
0.99U∞) from the inlet and the tripping method is similar to 
the approach taken by Schlatter and Orlu [22] for their baseline 
case. Next section describes the tripping mechanism for case II.

2.3. Actuator forcing mechanism

The SDBD plasma actuators are constructed using two asym-
metrically placed electrodes separated using a dielectric 

material. A high voltage (~kV) alternating current is applied 
to the electrodes across the dielectric material. Radio frequen-
cies are generally used for the applied voltage. One of the 
electrode is exposed to the surrounding air while the other is 
encapsulated. A simple depiction of the actuator geometry and 
operation is shown in figure 1. When high voltage is applied 
across the electrodes the gas surrounding the exposed elec-
trode ionizes and creates electrons, positive ions and nega-
tive ions. Due to the asymmetrically placed electrodes, the 
electric field directs the ions in its direction which in turn 
impacts the neutral gas molecules and creates a wall jet flow. 
Figure 1(b) depicts different actuator geometries obtained by 
changing the shape of the line of actuation. Figure 1(c) depicts 
the plasma formed around the exposed electrode for an actu-
ator operating at 14 kVpp and 1 kHz. These actuators were 
made using copper electrodes with 1.5 mm PMMA dielectric. 
Experimental investigation of serpentine plasma actuators 
[1, 40] have shown that they create 3D streamwise oriented 
vortices and the flow moves in a corkscrew path. The fluid is 
pushed forward and away from the surface. A depiction of the 
streamwise oriented bound vortical structures generated by a 
square serpentine actuator at 14 kVpp and 10 kHz are shown 
in figure 2.

The focus here would be on using a body force approx-
imation based on first principles model for simulating square 
serpentine SBDB actuators. The concept of this forcing mech-
anism comes from the SDBD plasma actuators which has 
been used as a flow control device for a variety of applications 
including airfoil separation control [47], bluff body noise con-
trol [48], flow control in cavity flow [34] etc. Different types 
of body force models were investigated [49] and found to have 
minor differences in the flowfield near the plasma region. The 
approach here is to use a body force model formulated by 
Singh and Roy [50] to simulate the effect of plasma actua-
tors. The geometry of the actuator, corresponds to the class 
of serpentine plasma actuators introduced by Wang and Roy 
[40]. The body force distribution [41] for the actuator used in 
the current study is depicted in figure 3 and is obtained using

Figure 4. Effect on velocity ratio based on different forcing 
amplitudes for a linear actuator.

Figure 5. Mesh convergence for (a) U+ at Reθ = 900 compared 
to Wu and Moin DNS data [54]. (b) Skin friction comparison with 
data fit to different DNS data by Schlatter and Orlu [22].

J. Phys. D: Appl. Phys. 50 (2017) 425201
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Fζ =
Fζ0√

F2
ζ0
+F2

y0

exp
{
−
[
(ζ−ζ0)−(y−y0)

y−y0+yb

]2
− βζ(y − y0)

2
}

Fy =
Fy0√

F2
ζ0
+F2

y0

exp
{
−
[

(ζ−ζ0)
y−y0+yb

]2
− βy(y − y0)

2
}

.

 (2)

In equation  (2) Fζ0 = 2.6, Fy0 = 2.0, βζ = 1.44 × 106,βy = 
1.8 × 106 and yb = 6.65 × 10−4. The last three parameters 
which provide the extent of the exponential distribution as 
shown in figures  3(a) and (b). These parameters are scaled 
such that the body force decays by 99% within δi/4 where 
δi is the inlet boundary layer thickness. The location of the 
actuation is given by ζ0 and y0 which correspond to the points 
along the line of actuation depicted in figure 3(c). The body 
force terms are applied such that Fy  is always directed in nega-
tive wall normal direction and due to the 2D nature for the 
serpentine actuators, Fζ is decomposed into two components, 
namely the streamwise, Fx  and spanwise, Fz component. The 
actuator center location given by c as depicted in figure 3(c) is 
at a distance 4δi from the inlet. The actuator design shown in 
figure 3(c) is similar to a square serpentine actuator [1] and its 
dimensions are given by its wavelength, λ which is equal to 
the spanwise length of the domain.

The forcing terms are modulated with a sinusoidal fre-
quency, ω  of 1 kHz, typical for a SDBD actuator, and an 
amplitude A given by

Fbζ = AFζ |sin (ωt)|
Fby = AFy |sin (ωt)| . (3)

Both Fbζ and Fby are implemented as body force terms in the 
momentum and energy equations of Navier Stokes equations. 
The amplitude A was determined by conducting simulations 
of the actuator in quiescent conditions for different values of 
A, to obtain the maximum mean velocity magnitude gener-
ated, up and consequently the ratio, γ = up/U∞. For the 
present study, γ  is chosen to be 0.1. It should be noted that 
the velocity induced by this forcing is around 16.5 m s−1, 
while the current state of the art actuators can generate utmost  

11 m s−1 [51]. However, the important parameter is the velocity 
ratio, which has been discussed in section 3.3. The parameters 
chosen can be related to a square serpentine actuator with a 
ground electrode width of 3.125 mm operating at 1 kHz and 
25 kVpp. These numbers are obtained using extrapolation of 
results by Singh and Roy [50] and does not consider effects 
of thrust saturation [52] in plasma actuators. The relationship 
between A and γ  is depicted in figure 4. To avoid symmetry 
in the spanwise direction, an additional normally distributed 
random perturbation of amplitude 0.1A, was added to the 
amplitude A. Since an absolute value of the sine wave is used, 
the forcing occurs at a frequency 2ω , which gives a Strouhal 
number, St = 2ωδi/U∞ = 0.584 (ω  is in rad s−1) and a non-
dimensional frequency of f × 106 = 2ων/U2

∞ ≈ 60.

2.4. Numerical details

The unfiltered compressible Navier Stokes equations  without 
incorporating any turbulence modelling, was used to simu-
late the turbulent flow. The simulations were carried out using 
modal discontinuous Galerkin method implemented in our 
in-house Multiscale Ionized Gas (MIG) flow code. The solu-
tions inside the discontinuous elements were interpolated using 
Legendre polynomials. The spatial discretization was done 
using a third order accurate scheme (P = 2) and two step fully 
explicit Runge Kutta method is used for the temporal terms. 
The numerical integration employed uses Gauss–Legendre 

Figure 6. Mesh convergence for Reynolds stresses scaled with 
inner wall coordinates at Reθ = 900 compared to DNS data [54]. 
(a) Streamwise, (b) wall normal and (c) spanwise rms fluctuations.

Figure 7. Variation of total shear stress and Reynolds shear stress 
with outer coordinates at Reθ = 1030.

Figure 8. (a) Variation of displacement thickness δ∗ with Reθ.  
(b) Shape factor profile showing transition from laminar to turbulent 
flow.

J. Phys. D: Appl. Phys. 50 (2017) 425201



A Das Gupta and S Roy 

6

quadrature rules with P + 3 integration points in each direc-
tion. The local Lax–Friedrichs flux was used for the convective 
numerical flux since it gives similar results to other numerical 
fluxes [27, 30, 53] for the current order approximation and 
local discontinuous Galerkin method was used for the viscous 
numerical fluxes. For all the cases, the non-dimensional time 
step is ∆t+ = u2

τ ,i∆t/ν = 0.0048. The flow was allowed to 
convect two times over the entire streamwise length at a convec-
tive speed of around 0.75U∞, before the mean flow calculations 
were started. This corresponds to about 3100ν/u2

τ ,i and the mean 
flow calculations were carried out over a period of 1600ν/u2

τ ,i.

3. Results

3.1. Turbulent statistics for case I

For case I the mesh sizes tested showed that the wall scaled 
mean velocity, U+ = Ū/uτ , where Ū  is the time and span-
wise averaged solution, has minor variations due to mesh size 
as depicted in figure 5(a). The results slightly over predict the 
solution in buffer and log layer region when compared to the 
DNS results [54]. However, the viscous sublayer is accurately 
captured. The slope of log layer is found to be 0.4 and the 
constant as 5.25. The skin friction, cf  in figure  5(b) shows 

Figure 9. Variation of Reynolds stress budget terms with inner wall coordinates at Reθ = 900. (a) u′2, (b) v′2, (c) w′2 and (d) u′v′.  
All the terms are scaled using inner wall parameters.

Figure 10. Energy spectrum of fluctuating components in the spanwise direction at y/δ∗ = 1. (a) Spectrum at Reθ = 900.  
Comparison of spectrum at Reθ  =  700 and 900 for (b) streamwise, (c) wall normal and (d) spanwise fluctuations.

J. Phys. D: Appl. Phys. 50 (2017) 425201
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good agreement with published DNS data [22] for all the 
mesh sizes.

The normalized root mean square (rms) streamwise fluc-

tuating velocity, u′+
rms =

√
u′2/u2

τ  depicted in figure 6, shows 

that the coarse mesh is not suitable to resolve the perturba-
tions. Doubling the mesh density in the spanwise direction 
solves this issue. The Reynolds stresses match with the DNS 
results [54] with an rms error of about 5% corresponding to 
wall normal fluctuations. The peak value for u′+

rms is 2.82 and 
it occurs at y+ = 14 (y/δ = 0.04 ) for Reθ = 900 for the fine 
mesh. The wall normal and spanwise fluctuations have peak 
values of 1.09 and 1.33 respectively. The differences in rms 
fluctuations when compared to DNS data are fairly insignifi-
cant since similar variations in fluctuating components have 
not only been seen experimentally but also numerically at 
similar Reynolds numbers. Factors such as spatial resolu-
tion of probes, measuring apparatus, tripping mechanism etc 

can affect the experimental data while grid resolution, inflow 
length, tripping method, domain size etc can impact the 
numerical data [55]. Therefore, the mesh sizes equal or more 
than the z_fine case is adequate to resolve the fluctuations. 
The medium mesh case is used for rest of the visualizations 
and comparisons of case I. However, it should be noted that 
for the present study higher than second order moments were 
not compared, as suggested by Spalart [10].

In figure 7 the total shear stress τ+ = (ν∂Ū/∂y )
+ − u′v′

+
, 

is plotted against outer coordinates at Reθ = 1030. Similar to 
Wu and Moin [54], the data shows that the maximum shear 
stress does not occur at the wall, but at around y/δ = 0.03 or 
y+ = 12 (see inlay). This is the same location where u′+

rms is 
maximum. This behavior is observed throughout the turbulent 
boundary layer ranging from Reθ  =  670 to 1030. This has not 
been seen by other authors [10, 22] and also for channel flow 
cases where the stress is linear.

The integral quantities shown in figure 8, depict the varia-
tion of displacement thickness δ∗ and the shape factor H with 
Reθ. Both displacement thickness and shape factor shows 
the deviation from the Blasius laminar solution to the tur-
bulent solution. The shape factor shown in figure 8(b) is in 
good agreement with the DNS results of Sayadi et al [56] for 
K-type transition.

In figure 9 the Reynolds stress budget terms are plotted at 
Reθ = 900 near the wall. The equations  to determine these 
parameters are given below [57]

Figure 11. Schematic of the actuation pinch plane and spread 
plane.

Figure 12. Instantaneous contours of different flow parameters 
in the pinch plane and spread plane. Contours of (a) and (b) 
density, (c) and (d) spanwise vorticity and (e) and (f) streamwise 
vorticity. There are 11 contour lines equally spaced between 
−5 × 104 to 5 × 104 s−1 in figures (c)–(f).

Figure 13. Instantaneous normalized Q criterion iso-surfaces 
(Q  =  0.1) shown at different instances in time depicting the growth 
of turbulent structures. Domain is duplicated three times for better 
visualization.

J. Phys. D: Appl. Phys. 50 (2017) 425201
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Figure 14. Variations of instantaneous spanwise fluctuations over time depicting staggered pattern of oblique wave transition  
at Reθ = 500 for (a) y+ = 10, (b) y+ = 30, (c) y+ = 50 and (d) y+ = 100.

Figure 15. Approximate representation of vortical structures at (a) t+ = t0 and (b) t+ = t0 + 415.75. The shaded grey structures have 
clockwise rotation and the shaded black structures have anticlockwise rotation.

J. Phys. D: Appl. Phys. 50 (2017) 425201
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Pij = −
(

u′iu
′
kŪj,k + u′

ju
′
kŪj,k

)
ν/u4

τ , Productionrate

εij = −2
(

u′i,ku′
j,k

)
ν2/u4

τ , Dissipation rate

Tij = −
(

u′iu
′
ju

′
k

)
k
ν/u4

τ , Turbulent transport rate

Dij =
(

u′iu
′
j

)
kk
ν2/u4

τ , Viscousdiffusionrate

Πij = −
(

u′ip
′
j + u′

jp
′
i

)
ν/ρu4

τ , Velocitypressure-gradientterm.
 (4)

The subscripts i, j and k to u′ in equation (4) correspond to the 
streamwise, wall normal and spanwise fluctuating velocity. 
All the terms are scaled using wall parameters. The budget 
terms show that the Reynolds stresses are predominant in the 
u′2 and u′v′ components. The terms also balance out showing 
that the mean flow quantities have reached steady state. These 
results show similar behavior and trends when compared to 
the data by Spalart [10].

Figure 16. Relative energy content for different modes at different (a) Reθ locations, (b) y+ planes and (c) pinch and spread planes.

Figure 17. Relative energy content for different streamwise modes along two y-planes.

Figure 18. Time and span averaged mean velocity profile variation 
with inner coordinates scaled with wall parameters at different Reθ.

J. Phys. D: Appl. Phys. 50 (2017) 425201
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The energy spectrum is plotted in figure 10 for the instan-
taneous fluctuating velocity components at y/δ∗ = 1. It can 
be seen that the energy levels in the inertial region for all 
the perturbations are similar which indicates the flow is iso-
tropic in nature. There is a minor decrease in energy as the 
Reθ increases from 700 to 900. It can also be seen that as the 
Reynolds number is increased the wavenumbers grow higher 
due to the reduction in eddy size. For all the figures, −5/3 
slope line is also shown for reference.

3.2. Instantaneous flowfield for case II

The 3D forcing due to the actuator creates two kinds of 
regions, namely the pinching region (center z-plane), where 
the forces are directed towards each other and the spreading 
region (spanwise boundary planes) where the forces are 
directed away from each other. The direction of forces is 
depicted in figure 3(c). For reference, figure 11 gives a depic-
tion of the pinch plane and the spread plane of the actuator. 
It should be noted that only one wavelength of the actuator is 
simulated and the results are shown with the domain dupli-
cated three times.

The flow appears to turbulize faster downstream of the 
pinch region compared to the spread region as shown in the 
density contours in figures 12(a) and (b) but the variations in 
density for each plane is negligible. Similar behavior can be 
observed for spanwise oriented vortices (ωz) in figures 12(c) 
and (d). However, for streamwise oriented vortices (ωx) the 
transition occurs earlier in the spread plane compared to the 
pinch plane as shown in figures 12(e) and (f).

To investigate the vortical structures generated by the 
actuation, Q criterion iso-surface (Q  =  0.1) is plotted in 
figure 13. It shows the time evolution of the quasi streamwise 
oriented vortices generated by the actuator into 3D struc-
tures. The lambda shaped vortices interact with the structures 

downstream as well as upstream to create a staggered set of 
harmonic and subharmonic lambda vortices similar to an 
oblique wave trans ition. These have been experimentally 
and numerically tested using speakers and ribbons [58, 59] 
and with a pair of oblique waves [60, 61]. Although the fre-
quency of actuation is kept at St  =  0.584, the transition occurs 
through the subharmonic mode which involves a fundamental 
mode and a subharmonic mode with a frequency half of the 
fundamental mode. The lambda structures are lifted from the 
plate due to which their tail end moves slower compared to 
the front, and consequently they grow in time. The growth is 
shown by the increase in spacing between the dashed white 
lines. Since a periodic sine wave forcing is used, similar struc-
tures are generated every t+ = 241.12 which is equivalent to 
the time period of 1/2ω (here ω  is the forcing frequency of the 
actuation in hertz).

In figure  14 two-time periods, based on the time period 
T = 1/2ω of the actuator are plotted for the spanwise fluc-
tuations at different y+ locations for Reθ = 500. The span-
wise domain is duplicated three times. The flow is from top 
to bottom since the y-axis is time. The dashed lines are nega-
tive fluctuations and solid lines are positive fluctuations. As 
the structures grow in time they form staggered patterns of 

Figure 20. Variation of wall scaled total shear stress and Reynolds 
stress, −u′v′

+
 with outer coordinates at Reθ = 1100.

Figure 19. Wall scaled variation of (a) streamwise, (b) wall normal, (c) spanwise and (d) −u′v′
+

 variation with inner wall coordinates.
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positive and negative spanwise fluctuations. The subharmonic 
mode has a different structure compared to the fundamental 
mode and appears in between the two fundamental modes.

This behavior of two modes is unlike most of the controlled 
forcing functions which requires the input of a fundamental 
and a subharmonic frequency [56, 62] or an oblique wave  
[58, 63]. For supersonic flat plate boundary layer, the most 
unstable mode is oblique so suction and blowing [64] can 
create this type of transition. Also, to confirm whether the 
combined effect of pinching and spreading created this type 
of trans ition, horseshoe geometry was simulated (results 
not shown here) and similar type of transition was obtained. 
Therefore, the serpentine geometry forcing does not need to 
operate on different frequencies to achieve the oblique trans-
ition and the pinching effect is the major contributor of this 
type of trans ition. Also, the oblique transition is known to 
transition faster compared to the standard secondary insta-
bility mechanism with similar disturbance amplitude [63]. 
When infinitesimal 2D disturbances are added to the flow, it 
first goes through the linear instability region and then sec-
ondary instability region. The initial amplitudes required for 
the secondary instability are almost two orders of magnitude 
higher than that required by oblique mode breakdown [65]. 
Therefore, we conclude that a single serpentine line of actua-
tion for the geometry considered, can enhance transition for 
similar initial perturbation when compared to other secondary 
instability scenarios, due to formation of oblique modes.

To study the structures in more detail two instances 
in time are picked from figure  13, that is at t+ = t0 and 
t+ = t0 + 415.75. Figure 15 depicts these structures. The lift 
angle on the x-y plane of the structure is denoted as ϕ and the 
polar angle on the x-z plane is α. The length of the structure 
is given by L and the spacing between the front ends is B.  
It should be noted that the structures in black have anticlock-
wise rotation while the structures in grey have clockwise rota-
tion. If figures 15(a) and (b) are compared, it can be seen that 
ϕ and α barely change while L grows to 2L and B reduces to 
B/2. The development of these vortices is dependent mainly 
on the proximity of the front end of the lambda structures and 
the distance from the upstream lambda vortices of the fun-
damental harmonic mode. Unlike the fundamental harmonic 
lambda vortices, the subharmonic vortices generated, are not 
inclined and their growth is attributed to the growth in strength 
of their interaction with the upstream fundamental mode. The 

lambda structures start breaking down once the pair of purely 
spanwise oriented vortices start to develop at the two front 
ends. The pair of spanwise oriented vortices coalesce together 
and turn into hairpin vortices, to generate fully turbulent flow.

Since the actuator creates different modes a proper orthog-
onal decomposition (POD) on the velocity flowfield is con-
ducted to look at the most energetic modes and the coherent 
structures in the spanwise direction. The POD method was first 
proposed by Lumley [66] to study turbulent structures and an 
in-depth analysis and procedure can be found in Berkooz et al 
[67]. The snapshot method proposed by Sirovich [68] is used 
here. Data from different planes in x-, y- and z-directions are 
recorded. A total of equally spaced N  =  132 snapshots were 
chosen over a time period of T = 3/2ω. Figure 16 shows the 
relative energy content for first 20 modes at different locations 
in the transitional region. At Reθ � 550 most of the energy is 
in the first three modes. There is some energy in the fourth and 
fifth mode at Reθ = 500 which is not present at Reθ = 550. 
In the y+ planes, the energy content in the dominant mode is 
below 20% and the second and third dominant modes also 
have similar as well as significant energy in comparison. This 
can also be seen in the pinch and spread planes. The pinch 
plane has about 4% more energy content than the spread plane.

The coherent structures are further investigated by looking 
at the different modes obtained using POD analysis. Figure 17 

Figure 21. Variation of (a) skin friction and (b) shape factor with Reθ.

Figure 22. Comparison of skin friction for different Mach numbers 
at γ = 0.10.
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shows the streamwise POD modes for two y-planes. The sub-
harmonic mode (mode 2) appears closer to the wall. Away 
from the wall the mode is 2D in nature with zero spanwise 
wavenumber. This behavior is seen for higher modes also. 
Mode 1 has the same spanwise wavenumber in spanwise 
direction as mode 2 and mode 3, but has but has no stream-
wise wavenumber unlike the other modes. Mode 2 and mode 
3 are similar in behavior and energy content (oblique modes) 
with a small phase shift in streamwise direction.

3.3. Turbulent statistics for case II

The mean flow characteristics are plotted for different Reθ 
values to depict the transition process from laminar to fully 
turbulent region in figure 18. At the later stages of transition, 
the log layer region has a lower velocity compared to the fully 
turbulent region. The Reynolds stresses depicted in figure 19 
show that the peak streamwise fluctuations first increases and 
then starts decaying till it reaches fully turbulent region.

Similar to case I the peak value of total shear stress shown in 
figure 20 does not occur at the wall, but at around y/δ = 0.03 
or y+ = 12 (see inlay). The transition occurs over the region 
Reθ  =  420 to 780 after which the flow becomes fully turbulent. 
This can be clearly seen in figure 21(a) for the skin friction. 
Since the forcing is of large magnitude γ = up/U∞ = 0.1 the 
flow quickly transitions to turbulence. The shape factor shown 
in figure  21(b) has a value of around 1.38 in the fully tur-
bulent region. There is a change in slope of the shape factor 
at the actuator location as it increases the momentum of the 
fluid near the wall thus reducing the momentum thickness and 
increasing the shape factor.

To confirm whether the velocity ratio γ  is the important 
factor in the transition process a similar simulation was 
performed with γ = 0.10 for M  =  0.7 with the same non-
dimensional parameters and mesh size as the M  =  0.5 case 

given in section 2. For this study skin friction is compared 
for the M  =  0.5 and M  =  0.7 case in figure 22. It is evident 
that the flow transitions almost identically for both the cases, 
with obvious reduction in the fully turbulent skin friction 
due to increase in Mach number. Identical structures were 
formed in both the cases. Therefore, it is apparent that the 
velocity ratio plays an important role in controlling the 
transition process, independent of these two Mach numbers 
studied. Similar influence may be expected from state of the 
art plasma actuators producing velocities up to 11 m s−1 [51] 
when used with Mach numbers below 0.3, in comparison to 
the current velocity of 16.5 m s−1 used with M  =  0.5.

Figure 23. Variation of growth parameter with Rex  for (a) u′+
rms, (b) v′+

rms, (c) w′+
rms and (d) −u′v′

+
.

Figure 24. Variation of (a) skewness and (b) kurtosis at 
Reθ = 1100 compared with DNS and experimental results.
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To investigate the growth of fluctuations a growth param-
eter Aψ is defined as

Aψ =

∫ Ly

0
ψ (x, y, z) dy. (5)

In equation (5) ψ is the variable for which the magnitude is 
being evaluated, for example wall scaled root mean square 
streamwise velocity fluctuations u′+

rms. In figure 23 the growth 
parameter is plotted for the pinch and spread plane. The spread 
plane shows the transition to be at Rex ≈ 6.5 × 105 based on 
the streamwise and wall normal fluctuation growth as well as 
−u′v′

+
 growth parameter. However, the spanwise fluctuations 

does not transition up to Rex ≈ 7 × 105. This may be due to 
the presence of strong streamwise oriented vortices which 
create perturbations in the streamwise and wall normal direc-
tions. The spanwise perturbations on the spread plane occurs 
when hairpin vortices start forming and interacting with each 
other in the later stages of transition. From close inspection, 
this can be observed in the −u′v′

+
 growth parameter of the 

spread plane in figure 23(d) which shows a slope change at 
Rex ≈ 7 × 105 indicative of the flow crossing the transitional 
region and reaching turbulence.
The skewness, S and kurtosis, K shown in figure 24 are given 
by

S(u′) =
u′3

(
u′2

)3�2
; K(u′) =

u′4
(

u′2
)2 . (6)

Both S and K are plotted at Reθ = 1100 and compared to 
experimental data for a flat plate boundary layer by Barlow 
and Johnston [69] and numerical data for channel flow by 
Kim, Moin and Moser [70]. The data from experimental 
results correspond to Reθ = 1100. The results show good 
agreement with the published data. For reference, the normal 
distribution values for skewness (S  =  0) and kurtosis (K  =  3) 
are also shown in solid line. The large positive flatness of v′ 

shows the highly intermittent nature of fluctuations occurring 
near the wall.

In figure 25 the variation of skewness and flatness is shown 
at different regions of transition. Closer to the actuation the 
skewness is negligible near the wall for u′, but v′ has similar 
skewness to that of the fully turbulent region. In figure 25(a) a 
larger skewness near the wall is seen for u′ at the later stages 
of transition where the breakdown of lambda vortices occurs 
(Reθ = 550 − 780) whereas v′ has a larger value around 
Reθ = 450 − 550. The large intermittency shown in the kur-
tosis plots takes place at the later stages of transition which 
drops down to almost half the value in fully turbulent region.

4. Conclusion

Two kinds of analyses for transition to turbulence have been 
studied. Both mechanisms use nonlinear perturbation to gen-
erate turbulent flow. Validation studies for ZPGTBL using 
Schlatter and Orlu [22] tripping mechanism via bypass trans-
ition has been provided. The largest Reθ tested for this case 
was 1250. Mesh convergence and validation studies shows 
that wall resolved DG ILES also provide reasonably accurate 
results. Unlike previous published literature the total shear 
stress was found to be maximum at y/δ = 0.03 instead of 
being at the wall.

Flow transition was also examined using a 3D actuation 
method similar to the effect of a square serpentine plasma 
actuator. The perturbation amplitude is 10% (γ = 0.1) of 
the freestream velocity and therefore is highly nonlinear. 
It creates turbulent structures directly via secondary insta-
bilities which follows oblique wave transition and therefore 
the transition is faster compared to the standard secondary 
instability mechanism with similar disturbance amplitude. 
The onset of turbulence due to this type of actuation occurs 
at an earlier location for the pinch plane when compared to 
the spread plane of the actuator. The relevant structures such 

Figure 25. Variation of skewness and kurtosis for (a) and (b) u′ and (c) and (d) v′ at different Reθ values.
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as lambda vortices, quasi-streamwise vortices, hairpin vor-
tices, etc are studied. The actuation creates low speed streaks 
which become unstable and breakdown into pairs of hairpin 
vortices before making the flow fully turbulent. Although the 
frequency of the controlled actuation is kept at St  =  0.584, 
the transition occurs through the subharmonic mode (H-type) 
which involves a fundamental mode and a subharmonic mode 
with a frequency half of the fundamental mode. This is attrib-
uted to the strong interaction between two consecutive lambda 
vortices. Similar to the bypass transition the total shear stress 
for the controlled actuation was again found to be the max-
imum at y/δ = 0.03.
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